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Quan h§ vu6ng g6c trong khong gian. 
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GIOI THIEU CHUNG 


Xin n an Irgiig gidi thien ltd ban dm cndii sdch: 

VAC DANG TOAN DIEN IIINIIIUNH HOC 11 

do Nlioni Cir Mon bien saga. Cum such dirge act dita Iren y ludng irinli bay aia bo 
sdcli Phuang pbdp gidi Toan (gain II tup) do Le /long Did chit bien vd dd dirge 
NXB Ha Noi an lidnh 

Cnoil such boo gam 3 chitting: 

Chiiung I - PHEP DO I IIINII VA PHEP DONG DANG TRONG MAT 
PIIANG 

Chinmg II DUONG TIIANG V A MAT PIIANG TRONG KHONG GIAN 
QI AN H$ SONG SONG 

Chuung III - VECTO TRONG KHONG GIAN QI AN HE VUONG GOC 

d nidi clnrong clu'ra dung car bdi Iwc (chii de I, chit de 2. ...) then noi dung 
chitting trinh aia sdcli gido khoa nidi 

Mbi bdi hoc den dirge chia tlidnh -4 nine: 

I. Tom tat li Ihuyel Trinh bay cd H at nr noi dung kieii thitc Hen quail. 

II. Phuang phdp gidi loan (boric ede vt du mdu) 

Gd/n trie vi du dirge tuyen chon co chon Igc nhdrri giiip hodn thien kieii 
thin cd ban va ruing cao ky ndng gidi Toan. 

III. Mol so phuang phap gidi edit hoi true nghiem 

IV. Bdi tap tu gidi 
Nhuvdy, d nidi bdi hoc: 

t. I di viec trinh bay nine torn tat li tltuyet, se giiip ede ern hoc sinh hieu rang 
r an phai mini vihtg nluriig noi dung gi. 

2. Tiep do. idi mire phuang plidp gidi loan, se giiip car ern hoc sinh hodn thien 
kieii ihue. 


f 
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3. Dqc bier la tipi dung ciia cdc chu y, nhan xet va yeu can sail nidi vi du se 
giiip cdc em hoc sinh cung cd nhitng thiet sot va each nliin nhan, ddnh gin cdc 
van de dal ra. 

4. Ngodi ra, edn cd rat nhieu vi du dupe giai bang nhieu each khac nhan se giiip 
cdc em hoc sinh tret nen lush hoat trong viec Ufa clion pliuo’ng pliap gidi. 

Chung toi cung xin trail trong cam an cdc ban dong nghiep dd nhan U'fi dqc ban 
thao, nhan loi tdi du gid trong cdc fiet giang tint ciia cluing tdi then gido trinh nay va 
tie do dong gap nhung nhan xet qui ban de giiip cluing tdi tiri ngdy horn nay Itodn 
thien dupe cuon sdeh nay. 

Cuoi cung, cho dii dd rat cd gang, nhung that kho trdnli klidi nhung thieii sot bdi 
nhung liieu biet va kinh nghiem con hail die, cluing tdi rat mong nlidn dupe nhung v 
kien dong gop quy ban ciia ban dqc gan xa. 

Moi y kien dong gop xin lien lie tdi: 

Trung tain sdeh gido due Anpha 
225C Nguyen Tri Phucrng, P.9, Q.5, Tp. HCM. 

- Cong ti sdeh - thiet bj gido due Anpha 
50 Nguyen Van Sang, Quan Tan Phu, TP.HCM 
DT: 08.62676463, 38547464. 

Email: alphabookcentens’yahoo.com 
Xin tran trong cam on! 




CHlTONGI 

phep imM iiimi vA phep tio\(. ny\c; 
ritorvc; mA t pm \\u 

CHE 1 MO DAU v£ PHEP BlfcN HINH 
A. TOM TAT LI THUY&T 

Pinh iiglini Phep bien hinh Id mat quy tdc de vdi mdi diem M cm mat pitting 
xac dinh duoc mot diem day nhat M' ciia mat pitting, diem M' goi la 
tilth aia diem M qua pltep bie'n hinh do. 

Neu la ki hieu mol phep bien hinh nao do la f thi: 

■ \1, = f(M). 

■ Neu H la mol hinh nao do tht tap hop cac didm M' = KM), vdi M e H, tao 
thanh hinh H'. ta vi£t H' = f(H). 

b. phUOngphApgiaitoAn 

Vi da 1: Clio dieting thdng (d). Vdi mdi diem M, ta 

xac diitli M' Id hinh chieu (vudng gdc) cita , 

M Iren (d) thi ta dtfetc mot phep bie'n hinh. 

Phep bi6n hinh nay goi la phep chieu vudng gdc len M’ 
dating thdng (d). 

Viiv Clio vectcf u , vdi moi diem M ta xac dinh 
diem M' theo quy tdc MM' = u . 

Nhtf vfly, ta cung co m6t phep bifin hinh. Phep bid'll hinh 
do goi la phep tinh lien theo vectcf u . 

Vi dv 3; Vdi mdi diem M, ta xac dinh diem M' trting vdi M thi ta cung co 
daac mot pltep bie'n hinh. 

Phep bien hinh do goi lit phep dong nhdt. 
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BAI TAP TirGIAI 

Itui lap 1: Hay vc anh cua cac hinh sau qua phep chicu vuong goc len duong 
thing (d): 

a. Duong tron (O. R). 

b. Doan (hang AB = a, bid't AB song song vdi (d). 

c. Doan thing AB = a, biet AB vuong goc voi (d). 

d. Doan thang AB = a, biet goc (AB. d) = 30". 

e. Doan thang AB = a, bidt goc (AB, d) = 60°. 

Neu nhAn xet vd anh cua cac hinh. 

Bai lap 2: Neu each ve hinh H’ la anh cua hinh H qua phep tjnh lien T rheo 
vectcf u * 6, biet H la: 

a. Dircmg thang d. b. Doan thang AB. 

c. Tam giac ABC. d. Hinh blnh hanh ABCD. 

e. Duong tron (O, R). 

Bai tap 3: Phep bien hinh f bicn hinh H thanh chi'nh no c6 phai la phep dong 
nhat kh6ng ? 

Bai tap 4: Ndu phep tinh tien bien hai dieni M va N Kin luot thanh hai didm M' 
va N' thl M'N' = MN. 

Bai tap 5: Phep tinh tien bien ba dieni thang hang thanh ha diem thang hang va 
khong lam thay d6i thu tuba didrn do. 

Tir do, chung niinh ring phep tinh tidii bien: 

a. Ducmg thing thanh duong thang. 

b. Tia thanh tia. 

c. Doan thing thanh doan thing bing no. 

d. Tam giac thanh tam giac bing no. 

e. Duong tron thanh duong tron co cimg ban kfnh. 

f. Goc thanh g6c bing no. 

Bai tap 6: Trong mat piling vdi he true toa do Oxy. tlm toa do diem M' la anh cua 
diem M(x; y) qua phep tinh tien theo vecto v (a; b). 
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OIL 1 »*’ 2 Phep tinh ti£n vA phep dc?i hinh 
A. TOM tAt LI THUYfiT 

1. DINH NGHlA PHEP TINH TlfrsJ 

Pinh neliia: I’licp tinh lien vecio v , Id liieii T v la mol phep dtii hinh hie'n them 
M lhanh M' son elm MM' = v 

2. CAC TINH CHAT CUA PHEP TINH Tlftvl 

Pinh li 1: \ eii phep tinh lien hie'n hai diem M \ </ N Inn linn lhanh hai diem M’ va 

N' ihi M'N' = MN. 

V nghla cua djnh If 1 la "Phep tinh lien klidng lam I hay ddi khodng each giCta 
hai diem hat ki" 

Pinh li 2: Pliep tinh lien hie’n ha diem lining hang lhanh ha diem lining hang va 
kilting lam limy ddi l lid I if ha diem do. 

He iiua: Pliep tinh lien hie'n 

■ Dining lining lhanh dining lining. 

■ Tia lhanh lia. 

■ Doan lining llidnh doan lining hang no. 

• Tam gidc lhanh lam gidc hang no. 

■ Dieting iron lhanh dieting trdn co ciing him kinh. 

• Goc llidnh gdc hang no. 

3. BlEU THl/C TOA E>0 CUA PHEP TINH TlEN 

Trong mat phang vdri he true toa d6 Oxy, phep tinh tien theo vectcr v (a; b) bien 
diem M(x; y) thanh diem M'(x'; y') vdi: 
x' = x +a 
y' = y + b 

4. tiNG DUNG CUA PHEP TINH Tl£N 

Bai loan I: Clio hai diem B va C co djnh Iren dining iron (O. R) va mot diem 
A lhay ddi Iren dining Iron do. Cluing minh rang trite lam tam gidc ABC ntim 
tren mol dining Iron co dinh. 

Gidi 

Neu BC la duemg kinh thl true t&m H cua AABC 
chfnh la A. Vay H nim tren duemg iron co djnh (O, R). 

Neu BC khong phai la duemg kinh, ve duemg kinh 
BB' cua duong tron. 

Di thay ring neu H la true liim cua AABC thl AH = B'C 
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Nhu vSy, phep tinh tien theo vector c6 dinh B'C bien diem A thanh diem H. Do 
d6, khi A thay d6i tren (O; R) thi true tarn H lu6n nAm tren diremg tron c6 dinli la anh 
cua duemg tron (O; R) qua phep tinh tien ndi tren. 

^ Nhan xet: Nhu vAy, bai toan tren da minh hoa viec su dung phep tinh tien 
d6 tim quy tich didm. Va do la mbt trong s6 nhung img dung 
di£n hinh cua phep tinh tien. 

Bai toan 2: Hai thon nam 6 hai vi tri A va B each nliau mot con song (xrm 
rang hai bd song la hai difdng thang song song). 

Ngtfdi ta dit dinh xdy mot chiec can MN bde qua 
song (tat nhien can phdi vudng goc vdi bd song) va 
dap hai doan thang tit A den M va tit B den N. Hay 
xac dinh vi tri cua chiec can MN sao cho AM + BN 
ngan nhat. 

JSS Giai 

LAy diem M 0 e (a) ta co duy nhat difi’m N 0 s (b) sao cho M 0 N () 1 (a) va M„N 0 X (b). 
Goi B' = va M = AB' r\ (a), khi do vdi diem M' bat ki thude (a) tuemg 
ung vdi did’m N' thu6c (b) (sao cho M'N' 1 (a)) ta co: 

Ta co: 

M'A + N'B = MA + M'B > AB' = MA + MB' = MA + NB. 

Tire la AM + BN ngAn nhat. 

^ Nhan xet: Nhu vAy, bai toan tren da minh hoa viec sir dung phep tinh tien 
de thuc hidn y6u cAu t6i uu (tim diem). Va do cung la m6t 
trong s6' nhung ung dung di£m hinh cua phep tjnh tien. 

5. PHEP Ddl HINH 

Dinh nghia : Phep ddi hinh 1a mot phep bien hinh khong lain thay ddi khodng 
each giita hai diem bat Icy. 

Dinh li : Phep ddi hinh bien: 

■ Phep ddi hinh bien ba diem thang hang thanh ba diem lining 
hang, ba diem khong tltang hang thanh ba diem khong tlidng hang. 
Dtfdng thang thanh difdng thang. 

Tia thanh tia. 

Doan thang thanh doqn dicing bang no. 

Tam giac thanh tarn gidc bang no. 

Difdng tron thanh dirimg Iron co cimg ban kinli. 

Goc thanh goc bang no. 




b. phi/dng phAp glai toan 


YalL.de h TIM VECTO TINH TI^N v BlftN HINH (H,) THANH HINH (H 2 ) 

Phuong phdp dp dung 

Sir dung djnh nghia va h'tih chat cua phep tinh tien. 

Chu y: Chung ta se gap m6t ydu ciu tircmg tu d6i vcri phdp dcfi hinh 


Vi dii Is (Bai 2/lr 9 - Sgk): Clio liai dudng thdng song song (a) va (a 1 ). Tim 
tat id cdc phep tinh tien bien (a) thdnh (a'). 

A' (a) 

Giiii - j - 

Moi phep tjnh lien T thco vecta v = AA’ vai A e (a) / 

va A' e (a‘) deu bien duemg thang (a) thanh (a'). ™ 


Ta) 


^ Nhan xet: Nhir v$y, vcri hai duemg thing song song (a), (b) chung ta co v6 
s6 cac phep tinh tidn bidn (a) thanh (b) va nguerc lai. Cac em 
hoc sinh hay thuc hicn them cac yeu ciu sau: 

a. Tim cac phep tjnh tien bidn doan lhang AB thanh doan thing 
CD, voi ABCD la hinh binh hanh. 

b. Cho b6’h duong thing (a), (b), (a’), (b’) trong do (a) cit (b), 
(a) // (a') va (b) // (b’). Tim phep tinh tien bien (a) thanh (a’) 
va bien (b) thanh (b'). 

xi dy 2 : Cho hai dudng iron (C,) va (G) Ian hart co tarn O,, 0 2 vd deu co 
ban kinh R. Tim phep tinh tien bien (C,) thdnh (C 2 ). 


J2$ Giiii 

Lay M, tuy y thubc (C,) va goi M 2 la anh cua 
M c|ua Tg-g-, ta co: 

M,~M 2 = OjOj <=> o,m^ = o7mT 
=> 0 2 M 2 = Ro M 2 €(C;) 

Nguoc lai: lay M 2 la m6t did’m tuy y thufic (C 2 ) 
va goi M| la tao anh cua n6 qua Tg^-, ta co: 

M,M 2 = 0~0~ <=> 0,M, = 0 2 M 2 => 0,M, = R o M,e(C,) 
Vfty, ta thdy (G) la anh cua (C,) qua phep tinh tidn Tg-g~. 



(C,) 


(G) 


ty ’ Nhan xet. Nhir vay, voi hai duemg tr6n phan bidt (C,), (G) co cung ban 
kinh chung ta co duy nha’t phep tjnh tidn bidn (C,) thanh (C 2 ) 
va nguoc lai. Cau hoi dat ra la "Co bao nhieu phep tinh tien 
/ bien dudng iron (C) thdnh chinh no ?" 


9 






V i dj i 3 ; (Bai 12/tr 6 - Sbi): Clio hai lam giac bdng nhau ABC \d A'B't " 
(AB = A B’, BC = B’C, CA = C’A’). Chung niinli rang id klidng 
qua mol phep ddi hinh bien AABC thdtih AABC 

Giai 

Gia su tdn tai hai phdp ddi hmh khac nhau F,, F, cDng thoa man: 

F,(AABC) = AA’B'C’, F 2 (AABC) =* AA’B’C’. 

Khi do: 

BM: F,(M) = M,. F 2 (M) = M, va M, * M : . 

Vi F la phep ddi hinh nen: 

[AM = A’M, 

1 ltw =3> A’M, = A’M, =$ A’ thudc dudng trung cua doan M,M.. 
[AM = A M, 

Tucfng tu, ta cung lhA'y B’, C’ thudc dudng trung cua doan M,M,, suy ra: 

=> A’, B’, C’ thAng hang - mAu thuAn. 

VAy, t6n tai duy nhA't mdt phep ddi hinh bidn AABC thanh AA’B’C. 

Nhan xet: Nhu vAy, de thuc hien vf du trdn chung ta da sir dung phuang 
phap phan chung de’ giai, cac eni hoc sinh hay ghi nhd cac 
btrorc khi su dung phuong phap nAy. 

VI d*» ii (Bai 16/tr 7 - Sbt): Co hay khong mot phep ddi hinh F sao ch<> nu>i 
dudng ihdng dill bien thanh dudng thdng song song vdi no. 


J2. S’ Giai 


Gia sir ton tai phep ddi hinh F thoa man dieu kidn dAu bai. Khi do, se khdng 
ton tai did’m M de F(M) = M vi neu trai lai thi vdi dudng thAng (a) di qua M ta cd 
F(a) = (a’) va ca hai dudng thang se khong the song song bcri ciing di qua diem M. 

Tir nhAn xet tren vdi diem A bat ki, gia sir: 


|F(A) = A, 
lF(A,) = A 2 


=>F(AA,) = F(A,A 2 ) 


tire F bid’n dudng thAng (a) di qua hai did’m phAn bict A, A, thanh dudng lhAng <a‘) 
di qua hai didm phAn bidt A,, A 2 va chung cAt nhau tai A,, v6 H. 

VAy, khong tdn tai phep ddi hinh thoa man di£u kidn dAu bai. 


^ Chu y: Trong Idi giai cua vf du tren did’m niAu chd't IA chimg minh nhAn 
dinh " BM: F(M) = M 

Van de 2: GIAI BAI TOAN DINH TINH 

Phuang phap dp dung 

Ta thifcfng gap cac dang yeu cAu sau: 

Dang 1: Chung minh (H,) la anh cua (H 2 ) qua phep tinh tien virtu 
v, ta thifc hi6n theo cac butfc: 

Bif&c 1: Uy diem M, tuy y thudc (H,), ta di chufng minh 
M 2 = T v (M,) € (H 2 ). 
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Bifoc2: Ngifdc lai, Uly di£m M 2 tuy y thuoc (H 2 ), ta di 
chiing minh M, = Tv (M 2 ) e (H,). 

Dang2: Chiing minh tinh chat K, ta thtfc hien theo cac birtVc: 

Bif&c 1: Xac dinh mot hoac rthibu phep tinh tien de thibt 
lap moi lien ket giira cac yeu td'. 

Bitoc2: Sii dung cac h'nh chSt cua phep tinh tib'n de’ giai 
cac ybu clu cua bai toan. 

^ Chu y: Chiing ta se gap mot yeu cau tuorng ttr doi vbi phep dbi hinh 
VUu i! (Bai 3/tr 9 - Sgk): Cho pliep tinh tien T theo u va phep tinh tien 
1 theo v . Vbi diem M hat ki, T u bien M thanh diem M', T hien 
M’ thanh M". Cluing to rang pliep bien hinh bien diem M tlidnh M” 
Id mot phep tinh tien. 

Gidi 

Dai a = u + v , ta co nhSn xet: 

MM" = MM' + M ’ M" = u + v = a 

Vay, phep bien hinh biS’n M th&nh M" lit mbt phep tinh tien T theo vecto a . 
Nhan xet : Trong vi du Iren phep tinh tien T dirge goi la tich (hoac hop 
thanh) cua liai phep tinh tifin T vri T . Cac em hoc sinh hay 
thuc hidn thbm cac ybu c&u sau: 

a. Chung to rang tich cua n phep tinh tifin la mbt phep tjnh tien. 

b. (Bai 6/tr 6 - Sbt): Tim cac vecto u , v khac vecto 0 dfi tich 
cua hai phep tjnh tifin T va T la mbt phep d6ng nhfit. 

c. Chung to rang tich cua hai hay nhi£u phep dbi hinh la mot 
phep dbi hinh. 

\ i ilp 2i (Bai 15/tr 7 - Sbt): Cluing minh rang phep ddi hinh F bien moi dining 
lining (a) thanh duemg thang (a’) vuong goc v6i (a) thi co mot diem 
duy nhat bien thanh chinh no qua phep F. 


Gidi 

Trubc tien, se khbng tbn tai hai difim phSn bifit bien thimh chinh no qua F bbi 
khi do (a) se triing vbi (a’). 

Goi 1 la giao diem cua (a) vbi (a’), ta di chbng minh F(I) = I. 

That vay, vbi A khac I gia sir: 


fF(A)-- A,e(a) 
|f(A,) = A, 
|f(A j ) = A, 


f AA,A 2 A 3 la hinh vudng tarn I 
|f(AA,)=A,Aj 


=> F(I) = T, dpem. 
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Vi dy 3: (Bai 9/tr 6 - Shi): Clio bo diem A, B, C klidng lining hang. Clumg id 
rang phep dcri hinh bien mSi diem A, B, C ihdnh chinh no phai Id 
phep dong nhat. 

Giai 

Voi phep dcri hinh F, thoa man: 

F(A) = A, F(B) = B. F(C) = C. 

Gia sa trai lai F kh6ng phai la phep d6ng nhAt, lire la: 

BM: F(M) = M’ va M * M\ 

Vi F la phep dcri hinh n6n: 

|AM = AM' 

< BM = BM' => A, B, C thu6c duemg trung ln.ro ciia doan MM' 

[CM = CM' 

■=> A. B, C thAng hang - mAu thuAn. 

VAy F phai la m6l phep dong nhA't. 

Xi dy 4: Gia si?phep dcri hinh f bien AABC ihdnh AA’B C. Chtfng minh rang 

a. Trong tarn AABC bien ihdnh trpng tdm AA’B’C. 

b. True tdm AABC bien thanh true lam AA B C’. 

c. Tdm dudng Iron ngoai tie'p (noi tiep ) AABC bien ihdnh lam 
dudng n on ngoai tiep ( noi tiep) AA’B’C. 

gd Giai 

a. Goi M la trung di6m cua doan BC va G la trong lAm AABC. Gia sir: 

f(M) = M' va f(G) = G'. 

Tir ti'nh chAt kh6ng lam thay doi khoang each giua hai diem, ta suy ra: 

M‘ la trung didm cua B’C => A’M’ la trung tuyft'n. (I) 

2 _ AG _ A G 1 ‘ (2) 

3 AM AM' 

Tir (1) va (2) suy ra G‘ 1A trong tAm AA’B'C. 

b. Goi AA,, BB, la hai duemg cao ciia AABC vii H la true lAm /\ABC. Gia sir: 

f(B|) = B,', f(A,) = A,' va f(H) = H\ 

■ Tir tfnh chAt cua phep dcri hinh. ta suy ra: 

H' = A,A,' n B,B,'. O) 

• Tir tinh chAt bao toAn d6 ldn goc cua ph^p dcri hinh. la suy ra: 

A, A,'. B,B, a IA cac duemg cao cua AA'B’C (4) 

Tir (3) vA (4) suy ra H' 1A true tarn AA'B’C. 

c. Ta lan luot xet: 

■ Goi O IA tAm dudng tron ngoai tiAp AABC. Gia sir. 

|J|/ f(0) = O'. 
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Tir tinh chat khong lam thay doi khoang each giua hai diem, ta suy ra: 

O'A' = O B’ = O'C boi OA = OB = OC. 

Vay, diem O la tarn duemg tron ngoai tiep AA'B'C'. 

■ Goi I la tarn duemg tron noi tiep AABC. Gia sir: 
f(I) = I'- 

Tir tinh chat bao toan df> Idn goc cua phep dcri hinh, ta suy ra: 

I'A’B'= I'A'C => I lhu6c duemg phan giac cua goc A'. (5) 

rB'A' = rB'C’ => I thu6c duemg phan giac cua goc B (6) 

Tu (5) va (6) suy ra I la tarn duemg tron noi tiep AA’B'C. 

^ Chu y : Cac vi du tid'p theo se minh hoa vide sir dung phep tinh tifin dc 
chung minh tinh chat hinh hoc cua m6t hinh phang. 


yi «l y 5t (Bai 5/tr 6 - Sbt): Clio tii giac ABCD noi tiep trong difdng tron 
(O, R), trong do AD = R. Dung cac hinh binh hanh DABM va 
DACN. Chifng minh rang tarn difdng trdn ngoai tiep tam giac 
DMN ndm tren (O, R). 

Gidi 

Tir gia thiet, ta co: 

AD = BM = CN => T- b (AABC) = ADMN 
suy ra T~(0) = O' - lh tarn duemg tron ngoai tifip ADMN. 

Mat khac, ta cung co: 

AD = OO' => OO’ = R <=> O’e (O, R), dpem. 

iLdp.lh Cho lit giac ABCD co M, N, P, 0 Idn hfot 1a trung diem cac canli 
AB, BC, CD, DA. Cluing minh rang tii giac ABCD Id hinh binh 
hanh khi va chi khi: 



MP + NQ = - ( AB + BC + CD + DA). 

2 B N- 

Gidi 

Thuc hi£n phep tinh tien : Dh-» E. __ 

Khi do tu giac BCED la hinh binh hanh, vi P la / 
ti ung dic'm cua CD nen P cung la trung diem cua BE. ^ q 
Do do ta co: 


MP = - AE < - (AD + DE) = - (AD + BC). 

2 2 2 

D£u bang chi xay ra <=> A, D, E thang hang O AD//BC 


0 ) 
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Chung minh tircmg tir ta curtg co: 


NQ < i(AB + CD). 


(2) 


Dau bang chi xay ra <=> AB//CD 
Cong ihco ve (1), (2). la diroc: 

MP + NQ < 1 ( AB + BC + CD + DA). 


Vay d<£ c6 (*) th'i da'u “ = ” xay ra a (3) o dau “ = ” xay ra tai (1) va (2) 




Jab //cd 

! BC // AD 


cs> ABCD la hinh binh hanh. 


(3) 


Van de 3: GIAI BAI TOAN DINH LlfONG 

Phifcmg plidp dp dung 

BSng vide thiet lap clifdc cac phep tinh tifin thich help, ngoai vit)c 
chirng minh dirpc cac tinh chat hinh hoc ta con co the tinh toan diftfc 
cac y£u t6’ trong mot hinh. 

Vi dy 1: (Bai 11/lr 6 - Sbl): Chi fug minh rang phdp dcri hinh hien hai difAng 
lining song song llidnh hai difctng lining song song ma khodng edn-h 
giifa hai difdng lining song song dd cho hang khodng each giua ede 
dnh cua cluing. 


JSS Giai 

Voi phep dcri hinh F va hai duemg thang song song (a), (b), thoa man: 
F(a) = (a') va F(b) = (b’). 

Goi A, B thco thtf tu thu6c (a), (b) sao cho AB 1 (a) va AB 1 (b). 

Ta co: 


F( A) = A'e (a') 
F(B) = B'e(b') 


(> fA'B' l(a’) 
A'B’ltb 1 ) 
[a'B' = AB 


|(a')//(b') 
jA'B' = AB 


. dpem. 


<*) 


Vi dy 2: TA giac ABCD co AB = >/3 , BC = 3, CD = 2-J3 va 


BAD =CDA = 60 n . Tim so do cac gdc ABC va 

J2$ Giai 

Xet phep tinh tien T—: Ar-»A', khi d6 lir giac 

ADCA' la hinh binh hanh va BAA’ = 60°. 

Trong AABA', ta co: * 

BAA' =60°, 



AA’ = 2AB. 


D C 
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Do Jb, AABA' vudng ini B va BA'A = 30°, A'B = 3. 

Vi ,\'B = BC = 3 ncn ABCA' can lai B. do do: 

BCA' = BA'C = AA'C - BA'C = 60 1 ' - 30" = 90°. 

ABC = 360° - ( BAD + CDA + BCD ) 

= 360° - (60° + 60" + 90") = 150". 

Vijlq 3: l if (tilth B ciia hinh hi till hanli A BCD ke cac difdng mo BK va BH 
aid no. Biel rang KH = a, BD = b. Tinh khodng each lif B den true 
him E ciia ABHK theo a va b. 

J2$ Gi.ii - Ban doc nt ve hinh 
Ta -6: 

EH // KD (ciing vudng goc voi BK) 

EH // HD (cung vudng goc vdi BH) 

Dodd EHDK la hinh binh hanh, suy ra EH = KD 
ThUc h.en phep tinh lien veclo KD , la cd K t-» D: E h H vaB h P 
Sin ra: 

■ Tir giac BPDK la hinh chu nhat => PK = BD = b 
• PH // BE ma BE1HK nfin PH 1 HK 
Xc lam giac vuong PHK, ta cd: 

PH = VPK 3 -KH : = Jb : -a : 

Mi BE = PH nen BE = yjb 2 - a ' . 

Van de 4: TIM TAP HOP DIEM M 

P Interns pluip dp dung 

Ta thuc hi£n theo cac btfcfc: 

Bede 1: Tim m6t phep tinh tien T v, bien diem E di d6ng thanh 
didm M. 

Bl'oc 2: Tim tap hop (H) cua cac didm E. 

Bede 3: Vay tap hdp cac diem M la anh cua (H) trong phep tinh 
tien T v. 

Vidul: (Bai 4/tr 9 - Sgk): Clio difdng trdn (O) va hai diem A vc) B. Mol 
diem M thay ddi H en difdng Iron (O). Tim quy tich diem M' sao 
cho MM' + MA = MB . 

C/iii 

Ti gia ihidi, la co: 

MM' .= MB - MA = AB . 

Ti'c la M' la anh ciia did’m M qua phep tinh lidii theo veclo AB 
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VAy.qiiy ti'ch dic’m M 1 la dubng iron (O’) la anh cua dubng iron (O) qua phep ti:ih 
tien theo vecto AB . 

V i dp 2; (Bui 3/lr 6 - Sbt): Clio dieting iron (O) vt'ri dieefng kinh AB co din h, 
mol dieting kinh MN lhay doi. Car dieting lining AM vd AN edit liep 
luyen tai B Ian heat tai P, Q. Tim i/uv ticli li tre him cac lam giac MPQ 
vd NPQ. 

£$ Gidi 
Ta Ian lupt: 

■ Goi H, 1A true tAm AMPQ, suy ra H, chinh la 
giao dibm cua hai dirong cao MM’ va NQ 
(tuc AQ). Taco: 

MM7/AB=>MH, //OA 

OA la dubng trung binh cua AMNH, 

=> MH,//20A => MH~ = AB 

=>H,=T- b (M). 

Va vl M chay trbn (O) nen H, chay trbn dubng Iron (O,) =T- B ((0)). 

■ Goi H ; la true tAm ANPQ, suy ra H, chinh la giao dibm cua hai dubng cao 
NN’ va MP (tbc AP). Ta co: 

NN’//AB=>NH 2 //OA 

=> OA la dubng trung binh cua AMNH 2 

=> NH 2 //20A => NHl = AB => H 2 =T ah (N). 

VA vi N chay trdn (O) nen H ; chay trfin dubng tron (O,) = T- B ((0)). 

Vi dp 3: Clw hai dieting Iron (O) va (O,) cdl nhau tai hai diem, goi A la mot 
giao diem. Dieting lluing (d) di dong qua A va cdl hai dieting iron 
da cho tai M va N. Tren hai tia AM va AN lay hai diem B va C 
sao cho 2 BA = 2 AC = MN . Tim quy licit cac diem B va C. 

& Gidi 

Dung OE va 0,F vubng goc vbi (d), 

Ta co E, F Ian luot la trung diem cac doan AM, Af 

EF=^(MA + NA)=-MN=BA = AC 

Dung 0,1 vuong goc vbi OE, khi db tu giac 
0,TEG la hinh chu nhAt 
Tb do suy ra: 

0^1 - FE = AB => 0,ABI 1A hinh binh hAnh 
=> T§ = O^A =>B=T u a -(I). 

Ifi 






VI O'iO vuong non tap hop cac diem I la dircrng tron (O,) dudng kinh OO,. tir 
do suy ra tap hop cac diem B la dudng tron (0\) vdi: 

(o\) = T 6 ;s [(0 2 )]. 

Tucmg ta la co tap hop diem C la dudng tron (O’,) vdi: 

(O’,)* T 0 ,[(0,)|. 

Van de 5: DUNG HINH 
Fluffing phdp dp dung 

Ta thurcfng thuc hien theo 4 birdc da biet. 

Vf dy 1 j (Bai 4/tr 6 - Sbt): Cho hoi diffing iron khdng dong tdm (O, R ), (O,. R, ) 
vd diem A tren (O, R). Xdc dinh diem M tren (O, R) vd diem N 
Iren (O,, R,) sao cho MN =OA. 

J2*i Gidi 

Pltdn tich: Gia sir da dung dupe hai did’m M, N thoa man dieu kien dau bai, suy ra: 
N=T a .(M) => Ne(A, R) = T—((O, R)), 

tire N la giao diem cua hai dudng tron (A, R) va (O,, R,). 

Cdch difng: Ta kin lupt thuc hien: 

- Dung (A, R). 

Xac djnh giao diem N cua (A, R) va (O,, R,). 

Dung MN = OA. 

Chung minh : Theo each dung ta co ngay N thuoc (O,. R,) va: 

MN //OA => OANM la hinh binh hanh => OM = AN = R 
=> M e (O, R). 

Bien luan : Bai toan co nghiem hinh phu thuoc vao so giao diem cua hai duong 
tron (A, R) va (0 It R,). 

Dung hinh thang ABCD (AB//CD) biet hai dudng cheo AC = a, 
BD = b, gdc ABC = a vd dudng trung binh MN = c. 

j&> Gidi 

Phan tich : Gia sir da dung dupe hinh thang ABCD thoa man didu kidn dSu bai. 

Thuc hidn phep tinh tidn: 

T-:Dh D' 

khi do tu giac ACDD' la hinli binh hanh ndn ta c6: 

BD' = BA + AD’ = AB + DC = 2MN = 2c 
=> ABDD' dung dupe, (biet 3 canh). 

Cdch difng:Ta l£n lupt thuc hidn: 

- Dung ABDD' vdi BD' = 2t. 
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Dung Dx // BD' 

Dung By hop vcVi BD' goc a. By cat Dx tai C. 

- Dirng Cz // DD\ Cz cat BD" tai A 
Thi tu giac ABCD lit hinh thang can dung. 

Chung mink: Theo each dung ta co: 

CD//AB nen ABCD la hinh thang: BD = b. goc ABC = a 
AC = DD' = a (do ACDD' la hinh binh hanh) va: 

MN = -i (AB + DC) = 1 (AB + AD ) = ^ BD' = c 

Bien hum. Bai toan c6 nghiem hinh: 

<=> ABDD’ dung dude | a — b I <2c<a + b. 


Van dc 6; HE TOA DO DOI V()I PHEP TINH TIEN 

Phi fang phap dp dung 

Ta trinh bay phtfdng phap thuc hien hai dang toan 
Dangl: Xac djnh diCm M, la anh cua didnt M„(x 0 ; y„) qua phep tinh 
tififn veetd v (a; b). 

Khi do, toa dri diem M,(x; y) dtfdc cho bdi: 


[y = b + y 0 

Dang2: Tim phirctng trinh cua hinh (H,) la anh cua hinh (IT): f(x, y) = 0 
qua phep tilth tid’n veetd v (a; b). 

Khi do, m6i diem M(x; y)e(H,) la anh cua nidt diem 
M 0 (x 0 ; y 0 ) e (H) qua phep tinh tien veetd v (a; b), ta co: 
M 0 (x 0 ;y 0 )e(H) ff(x o ;y o ) = 0 
x = x 0 + a o<x 0 = x-a 

y = y 0 + b |y 0 = y- b 

f(x - a, y - b) = 0. (*) 

Phtfdng trinh (*) chinh la phddng trinh cua (H,). 

Chii y: Vdi dang toan 2 chung ta con co the sir dung tinh chat dac thii ciia 
phep tjnh tifen dfi’ giai, cu thfc’: 

a. D6 tint phrnrng trinh dudng th;ing (d,) la anh ciia dirhng thang 
(d) qua phep tinh tien theo veetd v chimg ta co the thuc hien 
them theo ede each sau: 

Cach 1: Thuc hidn theo cac budc: 

Budc I: LSy hai diem phan biet A, B thude (d). 

Budc 2: Sir dung edng thuc xac djnh toa do cua cac diem A,, 
B,, bid* A, =T (A), B, =T (B). 



Bude 3: Viet phuong trinh dudng thflng (d,) di qua hai diem 
A,.B, 

Cach 2: Sir dung tinh chat (d,) song song vdi (d), ta thirc hicn 
tlieo cac btrbe: 

Bude l: l.ay diem A thuoc (d). 

Butte 2: Sir dung cong thirc xac dinh toa dd cua diem A,, biet 
A, = T (A). “ 

Butte 3: Viet phuemg trinh dudng tilling (d,) di qua A, va 
song song vdi (d). 

b. DC tim phuemg trinh dudng iron (C,) la anh cua dirdng tron (C) 
qua phep tinh ticn thco vccto v chting (a c 6 th6 ihuc hien theo 

each sau: 

Bude 1: Xac dinh toa do titm I va ban kinh R cua (C). 

Butte 2: Sir dung cong thirc xac dinh toa dp cita diem I,, biet 
I, = T (1). 

Bude 3: Viet phuemg trinh dudng tron (C,) = (I, R). 
dy I; Trong mat pining tog do Oxy, tim tog do cua diem M, Id dull aid 
diem M„(2; - I) qua phep tinli lien veetd v (2; I). 

£$ Gidi 

(ii;i sir M,(x; y), ta co: 

__ (x -2 = 2 fx = 4 

M M. = v o { <=> < =^M,(4;0). 

0 }y + l = l [y = 0 

Vay, ta dupe M,(4; 0). 

^ Nhan xet: Nhu vay, trong ldi giai cua vi du trdn chting ta da su dung dinh 
nghia cua phep tjnh tid’n dd tim toa dd diem M,. 

Vidg 2i Trong mat pitting tog do Oxy, tim phuemg trinh cua dudng lhang 
(d,) Id dnh cua dudng thang (d) qua phep tinh lien veetd v , biet: 

a. (d): x + 3y - 2 = 0 va v (1; 1). 

b. (d): 2x + y - 2009 = 0 vd v (1; -2). 

gt Gidi 

a. Ta co ba each trinh bay sau: 

Cdch T. Lay didm A(2; 0) 6 (d) va goi A, = T v (A), ta cd: 


A,: 


> A,(3; 1). 


x = 2 + 1 = 3 

,y = l 

Khi do, phuong trinh dudng thang (d,) dupe xac dinh bdi 
[qua A, (3; 1) 



.qua A,(3;l) 

d,)t •? <=> (d,): 

8 ‘ ,|(d,) / /(d) 


\(d,):x+3y + C = 0 


o (d|): x + 3y-6 = 0. 



Cach 2: L&y hai di£m A(2: 0) vh B(-l; 1) thudc (d) vh goi: 
A, = T (A) => A,: I' _ “ => A,(3; I). 


• B,(0; 2). 


fx = -l + l = 0 
[y = 1 + 1 = 2 

Khi d6, phucmg trinh duong thAng (d,) dupe xac dinh bdi: 


B, = T(B) =>B,: 


(d,): 


I qua A, (3,1) ^ (d 21^1 = ^—L «, (d,): x + 3y - 6 = 0. 
|quaB,(0;2) 0-3 2-1 


Cach 3: M6i diem M(x; y) e (d,) la anh cua mot did’m M 0 (x 0 , y 0 ) e (d) qua phep 
tjnh tift'n vecto v (1; 1), ta co: 


M 0 ( x 0 ;yo) e (d) 
M 0 M = v 


f x 0 + 3y 0 -2 = 0 

•j x-x 0 = I 

l y - y 0 = 1 


=>(x- l) + 3(y- l)-2 = 0ox + 3y-6 = 0. (*) 

Phucmg trinh (*) chi'nh la phucmg trinh cua (d,). 
b. NhAn xet rAng duong thAng (d) co vecto chi phuong (vtcp) la chi'nh v (1; 2) 
nfin phep tinh tien theo vecto v bien (d) thanh chi'nh no. 

Do d6, anh cua (d) cung co phuong trinh 2x + y - 2009 = 0. 


Nhan xet : Nhu vAy, d6’ thirc hifin bai toan trdn trong cAu a: 

■ (J each /, chung ta da su dung tinh chA't cua phep tjnh tien 
bien duong thAng thanh duemg thAng song song hoac triing 
vdi no. 

■ 0 each 2, chung ta da su dung di6u kien xac dinh ni6t 
duemg thAng (cu thd qua hai difi’m phAn biel co duy nhA't 
mdt duemg thAng). 

■ 0 each 3, chung ta da su dung phuong phap quy ti'ch. 

Xi dy 3: Trong mat phang tog dd Oxy, tim phuong trinh cua duong lining 
(d,) la anh cua duong thong (d) qua phep tinh tien vecto v , hiet : 

a. (d): 4x - 2y - 2011 = 0 vd v (-1; -2). 

b. (d): 3x - 4y + 1 = 0 va v co do ddi bang J5 dong tlioi co gid 


tao vdi duc'mg thang (d) mot goc co sin bang 


_ 2 _ 

s/5' 


Gidi 

a. NhAn xet rAng duemg thAng (d) co vtcp u(2; 4) cung phucmg vdi v (-1; -2) 
nen phep tinh tien theo vecto v bien (d) thanh chi'nh no. 

Do do, anh cua (d) cung co phuong trinh 4x - 2y - 201 1 =0. 


20 



b. Dudng thang (d) di qua dift'm A(—1; I), cd vtcp u(4: 3) va gia sii vector 
v(a: b). la l.in luat co: 

vUV5 o Va' + b : = \fs <=>a : +b : -5. (I) 


sin((d), g ) = - 7 =- osin(u.v)=-^ o cos(u, v) = ±, 1 -- = ±—=. 

•J5 s/5 V 5 s/5 

Khi do. ta Ian Inert: 

■ Vdi cos(u. v) = —^=-, ta ducrc: 

x/5 

4a + 3b I «» 4a + 3b 1 . _ 

~ r -~ - /-— = ~r 0 -- =—= = —f= <=> 4a + 3b = 5. (2) 

V4‘ +3 : .Va- + b : v/5 V 4 3 +3\V5 V 5 

Giai h6 tao bdi (1) va (2). ta dirge a = 2 hoAc a =~. 

- Vdi a = 2 thi b = -l n6n v(2; -1), suy ra T- (A) = {A,(l; 0)}. 

Tir do. suy ra: 

[quaA,(l;0) 


<=> (d,,): 3x - 4y - 3 = 0. 


vtcp u(4; 3) 


- Vdi a = -— I hi b = — nen vi —; — , suy ra T (A) = < A, I —; — k 


Tir do, suy ra: 


J qua A, J ——; —— j 

l 5 5 J o (d, 2 ): 3x-4y+ 17 = 0. 
(vtcp u(4; 3) 


• Vdi cos(u, v) = — -j= - Ban Joe lUtliUc hien. 

Yi dp 1: Trong null pining loq do Oxy, lim phuang trinh ciia dudng lining 
(d’) Id anh cua dudng tlidng (d): x + 2y - 3 = 0 Ian luat qua ede 
pliep tinli lien theo car vecia v va u . biei : 
a. v (1; 2) va u (2; -1). b. v (2; — 1) v& u (4; —2). 

c. v (-2; -1) V& u (2 ; -3). 

Je$ Giai 

a. Ta cd thfi’ trinh bay theo cac each sau: 

Cdch I: Dudng thftng (d) cd vtcp a(2; -1) va di qua diem A( 1; 1). 

Ta cd: 

T-(A) = A,(2; 3) va T-(A,) = A'(4; 2). 
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Khi do. phuong trinh ducmg thing (d') dirge xac dinh hoi: 

| qua A'(4;2) fquaA'(4;2) 

(d ): { o(d):< « (d‘): x + 2 y - 8 = 0 . 

|(d )//(d) }(d'):x + 2y + C = 0 

Cach 2: Duong thing (d) co vtcp a(2; -1) va di qua diem A( 1; I). 

Ta co: 

(d') = T.[T v (d)] = T„.(d) = T b( , I| (d). 


Tfc(A) = A'(4; 2). 

Khi do, phuemg trinh ducmg thing (d’) dugc xac dinh bbi: 


(d’): 


qua A'(4; 2) 
(d')//(d) 


<=> (d’>: 


qua A'(4; 2) 

(d'):x + 2y + C = 0 


o (d‘): x + 2 y - 8 = 0 . 


b. Nhan xet rang ducmg thing (d) co vtcp a( 2 ; - 1 ) ndn cung phuemg veri cac vecto 
v va u . Suy ra, phep tjnh ti 6 n theo cac vecto v va u bien (d) thanh chfnh no 

Do do, anh cua (d) cung co phuemg trinh x + 2y - 3 = 0. 

c. Ducmg thing (d) c 6 vtcp a(2; -1). 

Ta co: 

(d') = T [T v (d)] = T vtu (d) = T b|4 . I) (d) 


ttic ducmg thing (d) co vtcp a(2; -1) cung phuemg veri b(4; -2) nen phep tinh 
ti£n theo cac vecto v va u bien (d) thanh chfnh no. 

Do do, anh cua (d) cung co phuemg trinh x + 2y — 3 = 0. 


^ Nhan xet : Nhu viy, vf du tren da minh hoa phuong phap tim phuemg trinh 
ducmg thing (d’) la anh cua ducmg thing (d) qua nhicu phep 
tinh tifin. Va d do trong truemg hop khong dac bidt cac em hoc 
sinh cin nim viing cic tinh chit cua phep tjnh tien de tu do de 
xui’t m 6 t Idi giai gin gon. 

V i dy 5 x Trong mat phdng toa do Oxy, tim phuemg trinh cua ducmg iron (C,) la 
dull cua ducmg trdn (Q qua phep tinh lien theo vector v , biet: 

a. (C): (x + 2) 2 + (y - 1 ) 2 = 4 va v (2; 1). 

b. (Bai 7.b/tr 6 - Sbt): (C): x 2 + y 2 - 4x + y - 1 = 0 va v (1; - 2). 

Giai 

a. Ta c 6 hai each trinh bay sau: 

Cach /: Ducmg trdn (Q co tim I(-2; 1) va ban kfnh R = 2. 

Goi I, = T-(I), ta c 6 : 



Khi do, phuong irinh dirctng iron (C,) dupe xac dinh hoi: 
I Tam 1 ,( 0 : 2 ) 


(C,): 


Ban kinh R = 2 


o(C,): x 2 + (y - 2) : = 4. 


Cdch ?: Mdi diem Vl(x: y) e (C,) la anh cua mol diem M 0 (x 0 ; y 0 ) e (C) qua phep 
ijnh lien vecto v ( 2 , I). la co: 

jM.,(x, > )e(C) f(x 0 + 2) : +(y 0 -l ) 2 =4 
• X = x 0 + 2 o < x 0 = x - 2 

ly=yo + 2 [y» =y-i 

=> (x - 2 + 2 ) 2 + (y - 1 - 1 ) 2 = 4 <=> x 2 + (y - 2 ) 2 = 4. (*) 

Phuong trinh (*) chi'nh la phircmg irinh cua (C,). 
b. Ta co hai each Irinh bay sau: 

Cdch /: M 6 i diem M(x; y) e (C,) la anh cua mol diem M 0 (x„; y 0 ) e (C) qua phep 
tinh lien vecto v (I; - 2 ), la co: 

I M 0 (x„:y„)e(C) I x 2 +y 2 -4x 0 + y 0 -1 =0 
■jx = x 0 + l O •< X 0 = X - 1 

[y = y 0 - 2 yo = y + 2 


=> (x - I ) 2 + (y + 2) 2 - 4(x - 1) + y + 2 - 1 = 0 
<=> x 2 + y 2 - 6 x + 5y + 10 = 0. 

Phifong irinh (*) chfnh la phircmg trinh cua (C,). 


Cdch 2: Duong Iron (C) co him I 



va ban kinh R = 


yfl\ 

2 


(*) 


Goi I, = T (I), la co: 


fx =2 + 1 =3 



=> 



Khi do, phuong trinh dirimg Iron (C,) diroc xAc dinh bdi: 


(C,): 


Tam I, 



Ban kinh R 


JT) 


(C,): (x — 3)" 


+ 



11 

24' 


yi Hy fi: (Bai 8/ir 6 - Sbt): Trong mat pltang toa do Oxy. clio hai dieting thang 
(d) va (d’) Ian heat co phuong trinh : 

Ax + By + C = 0 va Ax + By + C’ = 0. 

Tim nhifng vecto v(a; b) sao cho phep tinh lien T theo vecto do 
bieit (d) than It (d'). 
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£$ Gidi 

Ta c6 thd trinh bay theo cac each sau: 

Cach I: Vdi m 6 i didm M(x; y) thu 6 c (d), ta co: 

Ax + By + C = 0. 

T (M) = M'(x + a; y + b)e(d') => A(x + a) + B(y + b) + C' = 0 

<=> (Ax + By + C) + Aa + Bb - C + C’ = 0 o Aa + Bb - C + C' 0. 
Vay, cac vecto v(a: b) thoa man (**) se thoa man didu kicn dan bai. 
Cach 2: Lay cac diem tuy y M(x; y). M'(x'; y’) theo thii tir thuoc (d). (d\), ta 
Ax + By + C = 0. 

Ax' + By' + C =0. 

Tir do. suy ra phep tinh tien theo vecto: 

A( x '~x)-C'+ C 
B 


<*) 


co: 

0 ) 

( 2 ) 


v = MM'(x’-x; y'-y) - MM'| x'-x; - 
se thoa man di6u kien d^u bai. 


Nh&n xet: Nhir vSy, c 6 v 6 s 6 phep tinh tien bien dirong th^ng (d) thanh 
dirdng th4ng (d‘) song song hoac trilng vdi no. Do do, trong 
bai toan cu thd vdi y 6 u cAu "Tim mot vectcf v(a: b) sao cho 
phep tinh tieii T theo vecto do bien (d) thanh (d')" cac em hoc 
sinh chi c£n lay hai di£m M, M’ theo thi'r tu thude cac dudng 
thang (d), (d’) sc co ngay mdt vecto v = MM'. 

Vi dp 7« (Bai 5/tr 9 - Sgk): Trong mat phdng too do Oxy, vdi a. a, b la 
nhicng so cho trifdc, xet phep bien hinh F bien mSi diem M(x; y) 
thanh diem M'(x'; y'), trong do: 

f x' = xcosa - ysina + a 
[y' = xsina + ycosa + b 

a. Cho hai diem M(x,; y,), N(x,; y 2 ) va goi M', N' Ian hart Id tinh 
ciia M, N qua phep F. Hay tint tog do ciia M’ va N'. 

b. Tinh khoang each d giita M va N, khoang each d' gii'ra M' vd N'- 

c. Phep F co phai Id phep dcri hinh hay klioitg ? 

d. Khi a = 0, cht'ntg to rang F 1a phep tinh tien. 

JS$ Gidi 

a. Ta kin loot c 6 : 

M'(x,.cosa - y,.sina + a; x,.sina + y,.cosa + b), 

N’(Xj.cosa - y 2 .sina + a; x 2 .sinct + y 2 .cosa + b). 

b. Ta I5n lir^t c 6 : 

. £|£S x j-x,) 2 +(y 2 -y ,) 2 ■ 
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(d') : = (M’N') 2 = |(x : .cosa - y,.sina) - (x,.cosu - y,.sina)] 2 + 

+ |(x ; .sina + y,.cosa) - (x,.sina + y,.cosoul 2 
= [(x, - x,).cosa - (y : - y,).s»na] 2 + [(x : - x,).sina + (y, - y,).cosa) 2 
= (x, - x,) 2 .cos 2 a + (y,—y,) 2 .sin 2 a + (x, - x,) 2 .sin 2 a + (y 2 - y,) 2 .cos 2 a 
= (x, - x,) 2 .(cos 2 a + sin 2 a) + (y 2 - y,) 2 .(sin 2 a + cos 2 a) 

= (x 2 -x,) 2 + (y 2 -y l ) 2 

od'= ^(x, -x,) 2 +(y 2 -y,) 2 . (2) 

c. Tir (1) va (2) suy ra d = d' (hay MN = M'N'). 

Vay, phep bien hinh F bao loan khoang each gifra hai di6m bat ki nen theo 
dinh nghla no la mot phep ddi hinh. 

d. Vdi a = 0, ta tha'y: 

x' = xcosO-ysinO + a fx' = x + a 

o < => F la phep tinh tidn. 

y' = xsinO + ycosO + b [y' = y + b 


Vi dyi r>: (Bai 6/tr 9 - Sgk): Trong mat phdng toa do Oxy, xet cac phep bien 
hinli sau day: 

■ Phep bien hinh F, bien nidi diem M(x; y) thdnh diem M’(y; -x). 

■ Phep bien hinh F : bien moi diem M(x; y) llidnh diem M'(2x; y). 
Trong hai phep bien hinh tren. phep nao Id phep ddi hinh ? 


JSS Gidi 

a. Phep bidn hinh F, bidn hai diem M(x,; y,), N(x 2 ; y 2 ) thanh hai diem 
M'(y,;-x,). N'(y 2 ; -x 2 ). 

Khi do, ta co: 

M'N = J( y 2 -y,) J +(-x : + x,) 2 = yj(\ 2 - X ,) 2 +(y 2 -y,) 2 = MN- 
Vay, F, la mdt phep ddi hinh. 

b. Phep bien hinh F 2 bien hai diem M(x,; y,), N(x 2 ; y 2 ) thanh hai diem M'(2x,; y,), 
N'(2x 2 ; y 2 ). 

Khi do. ta co: 

M'N' = 2x, - 2x, ) 2 + (y 2 - y,) : =yj 4(x 2 - x, ) 2 + (y, - y,) : * MN. 


Vay, F,kh6ng la mot phep ddi hinh. 
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BAITAPTl GIAI 

Bai tap 1: Qua phcp tjnh hen T theo vecto u * 6. duftng thing (d) bien thanh 
duong thang (d‘). Trong trudng hap nao thi: 

a. (d) trung (d‘) ? 

b. (d) song song vdi (d') ? 

c. (d) cdt (d‘) ? 

Bai tap 2: Cho hai didm phan biet A. B va f la mot phcp ddi hinh hien A thanh 
A, B thanh B, tuc la f(A) = A, f(B) = B. Khang dinh neu diem M nam tren duong 
thing AB thi f(M) = M la dung hay sai ? 

Bai tap 3: Gia sir phcp ddi hinh f bien diem I thanh chinh no va bidn moi diem 
M khac I thanh dic’m M’ khong trung vai \1. 

a. Tim nhOng duong tron bien thanh chinh no qua phcp dai hinh f. 

b. Chung to ring neu duong thang (a) khong di qua I thi f bien (a) thanh 
duong thing (a’) khong trung vdi (a). 

Bai tap 4: Cho I la trung diem doan thing AB va f la mot phcp ddi hinh sao cho 
f(A) = B, f(B) = A. Chimg minh ring: 

a. f(I) = l. 

b. f bieii didm M cua dirctng thing AB (M * I) thanh difim M' sao cho 1 la 
trung diem cua doan thing MM'. 

Bai tap 5: Cho dufrng thing (a) va diem I nim treri no. Goi f la phcp diri hinh 
bien (a) thanh (a) va I la diem duy nhat bien thanh chinh no. Chung minh ring f 
bien die’m M bat ki thinh diem M* sao cho I la trung diem cua MM'. 

Bai tap 6: Cho tu giac A BCD. AB = 6%/3, CD = 12. A = 60°. B = 120°, 
D = 90°. Tinh d6 dai cac canh BC va AD. 

Bai tap 7: Cho AABC co djnh. Goi Bx, Cy theo thu tu la cic tia ddi cua cac tia 
BA, CA. Cac dic’m D, E thu tu chuyen dong tren cac tia Bx. Cy. Tim qiiy tich cac 
trung diem M cua DE biet BD = 2CE. 

Bai tap 8: Cho hai duong tron (O.R) va (O', R ), R*R' va mdt duong thing (A). 
Hay dung m6t duimg thang (d) song song vdi (A) cit (O) va (O') Ian luot tai cac 
did’m A, B, A', B' sao cho AB = A'B'. 

Bai tap 9: Trong m.lt phing toa do Oxy, vdi a cho tnrdc, xet phcp bien hinh F 
bien m6i diem M(x; y) thanh diem M'(x‘; y ) trong do: 

[ x' = x.cosa - y.sin a 
[ y ’ = x.sina + y.cosa 


26 



Cho hai diem M(x,; y,). N(x : ; y ; ) va goi M‘. N' lan luoi la anh cua M. N qua 
phep F. 

a Hay tim loa do cua cac diem M', N'. 

b Tinh khoang each d giira M va N; khoang each d' giira M' va N'. 
c Phep F co phai la phep dm hinh hay khong ? 

B&i lap 10: Trong mat phAng loa d6 Oxy. cho phep bien hinh f bien m6i di£m 
M(x; y) thanh diem M ix'; y') sao cho: 

I x 1 = ax + by + p 

, trong do a* + c* = b‘ + d" = I va ab + cd = 0. 

| v = ex + dy + q 
Chung to nine f la phep dcri hinh. 

Bal lap 11: Tim phucmg trinh cua dircrng thAng (d,) la anh ciia dircmg thAng (d) 
qua phep tinh ticn vcctcr \ . biet: 
a. (d): x + y - I =0 va v (2; 1). 
b (d): 2x - y + I = 0 va v (—1; 2). 

Bai lap 12: Tint phucmg trinh cua duerng tron (C,) la anh cua dircmg tron (C) qua 
phep tinh tifin vecto v . biet: 

a. (C): (x -2)*’ + (y - l) 2 = 4 va v (—1; 2). 

b. (C): x 2 + y 2 - x + 4y - ! = 0 va v (1; 3). 

Bai tap 13: Trong mAt phAng loa do Oxy. cho hai dirimg trim (C) vA (C) I Tin lupt co 
phuong trinh: 

x 2 + y 2 + 2Ax + 2By + C = 0 va x 2 + y 2 + 2Dx + 2Ey + F = 0, 

van A 2 + B - - C = D 2 + E 2 - F > 0. Tim nhfrng vecta v(a; b) sao cho phep tinh 

tien T theo vecto do bien (C) thanh (C’). 

Bai tap 14: Trong mat phAng toa do Oxy, cho parabol (P): y = ax 2 . Goi T la phep 
tinh tien theo vecta v (m; n) va (P') la anh cua (P) qua phep tinh tien do. Hay vict 
phuomg trinh cua (P’). 

Bai tap 15: Hay lim vecto v (a; b) sao cho khi tinh ticii do thi y = f(x) = x 1 + 3x + I theo 
v ta nhan duoc d6 thi ham so y = g(x) = x ? - 3x 2 + 6x - I. 



Cm »t 3 p^p D ^j TR y C 

A. TOM TAT LI THUYfiT 

1. DINH NGHlA PHEP EX5l XING TRUC 
Nhdc lai : Diem NT dupe goi Id din xi'eng vtii diem M 
qua dieting thang (a) neu (a) la dieting tiling trier run 
doan tliang MM". 

Truong hop ddc biet : neu M ndm tren (a) thi la xem M dd'i xi'eng vtii 
Dinh nghla 1 . Phep doi xi'eng qua dieting thang (a) Id phep bieh liinli hen nidi 
diem M thanh M' dd'i xi'eng vtii M qua dieting thang (a). 

Phep d6i xirng qua ducmg thing (a) thirtmg difctc kf hieu la 0, 

V&y, ta dugc: 

M' = D a (M) <=> (a) la tning true doan MM'. 

2. DINH U 

Dinh It: Phep dd'i xi'eng true Id phep dtii hinh. 

3. BlliU THl/C TOA DO CUA PHEP Ex3l Xl/NG TRUC 
Trong mat phang v6i hd true toa dd Oxy. 

■ Phep doi xung qua true Ox bien diem M(x; y) thanh diem M ix'; y' i vtfi: 
x' = x 

y'=-y 

■ Phep dd'i xung qua true Oy bidn diem M(x; y) thanh did’m M'(x'; y')v<fi: 
fx' = -x 



rhinh no nia a. 


4. TRUC EX^I XlJNG CUA MOT HINH 

Dinh nghia 2 : Dieting thang (d) diee.ee geji Id true dd'i xi'eng cua hinh H mu phep 
dd'i xi'eng true D (1 hie'n H thanh rhinh no, tier Id D d (H) = H. 

b. phi/ongphApgiaitoAn 

Van de 1: TIM PHEP DOI XCJNG TRUC Bl£N HINH (H,) T-IANH 
HINH (H 2 ) 

Plueong phdp dp dung 

Sir dung djnh nghia va h'nh chat cua phep d6i xtfng true. 


Vi dg It Hinh ben Id dnh nia A ABC qua phep de>i xi'eng vtri true Id dieting 


trung tn/c ciia cqnh BC. 

Ta thft’y: 

A =D n (A); C = D,(B); B = D a (C) 
=> AA'CB = D a (AABC). 

M = D a (M); N = D,(N). 
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Vi dv2; (Bai 7/tr 13 - Sgk): Qua phep ddi xdng true D, ((a) Id true ddi 
xdng ), difdng thong (d) bien ihdnli difdng lining (d'). Hay trd Idi 
ede edu hoi: 

a. Klu ndo thi (d) song song vdi (d')7 

b. Khi ndo thi (d) ti ling vdi (d’)? 

c. Khi ndo thi (d) eat vdi (d')7 Giao diem cua (d) va (d‘) co tinh 
chat gi 7 

d. Khi ndo (d) vuong goe vdi (d')7 

Giai 

a. (d)//(a). 

b. (d) = (a) hoAc (d) J. (a). 

c. (d) cat (a) va khdng vuong goc vdi (a). Khi do giao didm cua (d) va (d 1 ) nSm 
tren dudng thang (a). 

d. g(d, a) = 45°. 

Vi d\i 3: (Bai 19/tr 8 - Sbt): Cho hai diem phdn biet A, B. Co nhiTng phep ddi 
liinh ndo bien A thdnh A, bien B thdnh B. 

Giai 

Goi f Hi phep ddi hinh thoa man dieu kien dAu bai (tire f(A) = A va f(B) = B). 
Lay diem C khong tiling hang vdi A, B va giii sir f(Q = C\ khi do chi co the 
xay ra mot trong hai trudng hop: 

Trifdng hap I : Neu C = C’ thi f la phep ddng nhA’t. 

Tritong hap 2: Ndu C*C' thi 

AABC = AABC’ => C va C’ ddi xdng qua dirdng thang AB. 

Tdc f la phep ddi xdng qua dudng thang AB. 

Vijd^ ls (Bai 21/tr 8 - Sbt): Cho hai doan thang bang nhau AB = A'B’. 

Chitng minh rdng co the tim thdy mot phep ddi xdng true hodc hap 
thdnh cua hai phep ddi xi'mg true bien A thdnh A’, bien B thdnh B\ 

JSd Giai 

Ta xet cac trirdng hop: 

Trifdng hap I: Neu A s A' va B = B’ thi phep ddi xdng true AB thoa man dieu 
kidn dAu bai. 

Trifdng hap 2: Neu A *■ A’ thi goi a la trung true cua doan AA\ ta co ngay: 

D a (A) = A’vaD„(B) = B l . 

Khi do: 

■ Neu B’s B, thi phep ddi xdng true D a thoa man dieu kidn dAu bai. 

■ Neu B’ * B, thi goi b la trung true cua doan B,B\ ta co ngay: 

D b (A’) = A' va D b (B,) = B’. 

Tdc hop thAnh cua hai phep ddi xdng true D, va D b thoa man dieu kien 
dau bai. 
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Nhdn xet Tir kcl qua ciia vi du tren cluing (a thtrc hien dirqc yiu c3u 
"(Bai 22/tr 8 - Sht): Clio luii tarn giac bang nhau ABC vd 
A'B’C’ (AB = A'B', BC = B’C'. CA = C A ). Chintz rninli 
rang chi can tdi da ba pliep doi ximg true de hap thd-ih cua 
cluing bien AABC thanh AA’B’C’." 

Vi dn» 5; Cho hai liinli vuong ABCD va AMNP co canli bang a. Tin pliep 
doi ximg true bien hinh vuong ABCD thanh AMNP. 

Je£ Gidi 

Gia sir CD c3t MN tai E, ta di cluing minh: 

S iae ,(ABCD) = APNM. 

That vay: 

AAED = AAEM => M = S tAEl (D). 

AAEC = AAEN => N = S |AE ,(C). 

AAEB = AAEP => P = S (AE) (B). 

V» dy fix Cho hai dieting iron (C,) va (C,) Ian hart co tarn O,, O, va leu co 
ban kttih R. Chung minh rang (C : ) la dnli cua (C,) qua pl-ep doi 
ximg true (d), vtii (d) Id ti ling trite doqn 0,0,. 

£$ Gidi 

La’y M, tuy y thude (C,) vh goi M, la anh cua 
M, qua S d . 

Vi 0 2 M, va 0,M, dd'i xung nhau qua (d), nen 
ta co: 

0 2 M 2 = 0,M,. 

Ta co: 

M,e(C,) <» 0,M, = R o 0,M : = Ro M 2 e(C 2 ) 

Nguoc Ini: Ift'y M, la mot diem tuy y thuoc (C,) va goi M, la tao anh cua no 
qua S d . Ta co: 

M,e(C 2 ) 0,M : = R o 0,M, = R => M,e(C,) 

V«1y (C 2 ) la anh cua (C,) qua S d . 

Van de 2: TRUC DOI XtlNG CUA MOT HINH 

Vi dy 1: Qua pliep doi ximg true D , 

a. Nhung tam giac nao bien thanh chinli no ? 

b. Nhung dieting trdn nao bien thanh cliinli no ? 

J2$ Gidi 

a. Vdi AABC can tai A va (a) la ducfng tntng tnre cua BC thi D,( AABC) = AAQ. 

b. Moi duemg tron deu bien thanh chinh no neii (a) di qua tam cua ducfng tron 
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Vi dp 2> (Bai 11/tr 14-Sgk): 

a. Chi' ra true doi xifng (neu cd) ci’ta mdi hiuh suit day (nidi hinh 
Id mot Iff Into gam mot so cliff edi): 

MAM, HOC, NHANH, HE, SHE, COACH. IS, IT, SOS. CHEO 

b. Chi'nig mi nil rang do thi ciia ham so I non cd true doi xi'mg. 

Jet Gidi 


a. 


b. 


Ta co true ddi xihlg: 

m|m, 

- m^ 



Gia sir ham so y = f(x) la ham so chan, khi do ta co: 


f(—x) = f(x) => do thi ham so nhan Oy lam true doi xirng. 


Yap de (ilAI BAI TOAN DINH TINH 

Plufftng pluip dp dung 

Ta thufdng gSp cac dang yeu cau sau: 

Dangl: Chung minh (H.) la anh cua (HL) qua phep doi xung true 

D,, ta there hien theo cac bu’cfc: 

Btiefe 1: Lay diem M, tuy y thu6c (H,), ta di chu’ng minh 
M, = D.,(M I ) e (H 2 ). 

Btide2: Ngiroc lai, lay diem M ? tuy y thuOc (EL), ta di 
chung minh M, = D,(M 2 ) e (H,). 

Dang2: Chung minh tinh chat K, ta thtfc hien theo cac biTric: 

Bi/dc 1: Xac djnh m6t ho3c nhieu phep doi xung true de 
thi£t lap moi lien ket giura cac yeu to. 

Bude 2: Sir dung cac tinh chat cua phep doi xirng true de 
giai cac yeu cau cua bai toan. 


V< «ly It (Bai 18/tr 8 - Sbt): Cho hai diem phdn diet A, B vd phep defi hinh f 
khac vefi phep dong nhd't sao cho f(A) = A, f(B) = B. Clubig minh rdng : 

a. Neil diem M ndm tren dtfctng lining AB thi f( M) = M. 

b. f Id phep doi xiing qua dtfdng lining AB. 

jt Gidi 

a. Vdfi diem M nftm tren duemg thAng AB va f(M) = M\ ta co: 

f(AB) = AB vti gift nguyen thir tu cac bo ba diem (A, B, M), (A. B. M'). 
Ngo&i ra: 


Jam = am’ 

IBM = BM' 


=> M = M\ 
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b. Vdi did'm N kh6ng nSm trdn dudng thfing AB va f(N) = N', ta c6: 

■ N * N'. vi neu trai lai thl f la phep d6ng nhfll, man thuan. 

• AABN = A ABN’ => N va N' doi xung qua dudng thiing AB. 

V&y f la phep ddi xung qua dudng thiing AB 
Vi dp 2: (Bai 20 a, b/tr 8 - Sbt): Chung minh rang: 

a. Hup thanh ctia liai plwp doi xung true cd true doi xtihg song 
song Id mot phep tinh tie'n. 

b. Moi phep tinh lien den cd the xem Id hup thanh ctia hai phep 
doi xung true cd true doi xitng song song hang nhieu each . 

JS$ Gidi 

a. Goi Dj, D h theo thu tu la cac phep doi xiing true a, b cd a // b vii I la hop th;\nh 
cua D a va D h . 

Vdi hai diC'm A. B theo thu tu thude a. b sao cho AB vudng goc vdi a. 

Vdri dic’m M bSt ki, gia suD,(M) = M, va D h (M,) = M 
Ta co nhan xet: 

MM," = mm; + M,M; = 20,M, + 2 M.O, 

= 2(0;m; + M,0 ; ) = 20,0, = 2 AB 
VAy, phep bicn hinh hien M thanh M : la met phep tinh lien T theo vccto v =2 AB . 

b. Vdi phep tjnh tifin T theo vecto v, lay dudng thAng (a) vuong goc vdi v va 
goi b = T, (a), ta co ngay: 

2* 

T =D b (D # ). 

Va vi co nhi£u each chon dudng thang (a) nen cd nhidu phep doi xung triJc D, 
va D b cd hop thanh IA T . 

Chu y: Chung ta se su dung kfi't qua trong vi du tren cho mot so bai to>An. 
V» dy .li (BAi 24 a, b/tr 9 - Sbt): Goi (a) Id phdn gidc ngodi tat A cua 
AABC. Cluing minh rang vdi moi diem M tren (a) chu vi AMBC 
khong nho hun chu vi AABC. 

J&5 Gidi 

Goi C, la did’m ddi xdng vdi C qua phAn giac 
ngoai AM cua goc A, ta cd: 

MB + MC = MB + MC, 

> BC, = AB + AC, = AB + AC 
<=> MB + MC + BC > AB + AC + BC. dpem. 

Chu y: Trong nhieu tai lieu tham khao, vi du tren dupe phat bicu dudi 
dang thu gon: “Lay mot diem M tren dudng phSn giac ngia i goc 
A cua AABC. Chung minh rang MB + MC > AB + AC”. V a ket 
qua cua vi du nay se dupe su dung cho ede bAi loan khac. 



M«> 


VL 


O ; N l, 

B 



Vi dy 1: Cho AABC cn BC = a, C'A = b, AB = c, p la tufa elm vi. h, la do dai 
dut'mg eao ii'r A. Chung minh icing h, < J p(p - a). 

('rich 

Dung duemg ihfing (d) qua A song song vc'ri BC. 

(ioi B|. C, Ian lupl la diem doi xung cua B, C qua duemg th&ng (d). 



o h/ < — |(b + c) : - a 2 ] = p(p - a) <=> h,< ^/p(p-a), dpem. 
4 


Nhan xet. Trong Ioi giai tr£n de chi'rng minh ti'nh chat h, < Jp(p-a) 
cluing ta da sir dung mot phep dfi’i xirng true (d), tuy nhicn 
dichi dang phai minh hoa dupe or dAy la tai sao lai chon true 
(d) nhu vAy, di£u nay co th&' dupe ly giai sP lupc nhu sau: 

■ Vi6c lira chon phep d6‘i xi'rng true (d) se nhAn dupe phAn 
tir trung gian quan trong la B,C, phAn tir nay co dupe bid’ll 
di£n th6ng qua b va c hoac qua a vA h ,, tir do nhan dupe 
m6i lidn he giua a, b, c va h a . 

■ Cac em hoc sinh hay tra lui them cAu hoi " Co ton tai 
phep doi xirng true khac (d) khong va ncu c6 thi ti'nh chat 
cua phep d6'i xung do la gi ? 

Vi dy a: (Bai 10/tr 13 - Sgk): Clio liai diem B va C co 
dinh nam Iren during iron (O; R) va diem A 
I hay doi Iren ductng Iron do. Hay dung phep doi 
vi mg line de clumg minh icing true lam H cua 
lam gidc ABC nam tren mot dudng trdn cd 
dinh. 

£$ Giai 

Gia sir AH cat duemg iron tai H'. 

Ta co: 

H'CB = H'AB = HCB => AH'CH cAn tai C 
=> BC lii duemg trung true cua H'H H = D^H'). 

Va vi H' e (O) ndn H e D^O)). 



33 




^ Chu y: Tiep Iheo chiing ta sc c|uan tarn ftti cac vf du dirge dc xual da’ tao ra 
nhfing dinh nghTa xt tiep tuyen cua ha duong c6m'c. 

£Ldv_& (Bai 25/tr 9 - Shi): Clio elip (E) vdi Inn lieu diem F,, F,. Goi M Id 
diem ndm Iren (E) nluiiig khdng mini Iren duong lining F,F, va (a) 
Id phan gidc ngodi mi M cua AMF,F : . Cln'fng minh rang (a) chi cdt 
(E) mi diem M dux nhd't (dating lining (a) nhir the dirge goi Id Hep 
tuyen cua (E) tai diem M). 

Giai 

Gia sir elip (E) co do dai true lefn bang 2a, khi do: 

MF, + MF, = 2a (theo dinh nghTa elip). 

Khi do, voi diem M’ bat ki nam tren (a) thi: 

M’F, + M'F, > MF, + MF ; = 2a. 

Dau “=” chi xay ra khi M s M’. 

Nhir vAy, voi moi diSm M’ khac M tren (a) ta luon co: 

M’F, + M’F, > = 2a => M' g (E) o (a) chi cat (E) lai diem M duy nhat. 
HjipJZs Clio AABC voi I Id tarn difdng Iron npi tiep vd P Id mot diem ndm 
trong lam gidc. Goi A’, B’, C’ Ian I trot Id ede diem doi xitng voi P 
qua cac difcmg lining IA, IB, IC. Chinig minli rang ede difcmg lining 
AA’, BB’ va CC’ dong quy. 

J2$ Giai - Ban doc tit ve liinli 

Ta xet cac tnrcmg hop: 

Tritdng hop /: Nfi’u P trung I thi cac duong lhAng AA'. BB’ va CC' d6ng quy tai I. 

Truong hop 2: N£u P nam trong goc A1B thi ta goi P A , P H . P c la cac diem doi 
xung v6i P theo thu to qua die canh BC, CA, AB, la co nhAn xet vdri each dal 
PAB =a va PAI = p: 

^AA' = ^AP + PAA' = 2a + 2p. (1) 

-VAPb = /VAC + CAPj, = /VAC + CAP = a + a + 20 = 2a + 2p. (2) 

Tir (1) va (2) suy ra P, AA‘ = A‘AP B . kfit hop vdi AP C = AP B suy ra AA’ la 
duemg trung true cua doan P B P r . 

Chung minh tid’p tuyen ta cung co: 

■ BB' la duong trung true cua doan P A P (; . 

■ CC’ la duemg trung true cua doan P A P B . 

Tirdo, suy ra cac duemg thang AA’, BB’ va CC’ ddng quy tai I. 

Cac txUcfng hop P nam trong goc BIC. AIC duoc chufng minh tirong tu. 



34 



Yan de 4: (ilAI BAI TOAN DINH MONO 

Rhififn s; phdp dp dung 

1. B3ng viec thiet lap etude car phep tjnh tien thich hop, ngoai vice 
fhufng minh difdc cac tinh chat hinh hoc ta con co the tinh loan 
ili/oc cac yeu t6 trong mot hinh. 

2. B<1ng viec lu’a chon phep doi xung true thich http cho diem M, ta dira 
hai toan gia tri Ion nhat, nho nhat ve cac bieu thiic do dai, kiii do ta 
can nho' cac ket qua: 

MA + MB > AB; | MA - MB I < AB. 

Vi du li Cho ditang lining (d) vd hai diem A. B ct'ing phia vdi (d). Tim diem 
M Iren (d) sao elio MA + MB nho nlnit. 

JS$ Gidi B ^ 

Goi A, la diem doi xirng vdi A qua (d) 

Ta co: 

MA + MB = MA, + MB > A,B. 

Vay, ia duoc: 

(MA + MB) Min = A,B. 
dal duoc khi A,. M, B thang hang. 

^ Chii y: Chung ta sc con gap lai dang loan nay trong hai toan he toa d6 cua 
phep doi xirng true. 

Viilp.2i (Tuong tir hai 9/tr 13 - Sgk): Clio AABC niton, D la diem co dinlt 
Iren BC. Tim hai diem E, F then tint tit thude AB vd AC sao cho 
ADEF co elm vi nho nhat. 



Gidi 

Goi D, la diem ddi xirng vdi D qua AB. 

Goi D 2 la diem doi xirng vdi D qua AC. 

Ta co chu vi ADEF duoc cho bdi: 

CV ADEF = DE + DF + EF = D,E + D,F + EF. 

Vav ADEF co chu vi nho nhat 
e>D,E + D : F + EF nho nhat 
« EF thude dirdng th.ing D,D : 

« E, F theo thur tit la giao diem cua D,D 2 vdi AB, AC. 

Kh. do (CV ADEF ) Min = D,D, 

Vi diu 3x Trong car tarn giac co canh day hang a, cltieii cao hang h, hay Tim 
tarn giac co ban kinh ditdng iron npi tiep nltd nhat. 



JS$ (Gidi 

Khing mat tinh tdng quat ta gia sir AABC co day BC = a co dinh va do dai 
dudmgcao AH = h. 
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Tir do suy ra dinh A chay trcn dircmg thing (d) song song va each BC mot 
khoang bang h. 

Ta co: 

c 1 u ah 

S\abc = — an = pr <=> r = — . 

2 2p 

Tir do, suy ra: 

r nho nha’t <J=> AABC co chu vi nho nhat <=> AB + AC nho nhftt 
<=> A, B, C thing hing, vdi C’ la diem doi xung vdi C qua (d). 

VI dy li Cho AABC nhon. 

a. Tim ba diem D, E. F then line it/ thuoc BC, AB \ a AC sao ( ho 
ADEF co chu vi nho nhat. 

b. Tim gia tri nho nhat cua chu vi ADEF iheo ede canh a, b, c cua 
AABC. 

JS5 Giiii - Ban doc tu ve hinli 

a. Chung ta da biet kfi't qua rang vdi diem D co dinh thi: 

(CV.\ DEF ) Mjn = D,D,. 

Do do, khi D di ddng tren BC, chu vi ADEF nho nhat ce> D,D, nho nhat 
Trong AAD,D 2 , ta co: 

AD, = AD, = AD, D, AD 2 = 2 A khdng dfii, 
do do D,D, nho nhat 

AD nho nhat oADIBCoD la chAn dirbng cao dinh A cua AABC 
Vi vai tro cua D, E, F nhu nhau nen ta ket luan duoc rang chu vi ADEF nho nhat 
khi va chi khi D, E, F theo thur tu la chan cac dircmg cao cua AABC. 
b Goi K la tmng die’m cua D,D,, ta co: 

D,D, = 2D,K = 2AD,.sinD,AK = 2AD.sin A . (I) 

Mat khac ta co: 

S.Ubc = ^ AD.BC = AB.AC.sin A = ,/p(p-a)<p-b)(p- c) 



2 A /p(p-a)(p-b)(p-c) 


2vP(P -a Hp-h)(p-c) 


Thay (2), (3) vao (1), ta duqc: 

8p(p-aKp-b)^ M cv iMF) .. 

abc 


< 2 ) 

( 3 ) 
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Yailjyv TIM TAP HOP DIEM M 

P huong phdp dp dung 

Ta thirc hien theo cac budc: 

Btidc 1: Tim mot phep d6'i xung true D,„ bien die’m E di dong thanh 
diem M. 

Btide2: Tim tap hotp (H) cua cac dig’m E. 

Btide 3: Ket luSn tap hop cac diem M la anh cua (H) trong phep 
doi xung true D a -. 

Vi-dvli Cho AABC can tai A. Mot ditdng thdng di dong (A) qua A. Gqi D 
Id diem doi xitng aia C qua (A). Dieting thdng BD cdt (A) tai M. 
Tim quy tick cac diem D vd M. 

JgS Cu d 

a. Tin tap hop diem D: Tir gia thid't suy ra AD = AC 
khongdrii, do do quy ti'ch cac diem D thuoc duemg 
trbn tam A, ban kmh AC. 

b. Tin tap hop diem M: Ta co: 

BMC = MCD + MDC =2MDC =2BDC = BAC khong doi. 

Va/ quy ti'ch cAc diem M thuoc cung tron chi'ra goc A ciia duoiig tron ngoai 

tie'p aabc. 

Van dj 6: DUNGHINH 

PhKoni phdp dp dung 

Ta lu6n thirc hi£n theo 4 birdc da bi£t. 

Vi dv li Cho dating thdng xx’ va hai diem P, Q cung nam mot phia doi vtii 
xx\ Ditngdiem Aexx’ saocho PAx = QAx\ 

Cnii 

Phan tch: Gia sir da dung duqc diem Aexx’ sao cho PAx = QAx 1 . 

Thrc hien phep doi xung tnic (xx’): 

s,„; ; p^p„ 

Kh do 

PAx = P,Ax = QAx' <=> P,, A, Q thAng hang. 

Cbch (itng : Ta I An luqi thirc hifin: 

- Dung diem P, vdi P, = S ( „.,(P) 

- Lay diem chung A cua (xx’) va (P,Q) 

Kh d6 A la diA’m phai dung. 

Chungminh: Theo each dung, ta co QAx' = P,Ax = PAx . 

Bien lian: S6 nghiem cua bai toan bang so nghiem chung cua (xx’) va (P,Q) nen 
lupn tin tai dliy nhat mot diSm A. 
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Van dc 7: HE TOA DO DOI VO I PHEP DOI XtiNG TRUC 

Phuctng phdp dp dung 

Trong mat phang vdi he true toa dd Oxy: 

■ Phep doi xiing qua true Ox bien diem M(x; y) thanh diem M'(x'; v') vdi: 
fx' = x 


ly'=—y 

• Phep doi xiing qua true Oy bien diem M(x; y) thanh diem M'(x'; y') vdi: 
x' = -x 

y- = y 

Trong phSn nay chung ta xem xet ba bai toan cd ban va mong 
mu6‘n th6ng qua do cac em co the xay dung dude phudng phap giai 
bai toan tong quat. 

Dangl: Xac dinh diem M, d6i xiing vdi diem M qua dudng thang (d) 


co phudng trinh Ax + By + C = 0. 

Ta thuc hidn theo cac bude sau: 

Bifdc 1: Ta co: 

jMM,//n d '(A;B) 
[TningdieniHcua MM, thu6c(d) 


(d) 


[B(x Mi - x M )-A(y Mi -y M )-0 


+ B 


y M| + y M 


M 


(Mx) 

M, 


-C=0 


.(I) 


Bade2: Giai ha (I) ta dude toa do diCrn M,. 


Chu y: 

1. Cung co the thuc hien theo each: 

Buck: 1: Xac dinh toa d6 hinh chidu vudng goc H ciia M tren (d). 

Bade 2: Goi M, la dia'm d6i xiing vai M qua (d) thi H la tritng diem 
MM,, ta dupe: 

| x m, = 2x h _x m 

(yM, =2y„ -y M ’ 

2. Anh cua diem M(x 0 ; y 0 ) qua phep doi ximg: 

« True Ox \h M,(x 0 ; -y 0 ). 

- True Oy la M,(-x 0 ; y 0 ). 

3. Nhu chung ta da biet, viec tim ra toa dp dieim M, se cho phep ta giai dirpe 
dang toan vdi yeu cau "Cho dudng thang (d) va hai diem A. B rung phta vdi 
(d). Tim diem P tren (d) sao cho PA + PB nhd nhd't ", ta thuc hien theo cac 
bude sau: 

Budc 1: . Goi A, la diem doi ximg vdi A qua (d), suy ra toa do A,. 



Hide 2: Goi P„ = (A,B)n(d) 

jp 0 e(d> x A 

=> !oa d6 P„. \ p S 

| P,.A.Bihanghang / (d) 

Hu n 3: Ta c6 PA + PB = PA, + PB > A, B. P h 

V&y (PA + PB) Mjn = A,B. dat dirge khi: 

A,. P. B thing hang <=> Ph P () . A, 

Ding2: Xac dinh phu’dng trinh duPng thing (d,) doi xung vpi 
duPng thing (d) qua duPng thing (A). 

Ta xet hai kha n3ng sau: 

Kha n,1ng 1: N'cu (d)r»(A) = {I). Thuc hien theo cac buPc: 
Biidc 1: Xac dinh toa dp giao diim 1. 

Biioc 2: Lay mpt diem Ae(d), tu do ^ 

xac djnh toa dp diem A, doi 
xung vdi A qua (A). 

Btide3: Duong thang (d,) qua I va A,. , 


Kha nSng 2: N'e’u (d)//(A). Thuc hipn theo cac buPc: 

Biioc 7; Viet lai phucfng trinh cua (d), (A) du6i dang: 

(d): Ax + By + C d = 0 , 0 d > 

(A): Ax + By + C A = 0. (A) 

Biidc2: Khi do: ( d i 

(d,): Ax + By + C = 0 

vPi C dupe xac djnh bdi C\ = - (C d + C). 

Ding3: Xac dinh phudng trinh during tron (C,) doi xufng vdi 
duPng tron (C): f(x, y) = 0 qua duPng thdng (d). 

Ta thuc hien theo cac buPc sau: 

Biidc 1: Goi I, I, theo thu tu la tcim duPng 

tron (C), (Q) va R la ban kinh ( I 
duPng tron (C). ' Sv —(d) 

Biidc 2: Xac dinh toa dp didm I, dPi xung 

vPi 1 qua (d). ( , Y c 

Biioc 3: Lap phuong trinh duPng tron (C,) V ') 1 

thoa man: 
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c *“ Chu y. Trong truong hop duong thdng (d) c6 dang x = a (hoac y = (1) ta 
co the thuc hien theo cac budc sau: 

Budc 1: Vcfi mdi M(x; y)e(C,) o 3M,(x,; y,)e(C) sao cho M doi ximg vdrj 
M, qua ducrng thdng x = a (hoac y = P) <=> 3 x„ y, thoa man: 
ff(x, «y,) = 0 ff(x,,y,) = 0 

<x,+x = 2a (hoac <x,=x ) (1) 

[y,=y |y,+y = 2p 

Bitoc. 2: Khtr x,, y, tir hS (I) ta dupe phuong trinh cua duong tron (C,). 

Vi dy 1; Trong mat phang tog do Oxy, dm tog do diem M, Id diem doi Mfng 
vdi diem M qua (d), diet: 

a. (d) = Ox va M( 1; -2). b. (d) = Oy va M(-2; 3). 

c. (d): x - 2 = 0 va M(1; -1). d. (d): y + 1 = 0 va M(-l; 3). 

£$ Gidi 

a. Su dung cong thue ta co ngay M,( 1; 2). 

b. Su dung cong thtfc ta co ngay M,(2; 3). 

c. Gia su M,(x; y), ta co: 


> M,(3; -1). 


Vay, ta duoc M,(3; -1). 

d. Gia su M,(x; y), ta co: 


> M,(-l; -5). 


Vay, ta duoc M,(—1; -5). 

ty ‘ Nhan xet. Nhu vay, th6ng qua cac cau c), d) cac em hoc sinh da bict each 
tim toa do cua diem doi xung qua mot duong thdng song song 
vdi true toa d6. 

Vi dy 2 ; Trong mat phang tog do Oxy, tim tog do diem M, Id diem ddi ximg 
vdi diem M qua (d), biet : 

a. (d): x + y — 2 = 0 va M( 1; 1). b. (d): 3x + 4y - 12 = 0 va M(7; 4). 
. (x=4t .. 


y = 3 + 3t 


va M(3; -1). 


JS$ Gidi 

a. Nhan xet rang M e (d) ndn M, = M. 


40 



b. Gia sir M,(x; y), la co: 
j MM, //nj(3;4) 

| Trungdicm Mcua MM, thudc(d) 
| x — I 


4(x — 7)-3(v-4) =0 
‘Jx + 7 


.*{U± 

2 


- 12-0 


Vay. ta dirge M,( 1; -4). 
c. Gia sir M|(x; y), ta co: 


I MM; 1 u.'(4;3) 


M,(l;-4). 


I Trungdicm 11 cua MM, thuoc(d) 


4(x -3) +-3(y +1) = 0 
x +3 


> "I 


- = 4t 


= 3 + 3t 


x = -3 
y = 7 


=> M,(—3; 7). 

Vay, ta dirge M,(-3; 7). 

Vi du Trang mat phdng loa do Oxy, tim phitetng trinh difdng thang (d,) Id 

anh ciia difdng thang (d): x - y + 4 = 0 qua phep doi xifng v<ii true 
(A), hiet: 


a. (A) s Ox. b. (A) = Oy. c. (A): x + y + 3 = 0. 

Giai 

a. Ta co ngay (d,): x + y + 4 = 0. 

b. Ta co ngay (d|): x + y - 4 = 0. 

c. Nhan xet rang (d)±(A) nen phep d6i xirng qua truer (A) bien dubng thang (d) 
thanh ehmh no, lire (d,): x - y + 4 = 0. 


Nhdn xet\ Nhir vay, phuong trinh cua dircrng (C,) la anh cua (C): f(x, y) = 0 
qua phep dd’i xung vai: 

a. True Ox se co dang f(x, -y) = 0, tdc thay y bang -y vao 
phuong trinh cua (Q. 

TCr do, ta co t6ng quat d6i vdi duerng thang: 

"Anh cua difdng thang (d): Ax + By + C = 0 qua phep doi 
xifng true Ox co phitetng trinh Ax - By + C = 0". 

b. True Oy se co dang f(-x, y) = 0, trie thay x bang -x vao 
phuong trinh cua (C). 

Tir do, ta co tong quat doi vdi dudng thang: 

"Anh cua difdng thang (d): Ax + By + C = 0 qua phep doi 
xifng true Oy co phitetng trinh Ax - By - C = 0". 
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Ngoai ra: 

"Anh cua during thang (d): Ax + By + C = 0 qua phep cid'i 
xi’fng true (A) vudng goc vdi (d) chinh U) (d)". 


Vi dp 4: Trong mat phang tog do Oxy, tim plufrmg trinh during thang (d,) la 
anh cua dudng thang (d) qua phep doi xi'fng vdi true (A), biei: 

a. (d): 4x -y + 3 =0 va (A): x - y = 0. 

b. (d): 6x - 3y + 4 = 0 va (A): 4x - 2y + 3 = 0. 

£$ Gidi 


a. 


NhSn xet rang (d)o(A) = 11}, khi do toa do diem T la nghiem cua he: 


[4x-y + 3 = 
jx-y = 0 


0 


<=> I(—1; —1). 


Liy didm A(0; 3)e(d), goi H la hmh chicu vudng goc cua A Ifin (A), ’a co 
- (AH) J. ( A) => (AH): x + y + C = 0. 

• Ae(AH)»3 + C = OoC = -3. 

VSy (AH): x + y - 3 = 0. Khi do toa do diem H la nghiem cua he: 


Jx + y-3 = 0 
jx-y = 0 


»H(~; 

2 


3 

2 


)• 


Goi A, la diem doi xirng vdi A qua (A) => H la trung diem cua AA, => A,(3; 0). 
Dudng thing (d,) duqc cho bdi: 

y+i 

1 


(d,)r 


qua U-1H) 0 x + 1 

qua A,(3,0) 3 + 1 


<=> (d,): x - 4y - 3 = 0 


b. Nhdn xet ring (d)//(A), khi do vid't lai phuemg trinh hai dudng thing cirdi cang: 
(d): 2x - y + ^ = 0 va (A): 2x - y + ^ = 0. 

Khi dd (d,): 2x - y + C = 0, vdi C duqc xac dinh bdi: 

C A =i(C d + C)«| = ±(| + C)«C=|. 

Vay, phuemg trinh dudng thing (d,): 2x - y + ^ = 0. 


Vi dy 5: Trong mat phang toa do Oxy, cho dudng trdn (C) co flu for g trinh 
x 2 + y 2 + lOy — 5 = 0. Viet phuemg trinh anh cua dudng n ‘>n H en 
qua phep doi xi'fng co true: 
a. (Bai 8.b/tr 13-Sgk):Oy. b. Ox. 

c. (d):x + y-5 = 0. 

£$ Gidi 

Dudng trdn (C) co tarn 1(0; -5) va ban kfnh R = \f}0 . 
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a. Ta co the lira chon mot trong cac each sau 

Cach I : Moi diem M(x; y)e(C) la anh cua mot diem M n (x„; y„) e (C) qua phep 
doi xung co true Oy. 

Ta co: 


I VI , (x .:y„)e(C) 

ce> i x„ 

| Ov la truntj tnre cua M M 

l y " 


v : 410y„ - 5 = 0 


y 


=> (—x) 2 + y 2 + lOy - 5 = 0 <=> x 2 + y 2 + lOy — 5=0. (I) 

Phuong trinh (I) chinh la phuong trinh cua (C). 

C(ich 2 Phep doi xirng qua true Oy bien mdi diem M(x; y) thanh diem M'(-x: y), 
do do bang vice thay x bdi -x vao phuong trinh cua (C), ta dirge: 

(—x)“ + y" + lOy - 5 = 0 » x 2 + y 2 + lOy - 5 = 0. 

Do chinh la phuong trinh duemg Iron (C’) can tint. 

Cdch 3: Duong iron (C) doi xirng vdi duemg tron (C) qua Oy co: 
tftm I *(0;—5) 

r- » (C): x 2 + (y + 5) 2 = 30. 
ban kinh R' = V30 


b. Ta co the lua chon mot trong c&c each sau: 

Cach /: Moi diem M(x; y)e(C) la anh cua mot diem M n (x 0 ; y 0 ) 6 (C) qua phep 
dOi xung co true Ox. 

Ta co: 


M 0 (x„;y 0 )e(C) 

Oy la trung tnreciia M„M 


|x‘ +y' + IOy (1 -5 = 0 
o | x 0 = x 

y 0 =-y 


=>x 2 + (-y) 2 + 10(-y)- 5= 0<=>x 2 + y 2 - lOy — 5 = 0. (2) 

Phuong trinh (3) chinh la phuong trinh cua (C). 

Cach 2: Phep doi xung qua true Ox bien m6i didm M(x: y) thanh diem M'(x; —y), 
do do bang vide thay y bdi -y vao phuong trinh cua (C). ta duoc: 
x 2 + (-y) 2 + l0(-y) - 5 = 0 «• x. 2 + y 2 - lOy - 5 = 0. 


Do chinh la phuong trinh duemg tron (C) eftn tim. 

Cach 3: Duong tron (C) d6i xung vdi dudng tron (C) qua Ox co: 
|tftmr(0;5) 

\ r~ ° ( c ') : x ' + (y - 5) - 30. 

I bankinh R' = v30 


c. Mian xet rang t«im I e (d) nen phep doi xung qua true (d) bien duemg tron (C) 
thanh chinh no, tuc (C): x 2 + y 3 + lOy -5=0. 

^ Shan xet Nhu vSy: 

a. Anh cua duimg tron (C): x 2 + y 2 - 2Ax - 2By + C = 0 qua 
phep doi xung true Ox co phtrong trinh: 

x 2 + y 2 - 2 Ax + 2By + C = 0. 

f'j ;■ 
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b. Anh cua dudng tron (C): x 2 + y 2 - 2Ax - 2By + C = 0 qua 
phep doi xung true Oy co phuong trinh: 

x 2 + y 2 + 2Ax - 2By + C = 0. 

Ngoai ra "Anh cua dudng iron (C): x 2 + y 3 - 2Ax - 2By + C = 0 
qua phdp d6i xung true (d) di qua tarn I cua (C) chfnh la (C)". 

Yi d? fit Trong mat phang toa do Oxy, cho dircmg non (C) co phircmg trinli 
x ’ + y 2 - 2x - 4y + 3 = 0. Viet phircmg trinh anh cua dudng Iron 
tren qua phep doi xi'mg co true: 
a. (d): x - 2 = 0. b. (d): y - I = 0. 

c. (d): x + y - 5 = 0. 

JS. S’ Gidi 

Ducfng tron (C) co tAm 1(1; 2) va ban krnh R = *J2 duqc viet lai dudi dang: 

(C): (x - 1 ) 2 + (y - 2) 2 = 2. 

a. Ta co the lira chon mdt trong cac each sau: 

Cdcli l : Voi moi M 0 (x 0 ; y 0 )e(C’) se: 

3M(x; y)e(C) sao cho M doi xung voi M 0 qua duemg thAng x = 2 
<=> 3 x, y thoa man: 

f(x 0 -l) 2 +(y 0 _2) 2 =2 
< x,, + x = 4 o 


(4- x - I) +(y- 2) = 2 
x 0 =4-x 

y 0 =y 


ly 0 =y 

=> (x - 3) : + (y - 2) 2 = 2. 

VAy phuong trinh dircmg iron (C’): (x - 3) 2 + (y - 2) 2 = 2. 

Cdch 2: Duong tron (C) doi xung voi dudng tron (C) qua (d) co ban kinh R = V5 
vA tAm I“(x; y) thoa man: 
fx + 1 „ 


x = 3 
v = 2 


* T’(3; 2). 


(C’): 


<=>(C): (x - 3) 2 + (y - 2) 2 = 2. 


2 

[y = 2 

VAy, ta duqc: 

ftaml'(3;2) 

jbankinh R = y/l 
b. Ta co th6 lua chon mdt trong cAc each sau: 

Cdch I : Vdi m6i M 0 (x 0 ; y 0 )e(C') se: 

3M(x; y)e(C) sao cho M doi xung voi M„ qua dudng thAng y = 1 
<=> 3 x, y thoa man: 

(X 0 -1) 2 + (y 0 -2> 2 = 2 f(x — 1 ) 2 +(2-y-2) : -2 
■ x 0 = X <=> \ x 0 = X 

>'o + y = 2 y„ + y = 2 
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=> (x - l) 2 + y 2 = 2. 

Vay phircmg trinh dirong tron (C'): (x - I ) 2 + y 2 = 2. 

Click 2. Duong iron (C‘) doi ximg voi dudng tron (C) qua (d) co ban kfnh R = 
va lam I'(x; y) ihoa man: 
i x = I 

I Y = I 

* 1 ( 1 ; 0 ). 


• y + 2 = ! <=> 


x = 1 
y = 0 


Vay, la dupe: 

^ [iaml’(l;0) 


«(C): (x - l) 2 + y 2 = 2. 


[ban kfnh R = >p2 

c. Oirfrng iron (C) d6'i xung vdi dirong iron (C) qua (d) c 6 ban kfnh R = -Jl va 
lam I’(x; y) thoa man: 

f l(x — 1) — l(y—2) = 0 


JII * J- Uj (l; -1) 

|Trungdi£m Hcua H'thu6c(d) 

fx-y + 1 = 0 fx = 3 
jx + y-7 = 0 ^ jy = 4 " 
Vay, la duoc: 

(tAm I'(3;4) 




x +1 


• I*(3; 4). 


y + 2 


-5 = 0 


(C): 


I ban kfnh R = -Jl 


o(C'): (x - 3) 2 + (y -4) 2 = 2. 


Chu y: Vf du tiep thco se minh hoa viec sir dung h£ toa do cua phep doi 
xung true de thtic hifin yeu cau I6i uu. 

\Ltlu 7j Tim Iren true hoanh diem P sao cho tong cac khoang each tic P tifi 
cac diem A va B Id nho nhd't, hiet A(l; 2) va B( 3; 6), tint gid tri 
nho nhd't do. 

Gidi 

Gqi A, la diem d6i xung vdi A qua Ox, suy ra A,(l; -2). 

Goi P () = (A,B) oOx, suy ra P 0 (x; 0), A, B tilling hang: 

APb//AB 

y=o 

=> Po(-~ : ( ')- 
Ta co 

PA + PB = PA, + PB > A,B. 
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V(iy, la thay: 

(PA + PB) Mlll = A,B= yjo -1 ) 2 4-(.n I) 2 =2>/5. 
dat dugc khi: 

A,, P, B thing hang «• P = P„( ^ . 0). 


Yi du 8: Clio AABC bid A(2; - I) va hai difcntg plum gidc trong ciia gdc B. 
C co phifctng trinh: 

(d B ): x - 2y + I = 0 va (d r ): x + y + 3 = 0. 

Lap phifctng trinh canh BC. 

£*> Gidi 

Nhan xet rang: neu lay A,. A : then ihir tu la diem doi ximg cua A qua (d„) va 

(d c ) thi A„A 2 eBC. 

Vay, phucrng trinh dudng thing (A,A ; ) cQng chfnh la phucrng trinh dudng 
thing (BC). Ta Ian lircft di xac dinh A,. A,: 
a. Xdc dinh A,: Goi (d,) Ih dlldng thing thoa man: 


j qua A 


qua A(2; — I) 



(d,): ( o (d,): < . <=> (d,): 2x + y - 3 = 0. 

|(d,)l(d B ) jvtpt a B (2;I) 

Goi E = (d,)n(d B ), toa d6 didm E la nghieni he: 

(2x + y-3 = 0 

3 =>E(I;1). 

|x-2y + 1 = 0 

Vi E la trung did’m cua AA,, do do: 

| x a, =2x e -x A =0 
K=2y E -y A =3 

b. Xdc dinh A : : Goi (d 2 ) la dudng thing thoa man: 

[qua A [qua A(2;-l) 

[vtpt a r (I;-I) 

Goi F = (d,)n(d c ), toa d6 diem F la nghieni he: 

Jx-y-3=0_ 

|x + y + 3 = 0" 

Vi F la trung difi’m cua AA : , do do: 

|x a ,=2x f -x 4 =0 < 

|yA2 = 2y F -y A =3 

Vay, phucrng trinh (BC) dugc xac dinh bdi: 

(BQ:J qUa A|l ° ;3) «(BC,:4x-y + 3=0. 

[qua A,(-2;-5) 


<=> A,(0; 3). 


td = ,: tw±*>***H-*" ■■ ~ <<y:x ~ y ' 3=a 


« F(0; -3). 


o A,(-2; -5). 
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^ Xian xel: Nhir vAy, trong Ic'ri giai cua vi du Iren can su dung kicn Ihuc ve 
he toa do cua phep doi xung true. Tuy nhien. trong mol vai 
trudng hgp rieng kien thuc nay se giiip cac cm hoc sinh de xuat 
them mol each giai cho bai to4n, thi du vdi ydu cAu "Clio 
AABC hi ft toa do cac dinh B, C vd toa do trite him H cua 
AABC. Hay viei phuong trinh dudng iron ngoqi tiep AABC" 
chung la co hai each giai sau: 

Cach 1: LAp phuong trinh canh AB. Ihoa man : 
fqua B 
1 vtpi ch 

Lap phuong trinh canh AC. thoa man : 
jqua C 
t vtpt BH 


(AB): 


(AC): 


Tir do, xac dinh dirge toa do diem A = (AB)n(AC). 
LAp phuong trinh dudng Iron di qua 3 diem A. B. C. 


Cach 2: Nhan xct rAng dudng tron ngoai tiep AABC doi xung vdi 
dudng Iron ngoai tiep AHBC qua BC. Do do: 

■ LAp phuong trinh dudng Iron (C) di qua 3 did’m H, B. C 

• LAp phuong trinh dudng iron (C,) doi xung vdi dudng iron 

(C) qua BC. 

Va phuong phap dirge sir dung trong each 2 cho phep ta giai dugc 
bai loan mang tmh qui tich nhu sau: 

"Lap phuong trinh dudng iron ngoqi tiep AABC, hiei 
phitcmg trinh canh BC vd dudng Iron ngoqi tiep AHBC" 
trong khi do neu thuc hien bAng each 1 se rAt phuc tap. 

\ i dy fh Clio ham so y = x* - 2x + 3. Chung to rdng do thi ham so nhan 
dudng thang x = 1 lam true doi xi'tng. 

JgS Cidi 

V<i phep bicn doi toa do: 

X = x -1 fx = X +1 
Y = y [y = Y 

ta due: 

Y = (X + 1 ) 3 - 2(X + l) + 3»Y = X 3 + 21a ham s6' chan. 

V.y, dd tlii ham so nhAn dudng lhAng x = I lam true doi xung. 
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^ Nhan xet. 

1. Do thj ham so bac hai: 

y = ax 2 + bx + c, a * 0 


luon nhan ducmg thang x = —— lam true d6'i xung. 

2a 

Nhir v4y, de chung minh d6 thj ham so y = f(x) nhan ducmg thang x = a 
ham true d6i xung, ta thuc hidn theo cac budre sau: 

Bi/d’c 1: Vdi phep bien d<Si toa do 


X = x-a 
Y = y 


<=> 


x = X + a 
y = Y 


ham s6' c6 dang: 

Y = f(X + a) o Y = F(X) (I 

Biidc2: Nhftn xet rang ham so (1) la ham s6’ chan. 

Bi/oc 3: VAy, do thj ham s6' nhan dircmg thang x = a lam true doi xung. 


Yidu 10: Clio ham so y = x J - 4x' - 2x : + 12x - 1. Chimg to rang eld thi 
ham so ( 6 mot true doi xifng thang dung. 

& Guii 

Gia sir do thj ham s6‘ co true doi xung la x = a. 

Khi do, vdi phep bi6ii doi toa d6: 
fX = x -a fx = X + a 
\y = y [y = Y 
ham so dupe chuyen vd dang: 

Y = (X + a) 4 - 4(X + a)' - 2(X + a) 2 + 12(X + a) — 1 la ham so chan. 

Ta co: 

Y = (X + a) 4 - 4(X + a)’ - 2(X + a) 2 + I2(X + a) - 1 

= X 4 + 4a 2 X 2 + a 4 + 4aX 3 + 2a 2 X 2 + 4a'X - 4(X 3 + 3X 2 a + 

+ 3X a" + a') — 2(X‘ + 2Xa + a") + 12(X + a) — I 
= X 4 + 4(a - 1)X 3 + 2(3a 2 - 6a - 1)X 2 + 4(a 3 - 3a 2 - a + 3)X + 

+ a 4 -4a 3 — 2a 2 + 12a- I. 

HAm s6' (1) la ham sd' chfin: 
f4(a — I) = 0 

<=> \ , , <=> a = 1. 

[4(a -3a‘ - a + 3) = 0 

V&y, do thj ham so co mot true dd'i xung x = 1. 
t * r Chu y: Vdi cac hAm s6' dang trdn, mot cAu hoi phu thufrng dirge dat them 
vao sau khi xac djnh dugc true dd'i ximg thing dung cua no la ” Tim giao diem 
cua do thj vdi true liodnh ", khi do ta thuc hien nhu sau: 

Hoanh dd giao didm la nghiem cua phuemg trlnh: 

x 4 - 4x 3 - 2x 2 + 12x - 1 = 0. (I) 
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l)At x = X + 1, phuong birth (1) co dang: 

X 4 -8X : +6 = 0oX : = 4± VTo oX = ± sfu~7 \0 <=>x=1 ± >j4±J \0 
Vay. d6 thi ham s6 cat Ox tai bon diem co hoanh do x = 1 ± \]4 ± s/T0 . 


jX-x-a 

i <=> 

Y = v 


Vidy Llj Xdc dinh m do do thi ham so( Q: y = x 4 + 4mx' - 2x~ - 12mx co true 
dot xi tng song song \ rri Oy. 

Gidi 

Giti sir do thi ham so cb true doi xung song song vdri Oy la x=a (a*0). Khi do. 
veri phep bien doi toa do: 

J x = X + a 
jy-Y 

ham so Y = (X + a) 4 + 4m(X + a)* - 2(X + a) 2 - 12m(X + a) la ham so chan. 

Ta co; 

Y = (X + a) 4 + 4m(X + a) 5 - 2(X + a) 2 - 12m(X + a) 

= X 4 + 4a 2 X : + a 4 + 4aX'+ 2a 2 X : + 4a 5 X + 4m(X’+ 3X 2 a + 3Xa : + a’) - 

- 2(X : + 2Xa + a 2 ) - 12m(X + a) 

= X 4 +4(a + m)X* + 2(3a 2 + 6am - l)X 2 + 4(a'+ 3ma 2 - a - 3m)X + 

+ a 4 + 4ma 3 - 2a 2 - 12ma. (1) 

I lam s6 ( 1) la ham so ch&n 
f 4(a + m) = 0 


<=> -j , o m = ±1. 

[4(a + 3ma' - a - 3m) = 0 

VAy, vdri m = ±1 do thi ham s6 co true d6'i xung song song voi Oy. 


^ ATifl/i xet: Nhu vAy, vdri yeu cau fun didu kidn cua tham s6‘ de do thi ham 
so y = f(x) nhan dircmg (hang x = a lam true doi xung, ta thuc hidn theo cac 
birdfe sau: 

Bifdc 1: Vbi phep bifi'n d6i toa do: 

|X = x-a Jx=X + a 

1Y = y ly = Y 

ham so co dang: 

Y = f(X + a) <=> Y = F(X) (2) 

Bif0c 2: Do thi ham so nhAn ditcmg thing x = a lam true d6i xung 

o ham so (2) la ham so chAn => Gia tri cua tham so. 

BUde 3: Ket luAn. 


y _ | y 

\i d«i 12 : Cho ham so y =-. Clufng minh rdng dtfcrng thdng y = x + 2 Id 

x +1 

true doi xteng cua do tlii ham so. 
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£$ Giai 

Duong thing y = x + 2 la true doi xtfng cua do thj ham s6' <=> cac duong thing 
vuong goc vdi duong thing y = x + 2 (co dang y = -x + m) neu cit do thi tai A Va 
B thi trung diem I cua AB phai thuoc duong thing y = x + 2. 

Hoanh do giao diem A, B la cac nghiem cua phuong trinh: 

x — 1 ^ 

-= -x + m <=> x' - (m - 2)x - 1 - m = 0 


( 1 ) 


Gia sirx A . x B la cac nghiem cita (1) thi: 
fx. +x„ = m - 2 


[x A x B =-m-l 
Goi 1 la trung diem cua AB, ta co: 
_ x A +x 

I 


X,=- 


m - 2 m + 2 
2 ' 2 


2 o II 

(y, = -x, + m v 

Thay toa dp cua I vao phuong trinh duong thing y = x + 2, ta dupe: 

= ~~~ +2o0 = 0(luondung)o 1 thupcduong thingy = x + 2. 
VSy, duong thing y = x + 2 la true doi xirng cua do thj ham s6. 

^ Nhan xet. Nhu vAy, d6 thuc hien yeu ct\u"Clu'tng minh rang dating tliang 
(d): y = ax + b Id true doi xi'oig cua do thi ham so y = f(x)", ta thuc hien nhu salt: 
Bade 1: Gpi (A) la duong thing vuong goc vdi (d), suy ra phuong trinh 

, 1 

cua (A): y = — x + in, 
a 

Bade2: Gia sir (A) cit do thi ham so tai hai diem A, B. Khi do hoanh dp 
cua A, B la nghiem cua phuong trinh: 


f(x) = -- x + m <=> f(x) + - x - m = 0. 
a a 

Su dung hp tilde viet ta dupe: 
fx. +x„ 


(•) 


Bade 3: Goi I la tmng diem AB, ta co: 

x. + x n 


v. = — x, + m 


Thay toa dp cua I vao (d) => nhan xet I 6 (d). 

Bade 4: Vfty, ta khang djnh dupe (d) la true doi xirng cua do thi ham so. 
Trong bai loan nay ta khong can tim diPu kien cua tham so m de phuong 
trinh (1) c6 nghiem. 
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Vi dy 3; Tim hoi diem A. B nam Iren do ihi (C) va do) xitng nliau qua (d). hiet'. 


(C): y = —— va (d): v = x + 1. 
x i I 

jsC Gi< 

A. doi xung nhau qua (d) 

=> ABl(d) va Irung diem I cua AB thuoc (d). 

NT .Bl(d); y = x + 1 => (AB): y = -x + m. 

Ho.ih do giao diem A. B la nghiem cua phuemg trinh: 

x’ . 

-= -x + m og(x) = 2x'-(m-l)x-m = 0. 

x +1 


( 1 ) 


Dc v. B ton tai ihi phuemg trinh (1) phai co hai nghiem phan bict khac -1 


V , > o 


<=> (m - 1) : + 8m > 0 <=> m 2 + 6m + 1 > 0 <=> 


U(-I)*0 

KhJri, gia sir x A , x B la ede nghiem cua (I) tht: 


m > -3 + s/8 
m < -3 - 4 % 


m 

X A X B=~ 

va vi I trung diem cua AB nfen: 
(v - x * +x b 

: J 1 ~ 2 <=> I 


(y. =-x, + m 


m — I 3m -1 
4 4 ~ 


r>.. , .. 3m -1 m -1 , 

Diet Ie(d) <=>-=- + 1 m = 1. 

4 4 

Vdm =— 1, ta duoc: 


I)»2x ! - I =0o 


's/2 

_l_ 

~sf2 


U’ 42 


B ~;l+-= 

4l 42 


Nan xet Nlur vfty, de thuc hidn yeu dku’Tim hai diem A, B thuoc do llii ham 
soy = x) doi xitng qua ditemg thong (d): y = ax + b", la thuc hicn nhu sau: 
iBifc 1: Tim mien xac djnh D cua ham so y = f(x). 
iBi/c 2: Goi (A) la dudmg thang vuong goc vdri (d), suy ra phuemg trinh 

s cua (A) co dang y =-—x + m. 
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Bitdc 3: Gia sir (A) cit dd thi ham so tai hai diem A. B. Khi do hoanh do 
cua A. B la nghiem cua phuemg trinh: 

f(x) = -- x + m o f(x) + - x - m = 0. (I) 

a a 

De tdn tai A, B thi (1) phai cd hai nghiem phAn biet thuoc D. tfr 
do suy ra gia tri cua lhani so. 

Su dung lid thirc viet ta dirge 


Bitdc 4: Goi IIA trung diem AB, ta co: 


y, = — x, + m 


Hai diem A. B ddi xung qua dudng thing (d) <=> Ie(d) ni. 
Thay m vao (1) ta co dirge hoanh dd A, B la x A . x R . 

Khi do: A(x a ; --x a + m) & B(x b ; -- x„ + m). 
a a 


BAI TAP Tl/GIAI 

Bai tap I: 

a. Qua phep doi xung true D, nhfmg diem nao bien thanh chi'nh n6. 

b. Neu phep d6i xung true D, bien diem M thanh diem M' thi no bien diem 
M' thanh di^m nao ? 

c. Neu phep ddi xirng true D J bien hinh (H) thanh hinh (H’) thi no bien hinh 
(H') thanh hinh nao ? 

Bai ta^ 2: Chung minh rang: 

a. Hgp thanh cua mot s6 ch«An cac phep d6i xirng true co lrue doi xirng song 
song la m6t phep tinh tien. 

b. Hgp thanh cua m6t so le cac phep doi xung true co true ddi xung song 
song la mdt phep ddi xirng true. 

Bai tap 3: Cho phep ddi xung true D 3 qua dudng thing (a) va phep tinh tien T 
theo vecto v vudng gdc vdi (a). Cluing to rang: 

a. Hcrp thanh cua D, v«a T la phep ddi xung true. 

b. Hgp thanh cua T va D a li phep ddi xdng true. 

Bai tap 4: Cho gdc nhon xOy va mdt dicin A nim trong gdc do. Hay xac djnh diem 
B tren Ox va diem C tren Oy sao cho tarn giac ABC co chu vi nho nhat. 

Bai tap 5: Cho hypebol (H) vdi hai tieu diem F,. F,. Goi M la diem nim tr£n <E) 
nhung khong nam tren dudng thang F ( F 2 va (a) la phan giac trong tai M cua 
AMF,F : . Chung minh ring (a) chi cit (H) tai diem M duy nhit (dirdng thing (a) 
nhu the dugc goi la tiep tuyen cua (H) tai diem M). 
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Bai lap 6: Cho parahol (P) c6 lieu diem F va dudng chuAn (d). Goi M la diem 
nfim iren (P), ke MH vuong goc vdi (d) (H e (d)) va (a) la phan giac goc FMH. 
Chdr.g minh rang (a) chi cAt (P) tai diem M duy nhat (dirdng thAng (a) nhu the 
dir<;c goi la tiep tuyen cua (P) tai diem M). 

Bai lap 7: Cho AABC ndi tidp trong dudng iron (O, R). Goi II la true tarn cua 
tani giac. 

a. Chung minh rang cac diem doi xung cua H qua cac canh cua AABC nAm 
tren dudng iron (O, R). Tir do suy ra cac dudng tron (HBC), (HCA), (HAB) 
va (O) bang nhau. 

b. Goi O,, O,, O, Ian luot la tarn cac dudng iron (HBC), (HCA), (HAB). 
Chung minh AABC va A0,0 2 0, bang nhau. 

Bai tap 8: Cho AABC. Goi A’. B\ C' lAn luot la tarn cac duong tron bang tiep 
trong goc A, goc B. goc C. Chung minh rAng cac duong thAng di qua A’ vuong 
goc veri BC, qua B’ vuong goc vdi AC, qua C’ vu6ng goc voi AB dong quy. 

Bai tap 9: Cho duemg tron (O, R) tren do co hai didm A va B, m6t duong tron 
(0|. R,) tiep xuc ngoai voi (O) tai A. Mot diem M di dong trdn (O), tia MA cAt 
dudng tron (O,) tai difim thu hai A,. Qua A, ve dirdng thAng song song vdi AB cAt 
tia MB tai B,. Tim tap hgrp diem B,. 

Bai lap 10: Cho hai dudng tron (O,) va (0 2 ) va mdt dudng thAng (d). Dimg di&n 
M trftn (d) sao cho tiep tuyen kc tir M tdi (O,) va (0 ; ) tao thanh mdt goc nhJtn (d) 
lam dudng phan giac. 

Bai tap 11: Cho hai dudng tron (O,) va (O,) va mot dudng thAng (d). Dung hinh vuong 
AIJCD co hai dinh A, C Ian luot trdn (O,) va (O,), hai dinh B va D trtn (d). 

Bai tap 12: Trong mat phAng toa dd Oxy, t'lm toa dd did’m M’ IA didm doi xumg 
vdi did’m M qua (d), biet: 

a. (d): 3x + y- I =0 va M(l;-2). b. (d):x + y-2 = OvaM(l;3). 

(x =2t-l 

c. (d): ( va M(l; -4). 

ly = 1 + 3t 

Bill lap 13: Tim tren true hoanh diem P sao cho tong cac khoang each tir P tdi cac 
diem A va B IA nho nhAt, biet A( 1; 1) va B(3; 3), tim gia trj nho nhAt dd. 

Bai lap 14: Trong mat phAng toa dd Oxy, tim phuong trinh dudng thAng (d,) la 
anh cua duemg thAng (d): 3x - 2y + 4 = 0 qua phep ddi xung vdi true (A), biet: 

a. (A) = Ox. b. (A)sOy. c. (A): 2x + 3y + 3 = 0. 

Bai lap 15: Trong mat phAng toa dd Oxy, tim phuong trinh dudng thAng (d,) la 
anh cua dudng thAng (d) qua phep ddi xung vdi true (A), biet: 

a. (d): 2x - y + I = 0 va (A): x + y = 0. 

b. (d): x - 3y + I = 0 vA (A): 2x - 6y + 1 = 0. 
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Bai lap 16: Trong mAt phing toa do Oxy, tim phuong trinh dirdng thing »d,) <l6'i 
xung vorj duong thing (d) qua duong thing (A), bid't: 

a. (d): x + 2y - 13=0 vh (A): 2x - y - I = 0. 

b. (d): x - 3y + 3 = 0 va (A): 2x - 6y + 3 = 0. 

Bai tap 17: Trong mat phing toa d6 Oxy, cho duong tron (C) co phuong trinh 
x 2 + y 2 + 4x - 2y - 5 = 0. Vifi't phuong trinh anh cua du&ng Iron tren qua phep doi 
xung co true: 

a. Ox. b. Oy. c. (d): x + y + 1 = 0. 

Bai tap 18: Cho duemg tron: 

(C): x 2 + y 2 -x-2y + 1 =0. 

Xac djnh phuong trinh duong Iron (C,) doi xung vdi duong iron (C) qua 
duong thing (d), biS’t: 

a. (d): x - I = 0. b. (d): y + 2 = 0. 

Bai tap 19: Trong mAt phing toa d6 Oxy, cho duong iron (C) c6 phuinig trinh 
x 2 + y 2 - 2x - 2y + 1 =0. Viet phuong trinh anh cua duong tron tren qua phep d6'i 
xutig co true: 

a. (d): x + .1 = 0. b. (d):y-2 = 0. 

c. (d): x + y - 1 = 0. 

Bai tap 20: Cho AABC bifi’t phuong trinh canh (BC): 4x - y + 3 = 0 va hai duong 
phAn giac trong cua goc B, C co phuong trinh: 

(d B ): x - 2y + 1 = 0 va (d c ): x + y + 3 = 0. 

LAp phuong trinh canh AB, AC. 

Bai tap 21: Cho AABC biet B(0; 1), C(l; 0) va true tAm H(2; 1). LAp phuong trinh 
duong tron ngoai tifip AABC. 

Bai tap 22: Tim hai die’m A, B nAm tren do thi (O va doi xung nhau qua (d), biet: 


a. (C): y =- va (d): y = x - 1. 

x -1 

x 2 — 3x + 4 

b. (C): y = - -vA (d): y = x. 

2x-2 

Bai tap 23: Giii thfch tai sao phuong trinh: 
x 2 +2x + 2 . 

x +1 

vdi m > 1 co hai nghiem phAn biet co tong khong doi. 

Bai tap 24: Xac dinh m dd d6 thi ham sd (Q co true doi xung song song vdi Oy, bidt: 

a. (Q: y = x 4 + 4mx’- 2x 2 - 12mx. 

b. (Q-;y‘e= x 4 + 4mx’ - 2(m - 1 )x 2 - 2mx + 1. 



cur t*i 4 Phep quay vA phep d 6 i xiTng tAm 


A. TOM tAt LI THUYfiT 

1. DINH nghIa phep quay 

Dinh nghia : Trout* mot pitting clto diem O co dinh vti goc hfcntg giac a khong dot. 

Phep bien h'mh bien moi diem M thtinh diem M' sao cho OM = OM 
vti (OM, OM ) = a difcrc goi Id pltep quay him O vffi goc quay a. 
Kfhifiu Q“ hayQ l0 U) . 

2. DINH LI 

Dinh li : Phep quay Id mol phep ddi h'mh. 

3. PHEP Ex5l xONG TAM 

Dinh nghia: Pltep dot xiotg qua diem O Id mol phep ddi h'mh bien moi diem M 
thtinh M’ doi xifng voi M qua 0, life Id OM + OM' = 0 . 

Kf hiSu D 0 hay S u . 

Biiu thvee toa do cua phep ddi xifng lam: Trong mat phfing voi he true toa dp Oxy, 
cho di6m I(a; b). Phep d6i xting tAm D, bien di£m M(x; y) thanh difi’m M'(x’; y') vdi: 
x' = 2a - x 
y' = 2b-y 

Tam doi xifng cua mot hinh: Diem O ditqc gpi Id hint ddi xifng cua h 'mh H neu 
phep ddi xifng tarn D 0 bien h'mh H thanh cltiith no, life Id D„(H) = H. 

4. ONG DUNG CUA PHEP QUAY 

Bill loan 1: Cho hai lam giac dcu OAB va OA'B' nhir htnh ve. Goi CviD lAn 
lupl la trung diem cua cAc doan thAng AA' va BB'. Chting minh rAng OCD la 
tarn giac dcu 

J&> Giai 

Xct phep quay Q tAm O voi goc quay bang m6t goc 
luqng giac (OA, OB). Ro rang Q bien doan AA' thanh 
doan BB’. 

Do do OC = OD va COD = 60° 

VAy, ta dirqc AOCD d£u. 





Bai toan 2: Cho duemg tron (O; R) va hai did’m A, B c6 djnh. Vori mdi diem 
M, ta xac djnh diem M' sao cho MM’ = MA + MB. Tim quy tfch did'm M' khi 
diem M chay trdn (O: R). 


Giai - Ban doc tit ve liinli 

Goi I la (rung didm cua AB ihi I c6 djnh va MA + MB = 2 Mi 
Do do. MM’ = MA + MB khi va chi khi MM’ = 2 MI, tire la MM' nhSn I Him 
trung diem hay phep doi xung tAm D, bien diem M thanh M'. 

VAy khi M chay trdn duang tron (O; R) thi quy tfch M' la anh cua duang tron 
do qua D,. 

Neu ta goi O’ la diem doi xihig cua O qua did’m I thi quy tfch cua M' la duang 
tron (O; R). 

Bai toan 3: Cho hai duemg tron (O; R) va (O,; R,) Hin luqt tai M va M, sao cho 
A la trung diem cua MM,. 


Gidi - Ban doc tif ve hinh 

Gia sir ta da dung duqc duemg lhAng d thoa man ydu cdu bai toan. Goi P A la 
phep doi xiimg qua A thi D A bic'n didm M thanh diem M, va bien duemg tron (O; R) 
thanh duang Iron (O’; R). 

Vi M nAm tren (O; R) nen M, nAm tren (O’; R). 

Mat khac, M, lai nAm trdn (O,; R,) nen M, la giao diem khac A cua hai duiftig 
tron (O'; R) va (O,; R,). 

Tir do, suy ra each dung: 

■ Dung duang tron (O'; R) doi xumg vdi (O; R) qua A (O' la diem doi xting 
vdi O qua A). 

■ LA’y giao diem M, cua hai duang tron (O'; R) vA (O,; R,). M, khac A. 

■ Duemg lhAng (d) la duemg thAng di qua A va M,. 

b. phi/ongphApgiaitoAn 

Van de i: TIM PHEP QUAY (PHEP DOI XtiNG TAM) BlE'N HINH (H,) 
THANH HINH (H,) 

Phucfng phdp dp dung 

Su dung djnh nghfa va tfnh chSt cua phep quay 
Vi dp I; Vdi hinh vuong A BCD, ta nhAn thAy: 

Q ( ^,< B ) = D - Q,*.^(D) = R 
<W B > = D; <W D > = B ‘ 

<W A > = D = Q(o.«f,^ a,C; 

Q,o.«f|( B) = A; 


(phep dA'i xung tam). 
A D 



=> 0 . (ABCD) = DCBA. 

^(0,90" | v ' 

Q ( o,so",(A) = C; Q (OIg ,,(D) = B; Q (OJg0 » ) (Q®A; Q (0 iIB ,(B) = D; 

^,? ( o.C5 ABCD)=CBAD 
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Vi dy 2; Clio hui tam gidc deu OAB va OA'B' tiliu hinli ve. Goi C vd D Ian 
hurt la /rung diem ctia cdc doqn thang AA' vd BB’. 

a. Tim phep quay Q bien doqn AA' thdnh doqn BB'. 

b. Chung minh rdng OCD Id lam gidc den. 

Gidi 

a Xet phep quay Q tam O vdi gdc quay biing mol 
lupng giac (OA, OB). Ro rang Q bien doan AA' thanh t 
BB'. 

Do do OC = OD va COD = 60° 
b. Vay, la dupe AOCD deu. 

^ Chu y: Khi da c 6 kien I hue ve phep quay (vdi gia 
thiet cua goc dinh hudng) cac cm hoc 
sinh can ve hinh mol each chinh xac. Thi 
du vdi gia thiet "Clio lam gidc deu ABC vai 
(AB, AC) = (BC. BA) = (CA, CB) = 60°", 
chung ta se c6 hinh ve nhu hinh ben. 

Vi dti.3s (Bai 38/tr 11 - Sbl): Clio tarn gidc deu ABC vai (AB, AC) = (BC, BA) 
= (CA, CB) = 60°. Hay ke ten nht'fng phep dai hinli bien tam gidc 
ABC thdnh chinh no. 

Gidi 

Goi f la phep ddi hinh Ihoa man dieu kien dau bai, luc: 
f(ABC) e (ABC, ACB, BCA, BAC, CAB, CBA) 
tit do, d6 thft’y co 6 phep defi hinh bifi’n AABC thanh m6l Irong 6 tam giac ke trdn. 
Ta Win lirqt cd: 

• Neu f(ABC) = ABC thi f la phep dong nhat. 

■ Nfiu f(ABC) = ACB thi f la phep ddi xting qua dircmg (rung tnre cua canh BC. 

■ Neu f(ABC) = BCA thi f la phep quay t&m O (vdi O la tam cua AABC) gdc 
quay 120°. 

■ Neu f( ABC) = BAC thi f la phep ddi xutig qua dircmg trung true cua canh AB. 

■ Neu f(ABC) = CAB thi f la phep quay tam O (vdi O la tam cua AABC) gdc 
quay-120°. 

■ Neu f( ABC) = CBA thi f la phep ddi xung qua duemg trung true cua canh AC. 

^ Nhan xet : Nhir vSy, trong Idi giai cua vf du tren vdi viec xac dinh dupe 
tap gia tri cua phep ddi hinh f chung ta khdng djnh dupe so 
phep ddi hinh thoa man dieu kien dau bai. Vf du tiep theo se 
minh hoa mot trudng hpp khac. 
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V i dp 4x (Bai 41/Cr 11 - Sbt): Hay chi ra cac pliep ddi hinh biin hinh vuemg 
A BCD ihdnh chinh no. 

J&5 Gidi 

Goi O la tSm hinh vudng ABCD va f la phep doi hmh thoa man diciu kifin dAu 
bai, tuc: 

f(0) = 0. f(A)e (A. B.C.DI. 

Ta Ian luot c6: 

■ Neu f(A) = A thi f la phep dong nhat hoAc phep doi xung true AC. 

■ Neu f(A) = B thi f la phep doi xung qua diremg trung true cua canh AB hoac 
phep quay tAm O goc qua) (OA, OB). 

■ Neu f(A) = C thi f la phep doi xung qua diremg thing BD hoac phep d6’i xirng 
tAm O. 

■ Ntfu f(A) = D thi f la phep doi xirng qua diremg trung true cua canh AD hoAc 
phep quay tAm O goc quay (OA, OD) = 3(OA, OB). 

Vi dy 5: Clio hai ditdng iron (C,) va (C 2 ) Idn heat co tdm O,, O, va di'ii co 
ban kinh R. Tim phep doi xirng lam bien (C,) ilidnli (C 2 ). 

JBS Gidi 

Goi O la trung difi’m cua 0,0,. 

LA’y M, tuy y thu6c (C,) va goi M, la anh cua 
M, qua D 0 , ta co: 

OM, = OM,, 

M,00, = M,00, - d6’i dinh 

OO, =oo 2 ,‘ 

=> AM,00, = A M,00, (c.g.c) 

0,M, = 0,M, = R <=> M 2 6(C : ) 

Nguoc lai: lA’y M, la m6t difim tuy y thu6c (C 2 ) va goi M, la tao anh ciia n6 
qua D 0 - chiing minh tuong tu ta dirqc M,e(C,). 

VAy (C,) la anh cua (C,) qua D„. 

Van dc 2: TAM DOI X0NG OJA MOT HINH 

Vi dy lx (Bai 16/tr 19 - Sgk): Chi ra cac lam doi xirng cia cac hinh sail day: 

a. Hinh gom hai ditdng thong cal niton. 

b. Hinh gSm hai dttimg thdng song song. 

c. Hinh gom hai ditdng iron bang nhau. 

d. Ditdng elip. 

e. Ditdng Hypecbol. 

£$ Gidi 

a. TAm ddi xung la giao diem ciia hai ducmg thing do. 

b. TSm ddi xung la mot diem O bat ki nAm Iren ducmg thing A song song va 
each dSu hai ducmg thAng do. 
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c. Tan doi ximg la tning diem cua doan thang noi hai lam cua hai dirimg iron. 

d. Tan doi xirng la giao diem cua hai true doi ximg. 

e. Tan doi xirng la giao diem cua hai diremg tiem can. 

Vpfi&jl CilAI HAI TOAN DINH TINH 

Phifcrn) phap dp dung 

Ta ■hu’dng grip cac dang yeu diu sau: 

Datg Chifng minh (H,) la anh cua (H 2 ) qua phep quay tam O 
vdi gdc quay a (ho3c qua phep doi xirng him O), ta thtfc 
hien thco cac bude: 

Bif&c I: Lay diem M, tuy y thuoc (H,), ta di chifng minh 
M 2 = Q“ (M,) e (H 2 ) (hoac M 2 = S 0 (M,) e (H 2 )). 
Bif&c 2: Nglide lai, lay diem M 2 tuy y thuoc (HJ, ta di chifng 
minh M[ = Q“ (M,) e (H,) (hotic M, = e (H,)). 
Doig2: Cluing minh tinh chat K, ta thifc hi£n theo cac bifdc: 

Btf&c 1: Xac dinh mot ho5c nliieu phep quay (hoSc phep doi 
xirng tam) di* thiet lap moi lien ket giiia cac yeu to. 
Bif&c 2: Sii dung cac tinh chat cua phep quay d£ giai cac 
yeu c^u cua bai toan. 

Vi dy (j (Bai 30/tr 10 - Sbt): Cho hai diem phan hiei A, B. Chifng minh 
rang nett phep din hinh f sao cho f(A) = B, f(B) = A tlii f Id phep 
doi ximg true Itoac Id phep doi xirng trim. 

Gtii • 

Go I la trung diem cua AB va f(l) = I’, suy ra: 

|ai - Br 

i Bl = A1 ’ =>IsI’. 

[A. B. I‘ th;ing hilng 

Kh do. goi (d) la dirrmg tnmg true cua AB thi f(d) = (d). 

Vd hai diem C. C’ thuoc (d) va doi xung qua 1, chi co the xay ra cac tnrcmg hop: 

* Ndu f(C) = C thi f(AABC) = ABAC nen f la phep d6i ximg true d. 

* Neu f(C) = C’ thi f(AABC) = ABAC' nen I la phep doi ximg tam 1. 

y i (Bai 3 1/tr 10 - Sbt ): Chifng minh rang hop thdnh ciut moi so phep 

quay vdi Kim quay Iritng nhau Id mot phep quay. 

Gii 

Vo cac phep quay tftm O la Q„ , Q p , ta co nhftn xet \t diem M bat ky: 

Q„tM) = M, => 

pc 


(OM.OM,) = a 
OM = OM 


O b (M,) = M 2 : 


J(OM,.OM,) = p 
|()M, OM. 
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TCr do, suy ra: 

J(OM,OM ; ) = a + P 
1OM = OM, 


Q„(Qa(M))= Q at(1 (M). 


VAy. hap thanh cua hai phep quay Q a , Q„ cung tArn O la nidt phep quay. 

Ket luAn hop thanh cua mot s6 phep quay vdi tarn quay trung uhau la mot phep 
quay vdi tAm do va co goc quay bAng tong cac goc quay cua cac phep quay da cho 


Vi dy 3i (Bai 32 a, b/tr 10 - Sbt): Chifng minh rang: 

a. Hap lhanh cua hai phep doi xifng true co true doi xifng dong 
qity Id mol phep quay. 

b. Mdi phep quay deu co the xem la hap lhanh cua hai phep doi 
xifng true co li ne doi xifng cat bang nhieu each. 

J£$ Gidi - Ban doc lif ve hinli iheo llu'f tif cac bifdc ihifc Itien 

a. Goi D„, D b theo thur tir la cac phep d6'i xung true a, b co a r b = (O) va I la 
h<^) thanh cua D, va D h . 

Voi hai diem A, B theo thu tu thuoc a, b sao cho goc AOB khong tu va dat: 

a = (OA, OB), khi do I a I = AOB la goc giua a va b. 

Vdi mqi didm M khac O, gia sil D a (M) = M, va D b (M,) = M 2 
Goi H, K theo thu tu lit trung diem MM,, M,M 2 , ta co: 

OM = OM, = OM,, (I) 

(OM, OM 2 ) = (OM, OM,) + (OM,. OM 2 ) 

= 2(OH, OM,) + (OM,, OK) = 2(OH, OK) = 2a. (2) 

VAy, hap thanh f cua hai phep dd'i xung true D a , D b la phep quay tAm O goc 
quay 2a. * 

b. Vdi phep quay Q„ tAm O, lA'y dudng thAng a di qua O va goi b = Q u (a), ta co ngay: 


0„ =D b (D.,). 

Va vi co nhi^u each chon dudng thAng a nen co nhidu phep doi xirng true D , 
va D b co hop thanh la T ; . 

^ Chu y: Chung ta se sir dung k£t qua trong vi du tren cho mdt so bai toan. 

Vi dv lx (Bai 39/tr 11 - Sbt): Cho lam gidc deu ABC voi (AB, AC) = (BC. BA) 
= (CA, CB) = 60°. Goi Q A , Q„ Id ede phep quay goc quay 60". Goi f 
Id pliep hop ihanli cua Q„ va Q A . 

a. Phep f bie'n cac diem A, B. C lhanh diem nao ? 

b. Phep f Id pliep gi ? 

c. Phep hop llidnh cua Q A va Q B Id phep gi ? 

£$ Gidi 

a. Goi C’ la diem doi xung vdi C qua AB, ta lan luqt co: 

Qn(A) = C’, Q a (C’) = B => f(A) = B. 
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Q h (B) = B, Q a (B) = C => f(B) = C. 

Q b (C) = A, Q a (A) = A ^ f(C) = A. 
id do, ket luan f bicn cAc diem A, B. C thanh B, C, A. 

h. Tir kct qua cau a) la f(ABC) = BCA, ncu goi O la tarn ciia AABC tin f chrnh la 
phep quay tam O goc quay 120°. 

c. TTufc hien tirong tu cAu a), phep hop thanh cua Q A vA Q„ la phep quay tarn O’ 
goc quay I20 n , trong do O’ la lam cua AABC’, 

Vi dgi 5: i Bai 42/tr 11 - Sbt): Clio hai phep quay Q A , Q B co tam quay 1a liai 
diem pitciii biet A, B vd co ciing goc quay 90°. Goi f Id hap thanh 
cua Q a vd Q b , f’ Id lu/p thanh cua Q B vd Q A . Hay cluing to rang f 
vd f’ Id nhifng phep dot xifng tam vd nett ro each xdc dinh tam doi 
xung ciia cac phep do. 

Gidi 

LAy diem O nhu hinh ben sao cho AOAB vuong can tai 
O. Ta lan lupt: 

a. Voi phep doi hinh f, ta co: 

■ Q a la hop thanh cua hai phep doi xung true D AO va D AB , 

■ Q„ la hop thanh cua hai phep ddi xdng true D AB va D bo . 

Suy ra f la hop thanh ciia b6'n phep ddi xung true thco thir tu D AO , D AB , D AB va 

Dgo, tuc la hp|> thanh cua hai phep ddi xi'mg true D AO va D bo . 

MAt khac, ta nhAn thA'y: 

OA -L OB => f lit phdp quay tftm O goc quay 180° 

<=> t’ la phep ddi xung tAm O, 

Tir hinh ve ta thay didm O duqc xac dinh sao cho AOAB vu6ng can tai O va: 
(AO, AB) = (BA, BO) = 45° hoac noi each khac (OB, OA) = 90°. 

b. Tuong tu, phep ddi hinh f’ la phep ddi xirng tam O’ sao cho AO’AB vuong 
can tai O’ va (O'A, O’B) = 90° 

\i dv 6: (Bai 13/tr 18 - Sgk): Cho hai tam gidc vuong can OAB vd OA’B’ 
co cluing dinh O sao cho O ndm tren doqn thang AB’ vd ndm ngodi 
doqn thang A'B ( hinh ben). Goi G vd G' Ian litqt Id trong tam ede 
tam gidc OAA' vd OBB’. Clu'mg minh rang GOG' Id tam gidc 
vuong can. 

JS$ Gidi 

Xet phep quay Q tAm O goc quay 90°, ta co ngay 
AOBB 1 = Q* (AOAA ) => G’ = (G) 

GOG' = 90° va OG’ = OG. 

Vay, ta dirge AGOG' la tam giac vuong can. 
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H. d ».7i C ho dtfdng n on (O) vet ha day AB. MN, FQ nil nhau tgi I sao < ho 
IA = IB \d M, P nam cdttg phi a voi AB. Ggi E, F Ian Um la giao 
diem ciia AB voi PN. Cliinig minh rang IE = IF. 

Giai - Ban doe Uf ve liinh theo tint nr ede bade llurc hint 
Lay M', Q' Ian luol doi xung voi M. Q qua I. 

Ta co Q'M' doi xung voi MQ qua I. 

Do A. B d6i xung nhau qua I nen Q’M' cat BI tai F doi xung v6i E qua 1. 

Suy ra: 

IF' = IE . 

Mat khac A. B doi xung nhau qua I nen A. B, M', Q' then thu tu doi xung voi 
B, A. M,Q qua I. 

Ma B, A, M. Q 6 tren duong tron (O) nen A. B. M’. Q’ 6 tren duong tron (O') 
doi xung voi (O) qua I. 

Lai co: 

imTn = ip. iq . m = -Tm , 10= = -iq. 

=> IM'. = IP . IQ' => 4 diem M', N. Q'. P thude ni6t duemg tron (K) 

Vi: 

■ AB lii true dang phuong cua (O) va (O'), 

■ PN la true dang phuong cua (O) va (K), 

■ Q'M' cat AB tai F' nfin PN di qua F. 

Lai co PN cat AB tai F n6n F = F' => IF = IE, dpem. 

Vi Jy Hi (Bai 44/tr 11 - Sbt): Vephia ngoai hinli hinli hdnh ABCD dung ede 
liinh vudng co canh Ian turn ta AB, BC, CD, DA. Chifng minh rang 
bon lam ciia hinh vudng do la dinh ciui mdt hinli vudng. 

JS*> Gidi 

Goi O,, 0 2 ,0,, 0 4 Ian lucrt la tam cac hinh 
vuong co canh la AB, BC, CD, DA va I la tam 
hinh binh hanh ABCD thi I la tam d6i xung 
cua ABCD va vi : 

■ A,B song song vh bang DC, nen A, 

A,BC,D la hinh binh hanh, suy ra I la 
trung diem cua 0,0,. 

■ Tuong tu, I cung la trung diem cua 0,0 4 . 

Tir do, suy ra 0,0 2 0,0 4 la hinh binh hanh. 

Mat khac, bang viec sir dung phep quay 

vdi goc quay 90° chung ta de nhan thay 
AI0,0 2 vuong can tai I. 

Vay, ta duoc 0,0,0,0 4 la hinh vuong. 
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Vi dy t: Clio AABC t o cdc dinh dtfffc ki hieu then liifi'tng dm. dipt, t» d ngodi 
tam giac ay liai liinit vudng ABDK vd BCKF. Gni P Id tiling them 
canh AC, M Id diem doi xi'fng ciia D qua B, M Id ti ling diem docin R l. 

a. Xdc dinli dnh nia hoi veeta BA vd BP trong phep quay tdm B. 
gdc quay 90". 

b. Chinig minh rang DF = 2BP vd DF vudng gdc vdi BP. 

Jt£ Gdi 

a. Ta.o: 

| BA = BH (ciingbang BD) 

(BA.BH) = 90° 

=> Qb" (A) = H & 0^ ( BA ) = BH 
VI (A) = H, Q* 1 ' (C) = F nen Qf (AC ) = I IF 

b. Vi 5 la trung diS’m cua AC nen theo tfnh chat cua phep quay ta co anh ciia P 
qua php quay tren trung difi’m M cua HF. 

Do 16: 



Ob' (BP) = BM => 


I BP = BM 
1 BP 1BM 


Ms khac: 

BM = - DF. va BM // DF => BP = - DF va DF 1 BP. 

■y 


Van d 4: GIAI BAI TOAN DINH Ll/ONG 

PllUim phdp dp dung 

B3ig viec thiet lap dtfdc cac phep quay (phep doi xiing tam) thich 
hdp, t co the tinh toan difdc cac y§u t6' trong m6t hinh. 

Vi dvli Cho AABC co AM vd CN Id ede trung tuyen. Chung minh rang 
nen BAM = BCN = 30° thi AABC den. 

JgS Gii 

Ttfjiac ACMN co NAM = MCN = 30° nen noi tidp trong mot duemg Iron 
tam 0*an kinh R va MON = 2 NAM = 60". 

Xecac phep doi xurng tam N va tam M. 

S (N) : Ai-» B vA (O) i-» (O,) => Be( O,) vi Ae(O). 

S (M) : Ci-> B va (O) i-» (O,) => Be( O,) vi Ce(O) 

Trog AOO|0 2 , ta co nhAn xet: 

OO, = 00 2 = 2R, 

MON = 2 BAM = 60°, 
suyjra^OO^ la tam giac dcu. 
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Mat khac: 

0,B + 0,B = R + R = 2R = 0,0, nen B la trung diem cua 0,0,. 

Tir do suy ra hai AABC va AOO,0 2 d6ng dang (vl cung dong dang vcri 
ABMN) va vi A00,0 2 d6u ndn A ABC deu. 

Van de 5: TIM TAP HOP DI^M M 

Phuctng pltap ap dung 

Ta thtfc hien theo cac budc sau: 

Btfdc 1: Tim mdt phep quay Q„ (ho3c phep doi xurtg tam S Cl ), bien 
diem E di d6ng thanh diem M . 

Bit etc 2: Tim tap hdp (H) cua cac diem E. 

Bitdc 3: K£t luSn tap hdp cac di£m M la anh cua (H) trong phep 
quay Q“ (hoSc phep dd'i xiing tam S 0 ). 

Mdp It (Bai 18/tr 19 - Sgk): Clio during iron (O: R), during lining A vd 
diem I. Tim diem A Iren (O; R) va diem B Iren A son cho I la ti ling 
diem cua doan thang AB. 

Gidi - Ban doc tu ve hi nit 
Ta thuc hidn nhu sau: 

■ Dung A 1 = D,(A) va gia sir A' cat (O; R) tai A. 

■ Noi IA cAt A tai B. 

Khi do I la trung diem cua doan thang AB. 

Bai loan chi co nghi£m khi dudng thang A’ cat dudng iron (O; R). 

Vi dv 2; (Bai 33/tr 10 - Sbt): Cho during Iron (O) va mot diem 1 kliong ndm 
tren during n on do. Vrii moi diem A lhay doi Iren during n on. la t el 
hinh vudng ABCD co him Id I. Tim quy licit ede diem B, C, D. 



Vi dq 3i (Bai 17/tr 19 - Sgk): Cho hai diem B vd C co di nit Iren during ndn 
(O; R) vd mol diem A duty doi tren during Iron do. Hay dung pltep 
dfii xUng tam de chihig minlt rang true lam H cua AABC ndm li en 
nidi during n dn codinh. 
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JSC (lidi 

Gpi I la Irung diem BC va ve dudng ki'nh AM. 

Ta co: 

BH 1 AC va MC _L AC => BH // MC. (1) 

CH_LABvaMB±AB=>CH//MB. (2) 

Tir (1) va (2) suy ra: 

BHCM la hinh binh hanh =^» T la trung diem HM. 

Vay, true tarn H cua A ABC n;\m tren mdt dudng Iron co djnh (O’; R) = D,((0; R)). 
Vi Jip. Is Clio dudng n on (O) va day cung AB co dinh , M la mot diem di 
dong tren (O), M khdng trung A, B. Hai dudng trdn (O,), (O.) qua 
M. theo thi'e tie tiep xtic \ai AB tqi A va B. Goi N Id giao diem line 
hai cua (O,), (0 ; ). 

a. Chung minh rdng dudng thdng MN luon qua mol diem co dinli. 

b. Tim tap hop N khi M di dong tren (O). 

Jgj Gidi 

a. Cioi I la giao diem cua MN va AB, ta co: 

1A 2 = TM . IN = IB : (1) 

=> IA = IB, do do I la trung diem cua AB. 

Vay dudng thftng MN luon di qua mot diem 
co dinh I la tning diem cua AB. 

b. Goi P la diem chung thi'r hai cua MN va (O), ta co: 

ip .Im = Ta . Tb = - ia 2 (2) 

TCr(l) vh (2) suy ra: 

ip Im = - iM.iN=>ip = - In =>n = s (ll (P) 

Vi tap hop cac diem P la duemg tron (O) qua hai diem A va B ndn tt)p hop c(\c 
diftm N la duong tron (O’) bo di hai diem A va B vdi (O’) = S (I) (0) 

V an dc 6 : Dl!N(i HINH 

Phutmg phdp dp dung 

Ta lu 6 n there hidn theo 4 bir 6 c da biet. 

Vi Jl 4 .l 1 (Bai 12/tr 18 - Sgk): Cho phep quay Q lam O vdi goc quay (p va cho 
dudng thdng (d). Hay nett each dung dnh (d ) cua (d) qua phep 
quay Q. 

Gidi 

l.av hai difeni phan bidt A, B tren dudng thang d, khi do ta dung: 

A’ = Qo(A)vaB=Q 0 (B). 

Nd'i A’ va B’. do chfnh la dudng thang (d’). 
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VI dv 2; (Bai 15/tr IS - Sgk): Clio phep doi xi'nig him D,, vd (lifting dang (d) 
khdng di qua O. Hay nen each dung dnh (d‘) ct’ia dating thing (d) 
qua D 0 . Tint each dung (d') md clil sir dung compa mqi Ian vd 
thutic t hang ha Ian. 


J2$ Giai 

a. Lay hai die’m phan biet A. B tren duting thang (d), khi do ta dirng 

A' = D 0 (A) vA B' = D 0 (B). W 
Noi A' va B\ do chinh la duting thAng d'. 

b. Co the thuc hien duoc, cu the: 

■ La’y diem A tren (d), dung thutic thang dung tia AO. 

■ Dimg compa dung duting iron (O; OA), duting iron nay 
cat duting thang (d) tai B va tia AO tai A'. 

■ Dung thutic thang dimg tia BO cat duting Iron tai B'. 

■ Dung thutic thang noi A’ vtii B' ta duoc duting thang (d - ) cAn dimg 



Vidti3t Cho hai dating lining (d,) vd (d ; ), hai diem A. G khdng tluqc (ii,), 
(d 2 ). Hay dimg AABC cd hong tarn G vd hai di’nh B vd C art luefl 
tliiiqc (d,) vd (d,). 


Gidi 


Phan Itch: Gia sir da dimg duoc AABC co trong tAm G, hai dlnh B va C Ian loot 
thutic (d,), (d 2 ). Goi M la (rung diem canh BC thi M duoc xAc dinh btii: 

AM =- AG. 

2 

Thuc hitin phep doi xting tAm M: 

S (M) : CkB, (d,) t->(d’ 2 ). 

Ta co Be(d\). 

Vfty B la giao difi’m cua (d\) va (d,). 

Cdch dong'. Ta Ian luot thuc hien: 

Dimg AM = ^ AG . 

Dimg duting thAng (d’ 2 ) vtii (d’ 2 ) = S (M) [(d,)] va gia sir (d’ 2 ) cAt (d,) tai S 
Dimg diem C vtii C = S |M) (B) 
thi AABC la tarn giac c«Sn dimg. 

Chifng minli: Dua vao each dung ta co: 

- Be(d,); 

- Be(d’ 2 ); 

* S (Ml [(d,)] = (d\) va C = S (M ,(B) => Ce(d 2 ) 

M la trung diem canh BC va AM = ^ AG => G la trong tAm AABC 
Bien luan: S6 nghiem htnh cua bai loan bang sti diem chung cua (d,) va (d’ 2 ) 



66 




Viilu li < Bai 36/1 r 10 — Shi): (lio hat difr'fng thong (d) va (d ’) song song vo 
mot them A khong rr Iren (d) vo (d‘). Hay dung diem li li en (cl> vo 
diem C H en (d') son cho ABC Id tom gidc deu. cd cdc dinli dui/c ki 
hien theo hiding Jid/ng. 

Je& Ciuii Hon doc n/vehinh tlicc thutifcdc hid'd thife liien 

Phan tide Gia sir da dung dtroc lam giac deu ABC iheo hudng dirong. Thuc hien 

phep quay iflm A, goc 60°. 

q£'° BmC 
(d) ~(d,) 

Vl Be(d) ndn Ce(d,). 

Vay C la diem chung cua (d,) va (d'). Ta cung co B = Q^ WI (C). 

Cdch difng: Ta I in luol thuc hifin: 

Dung dudng thing (d,) vdi (d,) = thi (d,) la dudng thing qua K va 
vu 6 ng goc vdi AK. 
id,) cAt (d’) tai C. 

Dimg diem B vdi B = Q ^ 60 (Q. Tam giac ABC la lam giac phai dimg. 

Chi'aig minli: Theo each dung la co: 

- Be(d), Ce(d’). 

AC = AB va ( AC, AB) = - 60° => ABC la tarn giac diu va ( AB. AC ) = 60°. 
Bien ludn: Vi (d)//(d’) nen la ludn co mot va chi mdl di^m chung C cua (dj) va 
(d ). Da do bai loan co m 6 t nghdm hinh. 


Van dc 7: HE TOA DO DO! V(H PHEP DOI XDNG TAM VA PHEP QUAY 


Phiamg phdp dp dung 

Stfdung kdt qua: Trong mat piling vdi he true toa d(> Oxy, cho diem I(a; b). 
Phep dSi xi'mg lam D, bien diem M(x; y) thanh diem M’(x*; y') vdi: 
f x' = 2a - x 
|y'= 2b-y ' 

Trong phan nay chiing ta xem xct ba bai toan cd ban va mong 
mu6n th6ng qua do cac cm co thd xdyjjtfng dtfdc phtfdng phap giai 
bai toan t6ng quat. 

Ding 1: Xac dinh di6m M, doi xufng vdi diem M qua diem I(a; b). 
Ta co ngay 1 la trung diem MM„ do do: 


*M + *M, = 23 

y M + y M , = 2b 


*m, =2a-x M - 

y Ml = 2b - y M ' 


>ic biet Ndu I = 0(0; 0) thi vdi M(x; y) suy ra M,(-x; -y). 
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Dang 2: Cho dtfdng thSng (d): Ax + By + C = 0. Xac dinh phudng 
trinh dudng thSng (d,) doi xirng vdi dudng thing (d) qua 
tAm I(a; b). 

Ta co thA lira chon mdt trong hai each sau: 

Cach 7: Thuc hi An theo cac bude: 

Bade 1: Lay mAt diem Ae(d), tir do xac dinh toa do diem 
A, dAi xirng vdi A qua I. 

Bade2: Vi (d,)//(d) suy ra (d,): Ax + By + D = 0. 

Bade 3: Vi A,e(d,) => gia tri cua D ( 

Tir do co duoc phuong trinh cua (d,). 

Cach 2. Sir dung tinh chat phep dAi xirng tarn so biAn 
dudng thing song song ho3c triing vdi no. 

Cach 3. Thirc hi An theo cac bude: 

Bitoc 7: V6i mAi dem M(x; y)e(d), suy ra tdn tai diem 
M,(x,; y,)e(di) nhAn I lam trung diem, ta diro'c: 

* + x,= 2 a q (x = 2 a-x, 
y+ y, = 2 b [y = 2 b-y, 

Bade2: Thay (I) vao phirong trinh cua (d), ta dirpe: 

Ax, + By 1 -C-2aA-2bB = 0. (I) 

Bade 3: Vio’t lai (1) dudi dang: 

Ax + By - C - 2aA - 2bB = 0. (2) 

Do chinh la phuong trinh dirdng thing (d,). 

Dang 3: Cho dirdng trdn (Q: f(x, y) = 0. Xac dinh phiTOng trinh dirdng 
tron (C,) dA'i xirng vdi dirdng trdn (Q qua tarn E(x n ; y„) (F. * I 
lai&m cua (C)). 

Ta lira chon mdt trong hai each sau: 

Cach 7: Chung ta thirc hiAn theo cac birdc: 

Bade 1: Vdi mAi M(x; y)e(C,) thi ton tai 
diem M,(x,; y^e^) sao cho M 
dA'i xufng vdi Mj qua E(x 0 ; y 0 ) 

B x„ y, thoa man: 

ff(x,,y,) = 0 

• x, + x = 2x 0 (I) 

y, + y = 2y„ 

Bade 2: Khu x„ y, tir hA (1) ta dirqc phuong trinh iua 
dudng trdn (C t ). 





Cach 2 Chung ta thuc hien theo cac btfdc sau: 

Bitdc 1: Goi I, I, theo thu tu la tam dirdng tron (C), (C,) 
va R la ban kinh dtfcfng tron (C). Khi do E la 
trung didm cua II, => toa do diem I,. 

Bade 2: Lap phtfdng trinh dtfdng tron (Q) thoa man: 

( Cl ): j* am ’■ - 

[ ban kinh R 

Vi dy 1: Frang mat phang log do Oxy, tint tog do diem M' Id diem dot xt'fng 
vdi diem M(—2; 5) qua: 

a. Gdc O. b. Diem 1(2; 1). c. Diem I(— 1; I). 

JSS Gidi 

a. Ta co ngay M’(2; -5). 

b. Sir dung c 6 ng thtre trung did’m ta dime M’( 6 ; -3). 

c. Sir dung c 6 ng (hire (rung didm ta dirge M'( 0 ; -3). 


Yidy 2; Tim toa dp anil cua diem M(4; 0) qua phep quay: 

a. Tam O gdc quay 90°. b. Tam O gdc quay -90°. 

c. Tam O gdc quay 135°. 


£$ Gidi 

a. Tir hinh ve, ta suy ra (M) = M,(0; 4). 

b. Tir hinh ve, ta suy ra Q " 90 (M) = M 2 (0; -4). 

c. Tir hinh ve, ta suy ra Qj* (M) = M 3 (x 3 ; y 3 ) veri: 

-J? 

x, = -OM v sin45° = -OM.sin45° = = -2.V2 , 

jz 

y, = OM 3 .sin45° = OM.sin45° = 4.-y = 2^2. 

Vay, ta dirge M 3 [~2\l2; 2-Jl j. 



^ Nhan xet: Nhu vAy, viec tim toa dd cua did’m qua mdt phep quay phi'rc tap 
him han so vdi phep d 6 ’i xung tam. Va khi gap nhirng yeu c£u 
nay di tubng ntinh cac em hoc sinh t 6 't nhA't hay ve hinh ra. 

yi dy 3: Trong mat phang toa do Oxy, tim plufcmg trinh du&ng thang (d‘) doi 
xt'fng vdi dirdng thang (d): x - 2 y + 2 = 0 qua: 
a. Gdc O. b. Diem 1(2; 0). c. Diem I( 1; 1). 

Jt£ Gidi 

a. Phep ddi xung tam O bien mdi diem M(x; y) thanh did’m M’(-x; —y). 
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Do do bang vide thay x hoi -x va y boi -y vao phucmg trinh cia (d), la dupe: 

(-x) - 2(-y) + 2 = 0 <=> x - 2y - 2 = 0. 

Do chfnh la phircmg trinh duemg thang (d') efin ttm. 

b. NhSn xet rang I thuoc (d) nen phep doi xung lam I bien duemg thang (d) thanh 
chfnh no, turc (d’): x - 2y + 2 = 0. 

c. Ta c6 cac cdch trinh bay sau: 

Cdch I. VPi m6i deni M(x; y)e(d) ton tai diem M,(x,; y ,)e (d,) ihAn 11 am tning 
diem, ta dupe: 


x + x, = 2 


y + y, = 2 


(!) 


( 1 ) 

( 2 ) 


jx = 2 -x, 

[y = 2 -y, ' 

Thay (I) vao phucmg trinh cua (d), ta dupe. 

(2 - x,) - 2(2 - y,) + 2 = 0 o x, - 2 y, = 0 . 

Vi£t lai ( 1 ) dudi dang: x - 2 y = 0 . 

Do chfnh Ik phucmg trinh dudng thang (d’). 

Cdch 2: Lay mot diem A(0; l)e(d), goi A' la diem doi xung vdi A cua I thi A’(2; I). 

■ VI (d’)//(d): x-2y + 2 = 0=> (d): x - 2y + C = 0. 

• Vi A’e(d') => C = 0. 

VSy phucmg trinh dudng thang (d*): x - 2y = 0. 

^ Nhan xet. Nhu vSy, phucmg trinh cua duemg (C,) la anh cua (C): f(x, y) = 0 
qua phep d 6 ‘i xung tarn O se co dang f(-x, -y> = 0 , turc thay x 
bang -x vA y bang -y vao phucmg trinh cua (Q. 

Tu do, ta co icing quat doi voi dudng thang: 

"Anh cua dudng thang (d): Ax + By + C = 0 qua phep doi 
xi'ntg tdm O cophifemg trinh Ax + By - C= 0". 

Ngoai ra: 

"Anh cua dudng thdng (d): Ax + By + C = 0 qua phep doi 
xting tdm I 6 (d) cliinh Id (d)". 

Tong quat (Bai 19/tr 19 - Sgk): Trong mat phdng toq do Oxy, ho dudng thdng 
(A): ax + by + c = 0 va diem I(x 0 ; y (1 ). Phep doi x'cng tdm D, bien 
dudng thang (A) thdnh duemg thang (A 1 ). Viet phuan > trinh cua (A 1 ). 

£$ Gidi 

Voi nidi diem M(x 0 ; y 0 ) e (A) (tuc la Ax fl + By 0 + C = 0), suy ra ton tai di&n 
M’(x; y) 6 (A’) sao cho: 

fx = 2 a-x 0 fx„= 2 a-x 
[y = 2 b-y 0 ° |y 0 = 2 b-y' 

Do do, dlfdng thang (A') se co phuong trinh: 

- I A(2a - x) + B(2b - y) + C = 0 <=> (A'): Ax + By - C - laA - 2bB » 0 
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YJ <l v l: / tm phittfng trinli cua during dicing (d,) Id dnh ciia during tilling 
(d): x + 2y - 4 = 0 qua phep quay tarn O goc quay 90°. 

Cnii - Ban doc tu ve liinh 
Ta -6 hai each trinh bay sau: 

Cdcli I La'y didm A(4; 0) e (d) va (A) = A,(0; 4). 

Kh do, phuong trinh dudng th£ng (d,) duoc xac dinh bdi: 


[qua A.(0;4) 

Id,): r 1 , <=> (d,): 

|(d ) 1(d) u 


[qua A.(0:4) 


[(d,):2x-y + C = 0 
Cdch 2 Lay hai diem A(4; 0) va B(0; 2) thuoc (d) va goi: 

A, = Qf (A)=> A,(0: 4); B, = Q* (B) => B,(-2; 0) 
Kh do. phuong trinh dudng thang (d,) duoc xac dinh bdi: 


<=> (d,): 2x - y + 4 = 0. 


(d,): 


qua A. (0;4) x v 

o(d,): — + - = l o(d,): 2x - y + 4 = 0. 
qua B, (—2; 0) 1 -2 4 1 3 


^ Nian xet. Nhu vay, trong !di giai cua vi du tren de thuan loi chung ta da 
chon cac diem la giao diem cua (d) vdi cac true toa do. 

Cho during Iron (C): x : + y’ - 4x - 2y + 3 - 0. Xric dinh pludfng 

trinh during n on (C’) doi xt'mg vdi during Iron (C) qua: 

a. Goc O. b. Diem E(2; I). c. Diem E( 1; 2). 

JSo Giii 

a. F‘he> doi xt'mg tarn O bien mdi diem M(x; y) thanh didm M’(-x; -y), do do 
bang vSc thay x bdi -x va y bdi -y vao phuong trinh cua (C). ta dupe: 

(—x)' + (-y) 2 - 4(-x) - 2(-y) + 3 = 0 x 2 + y 2 + 4x + 2y + 3 = 0. 

Do-hinh la phuong trinh dtrdng tron (C’) can tim. 

b. Nh.n x£t rang E chfnh la t<tm dudng tron (C) nen phep ddi xt'mg lam E bien 
dtrdng ron (C) thanh chfnh no, tiic (C): x 2 + y 2 - 4x - 2y + 3 = 0. 

c. Ta 6 hai each trinh bay sau: 

Cdch i Vdi mdi M(x; y)e(C’) ei> 3M,(x,; y,)e(C) sao cho M ddi xung vdi M, 
qua E 

<=> 3 x,, y, thoa man: 

[ (x, - 2) 2 + (y, - 1) 2 = 2 ((x, - 2) : + (y, - 1 ) ; = 2 

< x, + x = 2 <=>jx,=2-x 

1 y i +y=4 [y, =4-y 

=> x 2 + (y - 3) 2 = 2. 

Va' phuong trinh dudng tron (C’): x 2 + (y - 3) 2 = 2. 
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Cach 2: X6l du&ng tr6n (Q c6 tam 1(2; 1) va bin kfnh R = 42 . 

Goi I' la tam ducmg Ir6n (C). 

Vi (Q va (C’) d6'i xung qua difi’m E => E la trung diem cua II', do do I'((j; 3). 
Phucmg trinh ducmg tron (C’) duqc cho bbi: 


(C,): 


jtam I,(0;3) 

[ban kinh R = -Jl 


o(C’); x 2 + (y - 3) 2 




Vi ; dy fix Cho dating trdn (Q: x 2 + (y - 1 ) 2 = 4. Tim phiatng trinh cua (lifting iron 
(C,) la dnh cua (lifting Iron (Q qua phep quay tam O goc quay 90°. 


J&5 Giai 

Ducmg tron (Q co tam 1(0; 1) va ban kinh R = 2. 

Goi I, = Qq°(I) , ta co ngay I,(—1; 0). 

Khi do, phucmg trinh ducmg tron (C,) duqc xac dinh bcri: 


(C,): 


Tam I,(—1; 0)- 
Ban kinh R = 2 


<=> (C,): (x+ l) 2 + y 2 = 4. 


^ Nhan xet: Cho ham s6 y = f(x). Dc chung minh do thj ham s 6 nhan diem 
I(a; b) lim tam d6i xting, ta thuc hidn theo cac buoc sau; 

Bade 1: Voi phdp bifin ddi toa do 

jX=x-a < _ > Jx = X + a 
[Y = y-b [y = Y + b 
Ham s 6 co dang; 

Y + b = f(X + a)oY = F(X) (I) 

Bade 2: Nhan x£t ring hikm s6 (1) la hhm s6’ le. 

Bade 3: Vay, d6 thj ham s6 nhan difim I(a; b) lam tam doi xumg. 

\i j t 7x Cho ham soy = x 3 - 6x 2 + 2. Chimg minh rang do thi lidm sd' nhdn 
diem 1(2; -14) lam tam doi xtbig. 


J&5 Giai 

Vdri phep bien ddi toa do 
|X =x-2 Jx = X + 2 
[Y = y +14 [y = Y -14 
khi d6 him s6’ co dang: 

Y - 14 = (X + 2) 3 - 6(X + 2) 2 + 2 <=> Y = X 3 - 12X. 


Ham s6' (l^la ham s6 le. 

Vay,thi"ham s6 nhan diem 1(2; -14) lam tAm doi xumg. 


(1) 



^ Chu y : Do thi ham s6 bac ba: 

y = f(x) = ax' + bx 2 + cx + d, vdri a 0 

I lam t3m doi xung. 



b y 

l 3a l 

3a J, 


2x , • *•%+'*•* 

& Clio ham so y = —. Cluing mink rang do thi ham so nhdn diem 
x- 1 


x-i 

I( 1; 2) lam tarn doi xung. 

Gidi 

Vdi phcp bien d6i toa d6 
IX = x-l o |»=Xtl 
1Y =y-2 |y = Y + 2 

khi do ham s6 co dang: 

Y + 2=- 2(X + l) <=>Y= 2( * + - ]) -2oY=l 
(X + i)-i (x + i)-i x 

Ham s6* (f) la ham s6‘ le. 

VAy, d6 thi hAm s6 nhftn did’m 1(1; 2) lam tAm d6'i xung. 

^ Chu y: Do thi ham s6': 

y = f(x) = ax + ^ , v6i c *■ 0, D = ad - be * 0 
cx + d 

lubn nhAn diem if-—; ~j d6i xung. 

ThAt vAy, vdi c6ng thtic dbi true la: 
x = X - — 

c 

I y = Y + — 
l c 

Thay x. y vao ham s6' ta ducrc: 

af ' 


( 1 ) 


Y + - = 


X-- |+b 
c 


o Y = 


acX - ad + be a _ _ -ad + be 


c'X 


c 2 X 


X-- +d 
\ c ) 

Ham so nay la ham Id ndn d6 thi nhAn I lam tAm dd'i xung. 

- X” , . s . , , , 

v « dy 9: Cho ham so y = ——. Cluing minh rang do thi ham so nhdn diem 
x -1 

1(1; 2) lam lam doi xi'fng. 


73 





Xet tam sd: 

v (X + 2) 1 - m(X + 2) + m-1 , v X : -<m + l)X-m+3 
(X + 2) - 2 X 

Fan sd(l) la ham Ic khi va chi khi m + 1 = 0 o m = - I. 

\a) vdi m = —I do thi ham s6 nhan 1(2: 3) lam tim doi xung. 

BAI TAP TIT GIAI 

Bai Up 1: Chung minh rang: 

a lap thinh ci’ia mdt sd chin cac phep ddi xung true co true doi xting dong 
juy la mot phep quay. 

b lop thanh cua mdt sd le cac phep ddi xting true co true doi xung dong 
juy la mdt phep doi xting true. 

Bai Up 2: Gia sir phep ddi xung tim D 0 bien duong thing (d) thanh duemg thing 
(d‘). Chmg minh: 

a nJcu (d) khong di qua tflm doi xung 0 thi (d') song song vdi (d). O each 
leu (d) va (d ). 

b. Tai duong thing (d) va d' trung nhau khi va chi khi d di qua O. 

Bai tap 3: Cho tarn giac d6u ABC vcfi (AB, AQ = (BC, BA) = (CA, CB) = 60°. Goi 
D aB - D c va D ac la cac phep doi xung bin lirot qua cac duong thing AB, BC, AC. 

a. lop thinh cua D r v^ D AB la phep gi ? 

b. lap thinh cua D AB vii D AC la phep gi ? 

c. 3oi Q a , Q b la cac phep quay goc 120° voi tarn lin Ivrqt tai A, B. Hop thanh 
:ua Q a va Q b la phep gi ? 

Bid lap 4: Cho D la phep ddi xung true co true ddi xung la dudng thing d va T la 
phep tjih tien theo vecto v song song voi d. Hop thanh cua D va T goi la phep 
doi xmg trupt. Dudng thing d goi la true cua phep ddi xung tarot, vecto v goi la 
veclu tupt. Phdp ddi xung true la mot trudng herp di)c bict cua phep ddi xung 
tntot kli vecto truot la vecto-khdng. 

a. 2hung minh ring hop thanh cua D va T cung bing herp thanh cua T va D. 

b. rhiing minh ring nftu M’ la anh cua M qua phep ddi xi'rng trupt thi trung 
lie’m cua doan MM’ ludn nim trfin true cua phep ddi ximg trupt do. 

c. Hop thanh cua hai phep ddi xung trupt co true song song la phep gi? 

d. 3hung minh rang hop thanh cua mdt phep ddi xting true va mdt phep tinh 
idn la mdt phep ddi xung trupt. 

e. Zhiing minh rang hop thanh cua mot phep quay va mdt phep ddi xung true 
a mdt phep doi xung trupt. 

f. rhung minh ring http thanh cua ba phep ddi xung true la mot phep ddi 
<ung trupt. 

Bid la| 5: Cho AABC co II la true t&m; M, N. P lin lupt la trung diem cua cic 
canh Br, CA, AB. Goi H |t H,, H, la diem ddi xting cua H qua M, N, P theo thu 
tudd. (hting minh H,, H,, H,thudc duong tron ngoai ticp tarn giac AABC. 

/I 

• K- 
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Bai lap 6: Cho AABC co duemg tron (O) cit cac canh BC. CA. AB then thu tu 
tai A, va A 2 ; B, va B,; C, va C,. Chung minh ring: neu duemg thing \ai6ng gdc 
vdi cac canh cua tam giac tai A,, B,, C, dong quy thi clc duemg thing vudng gdc 
vdi cac canh cua tam giac tai A,, B,, C 2 d6ng quy. 

Bai tap 7: Cho AABC vu6ng tai A. Ve phfa ngoai tam giac ta dung cac hinh 
vuong ABDE va ACFH. Goi I la trung didm cua canh BCE. 

a. Chung minh ring AE = CD. 

b. Goi I, J IIn ludt la trung diem cua AE va CD. Chung minh ring AB1J lii mot 
tam giac deu. 

Bai tap 8: Cho AABC, dung a ngoai tam giac I'y hai hinh vudng BCMN va 
ACPQ lan luqt co tlm la O va O’. 

a. Chung minh ring khi co dinh hai diem A. B va cho diem C thay eldi thi duemg 
thing NQ luon di qua mot diem co dinh. 

b. Goi I la trung diem cua AB. Chung minh ring lOO’ la tam giac vuong can. 
Bai tap 9: Vd phi'a ngoai tu giac loi ABCD dung clc hinh vuong co canh lln 
luqt la AB, BC, CD, DA. Chung minh ring bon tlm cua bon hinh vudng do lap 
thanh mot tur giac co hai dudng cheo blng nhau va vudng goc vdi nhau. 

Bai tap 10: Cho di£m A vl di&n G khdng nlm tren duemg thing (a). VeSi mdi 
diem A nlm tren (a) ta dung tam giac deu ABC co tlm la G. Tun quy ti'ch hai 
didm B, C khi A chay trdn (a). 

Bai tip 11: Cho hai dudng thing phln bidt (a), (b) va mdt didm C khdng nlm 
trdn chung. Hay xac dinh clc diem A, B lln luqt nlm tren (a), (b) sao chQ ABC' la 
tam giac d6u. 

Bai tap 12: Cho duemg Iron (O) va tam giac ABC. Mdt diem M thay doi tren 
duemg tron (O). Goi M, la diem doi xung vdi M qua A, M, la did’m doi xung vdi 
M, qua B, M, II di^m dd'i xtfng voi M 2 qua C. Tim quy tt'ch difi’m M, 

Bai tap 13: Cho duemg tron (O, R), A la mot diem cd djnh khdng trung voi tlm 
O, BC la mot dly cung cua (O), BC di dong nhung so do cua cung BC luon blng 
120°. Goi I la trung difi’m cua BC, ve tam giac ddu AIJ. Tim tip hop did’m J. 

Bai tap 14: Cho tam giac ABC; P va Q la hai diem di ddng lln luqt a tren canh 
AB va AC sao cho AP = CQ 

a. XIc dinh tlm vl gdc cua ph£p quay bifi’n AP thanh CQ . 

b. Chung minh ring duemg tron (APQ) qua mot did’m cd dinh khac A. 

Bai tip 15: Cho tam giac ABC va I la tlm cua dudng tron ndi tidp tam giac. 


Chung minh ring IA .sinA + IB .sinB + IC .sinC = 6 

Bai tap 16: Qua didm K ll'y trong hinh vudng ABCD va duemg thing clt cac canh 
AB, CD lln lue>t tai P, Q. Chung minh ring giao diem thur hai cua duemg tron qua K, 
P, B vdi due'mg tron qua K, Q, D nlm Iren duemg cheo BD. 

Bai tap 17: Cho doan thing AC va mdt diem B d trong doan de>. Dimg ve cung 
mot phia cua duemg thing AC hai tam giac ddu ABE va CBF. Hai diem Vl va N 
lln luqt la trung didm cac doan thing AF va CE. Chimg minh rang BMN lii tam 




B.ii lap 18: Cho hai dudng iron (O,. R) vA (O,, R); M la diem di dong tren (0„ R), 
N la diem di dong (0 2 , R) sao cho (0,M ,C),N ) co s6’ do khdng dcSi. Chung minh 
rang dirdng trung true cua doan MN luon qua mot diem cd dinh. 

Bai lap 19: Cho lam giac ABC, dung d phia ngoai lam giac Ay cac lam giac dfiu 
ABC,, ACB|, BCA,. Chung minh rAng: 

a. A A, = BB, = CC, 

b. AA, = BB, = CC, d6ng quy tai diem O 

c. Doi vcVi AABC nhon, diem O nAm trong tarn giac va OA, = OB + OC. 

Bai lap 20: Cho AABC co ( AB , AC ) = 60°. Hay dung diem M Iren canh AB va 
diem N Iren canh AC sao cho BM = CN va BC = 2MN. 

Bai lap 21: Dung tarn giac deu bie't ha dinh nlm tren bon canh cua mot h'inh binh 
hanh cho trude. 


Bai tap 22: Cho AABC co cac goc deu nhon. Hay dung mot diem M sao cho tong 
khoang each MA + MB + mat cAu la nho nhA’t. 

Bai lap 23: Xac dinh phuong Irinh dudng thAng (d,) doi xung vdi dudng thAng 
(d) qua diem I, bict: 

a. (d): 3x - 2y + 1 = 0 qua di£m 1(1; 2). 

b. (d): x - y - 1 = 0 qua diem I(-2; 3). 

Bai lap 24: Cho hinh binh hanh ABCD bict phuong trinh canh (AB): 2x - y = 0, 
(AD): 4x - 3y = 0 va tAm 1(2; 2). LAp phuong trinh cac canh BC va CD. 

Bai tap 25: Trong mat phang toa d6 Oxy, cho ducrng tron (C) co phuong trinh 
x : + y J - 4x - 2y + 3 = 0. Xac dinh phuong trinh dudng trdn (C’) d6i ximg vdi 
duemg Iron (C) qua di£m E( 1; 2). 

Bai lap 26: Cho ham so y = x 3 - 3x 2 + 1. Chdng minh rAng do thi ham sd nhAn 
diem 1(1; -1) lam tarn dd’i xung. 


Bai lap 27: Cho ham so y = -. Chung minh rAng dd thi ham s6‘ nhAn 

x -1 

1( 1; 1) lAm tAm d6‘i xtmg. 

x 2 -2x-2 

Bai tap 28: Cho ham sd y = -. Chimg minh rAng do thi ham sd nhAn 

x - 2 

diem 1(2; 2) lam tAm ddi xung. 

.. . _ . 2x 2 + (m-4)x-2m + I ,, , . , , 

Bai lap 29: Cho ham sd y =-. Tim m dd do thi ham so 

x - 2 

nhAn diem T(2; 1) lam tAm dd’i xdng. 

Bai tap 30: Xac dinh m dd dd ihi hAm sd (C): y = —- x 3 + 3mx 2 - 2 nhAn diem 

m 

1( 1; 0) lam tAm ddi xung. 
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chi »£ 5 


HAI HiNH BANG NHAU 
A. TOMTATUTHUYfi'T 


1. DINHLI 

Oiling la deu da bifit rang phep dcri hinh bien lam giac thanh lam giac bang 
no. Bay gicr ta dat vft'n de "Cho hai lam giac bang nliau thi co hay klidng mot phep 
d&i hinli bien lam giac nay tlianh lam giac kia ?" 

f)inh li : Neil AABC va AABC 1 Id hai tarn giac bang nliau thi co phep d&i hinh 
bien AABC thanh AA’B’C. 

Chung minh 

Goi F la mot phep bien hinh bien moi diem M thanh diem M' sao cho neu 
CM = pCA + qCB (p, q e R) thi C'M'= pC'A' + qC’B'. Ta di chuiig minh F la 
mot phep dcri hinh din lim. 

That vay, vcri didm N va F bifin N thanh N', tire la nfiu CN = kCA + ICB (k, 1 e R) 
thi CN' = kcX' + ICB'. 

Khi do, ta ISn luqt co: 

MN = CN -CM = (kCA + ICB) -(pCA + qCB ) 

= (k -p)CA + (l-q)CB 
MN 2 = (MN ) 2 = l(k - p)CA +(l -q)CB ] 2 

= (k - p)CA 2 + (1 - q) 2 CB 2 + 2(k - p)(l - q)CA CB. i I) 

M'N' = CN'-CMT' = (kCA 1 + ICB 1 ) - (pCA*' + qCB’) 

= (k — p)C* A' + (I — q)C'B' 

(M'N') 2 = (M'N') 2 = I (k - p)CA' + (I -q)CB' ] 2 

= (k - p)C'A' 2 + (1 - q) 2 CB' 2 + 2(k - p)(l - q)CA ’ CB'. ( 2) 

Vdigiathiei AABC = AABC(nen CA = CA',CB = CBva CA CB =C’A' CB’) men 
tir (1) vk (2) suy ra: 

MN = M'N 1 o F la m6t phdp dcri hinh. 

Mat khac, ta nhftn thA’y phep dcri hinh F bien A, B, C lAn Inert thanh A‘. B', C, tuc 
la bien AABC thanh AA'B'C’. 

Nhan xet: Tir ket qua cua dinh li tren ta co the phat bieu: "Hai tarn gi.di 
being nliau khi va chi khi co phep d&i hinh bien tarn giac may 
thanh tarn giac kia". 
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2. THf: NAO la HA1 HINH BANG NHAU 

tiinji nubia Hai hinh goi Id hang nhau neu co phep dcri hinli bien hinh nav thdnh 
hinh kia. 

flifliLL'.: Neil hinh (H,) hang hinh (H 2 ) va hinli (H 2 ) being hinh (H,) thi hinh (H,) 
hang hinh (H,). 

b. phi/ongphApgiaitoAn 

Yj d^i Is (Bai 20/tr 23 - Sgk): Clu'fng to rang hai hinh chit nhat ding kich 
thirdc thi being nhau. 

JSa Gidi 

Gia sir hai hinh chu nhat ABCD va A'B'C'D' co AB = A’B' va BC = B'C'. 

Goi O. O' theo thu tu la tam cua hai hinh chff nhat ABCD va A'B'C'D'. 

Ta co: 

AABC = AA'B'C => t6n lai m6t phep dcri hinh f de AA'B'C = f(AABC) 

= 3 . A'O' = f(AO) => D' = f(D) 

Vay, ta dirac: 

A'B'CD' = f(ABCD) =3 hai hinh chd nhat ABCD va A'B'CD' bang nhau. 
¥L4pJ2i (Bai 21/tr 23 - Sgk): 

a. Chifng mi nil rang hai tif gidc co ede cap canh tifemg img bang nhau va 
mot cap duemg cheo titemg img bang nhau thi bang nhau. 
h. Chifng minh rang hai tif gidc cd ede cdp canh tifemg img bang nhau vd 
niBt cap goc ttrdfig dug bang * nhau thi bang nhau. 
c. Hai tif gidc cd cac cap canh tifetng img bang nhau thi cd bang nhau 
hay khong ? 

Gidi 

a. Gia sir hai duemg cheo cua hai hr giac l6i ABCD va A’B'C'D' cat nhau theo thur 
tif tiii Ova O'. 

Gia sir AC = A'C', ta co: 

AABC = AA'B'C’ (c.c.c) 

=3 ton lai mot phep dcri hinh f d6 AA'B'C' = f(AABC) 

=> A O' = f(AO) => D' = f(D) 

Vay, ta diroc: 

A'B’CD' = f( ABCD) =3> hai hinh tii giac I6i ABCD va A'B'CD' bang nhau. 
b- Gia sir hai diremg cheo cua hai tir giac I6i ABCD va A’B'C’D' cat nhau theo thir 
tu tai O va O'. 
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Gia sir A = A', la co: 

AABC = AA'B'C (c.g.c) 

=> ton tai mol phep doi hinh f de AA'B'C = f(AABC) 

=> A'O' = f(AO) => D’ = f(D) 

Vay, ta duoc: 

A'BCD' = f(ABCD) => hai hinh id giac loi ABCD va A'B'CD' bang nhau 
c. Kh6ng the - , bdi hinh thoi ABCD canh a khdng thd’ bang hinh vu6ng A'B'C D’ 
canh a. 

Vi dy 3i (Bai 23/tr 23 - Sgk): Hinh H, gom ba dudng iron (O,; r,), (Q,; «,), 
(O,; r,) doi mol tiep xuc ngoai vdi nhau. Hinh H 2 gom ba dU<fng 
Iron (I,; r,), (I 2 ; r>), (I,; r,) doi mol tiep xuc ngoai \><ri nhau. Chung to 
rang hai hinh H, va H 2 bang nhau. 

Giai 

Xet hai tarn giac 0,0 2 0, vk I,I 2 I 3 , ta co: 

0,0 2 = r, + r 2 = I,I 2> 

0 2 0 } = r 2 + r 3 = I 2 Ij, 

0,0, = r 3 + r, = I 3 I„ 

suy ra: 

AO,0 2 0, = AI,I 2 I 3 (c.c.c) 

=> t6n tai mot phep dbi hinh f dd A0,0 2 0 3 = f(AI,I,I,) => (H,) = f(H 2 ) 

VSy, hai hinh H, va H 2 bang nhau. 

Vi dy 4i Trong mat phang toa do Oxy, cho hai parabol (P) va (P') Ian luoi 
cd phuong trinli y = ax 2 va y = ax 2 + bx + c (a * 0). Clubig minh 
rang hai parabol do bang nhau. 


j&X Giai 

Vifit lai phuong trinh parabol (F) dudfi dang: 
y = ax 2 + bx + c = a 


b 

b : N 

_ b 2 _f 

bV b ! -4,c 

X 4- I ' 

' 2a H 

h 4a ', 

4a + C 1 

, 2a ) 4a 


<=> y + — = 
4a 



Nhu vSy, ton tai phep tinh tien T theo vecto v (—— ; - —) dd (F) = T(P). 

2a 4a 

Vfty, hai parabol (P) vk (F) bang nhau. 


Vidua; 


Trong mat phang toa do Oxy, goi (C) va (C) Ian luot la do Hi aia 
cAb ham sd' y = f(x) = x 3 + 3x + 1 va y = g(x) = x 3 - 3x 2 + Cx - I. 
Chi'fng minh rdng hai hinh (C) va (C) bang nhau. 



J&5 Giai 


di;i sir ion tai vecto v (a. b) de tjnh tien do (hj y = f(x) thanh d6 thj y = g(x). 
kbido: 

g(x) = f(x + a) + b o x 3 - 3x- + 6x - 1 = ((x + a)’ + 3(x + a) + 11 + b 

= x’ + 3ax 2 + 3(a 2 + l)x + a' + 3a+ 1 +b. 

suy ra .1 = -1 va b = 2. 

Nhu vSy, t6n tai phcp ijnh tifin T theo vecto v (-1; 2) de (C) = T(C). 

Vfty, (a duqc (C) vA (C) bang nhau. 


BAI TAP Tlf (JIAI 

Bai lap 1: Thco dinh nghTa t6ng qual ve so bang nhau cua hai hinh, hay chung 
minh rang: 

a. Hai doan thAng co d6 dai bang nhau thi bang nhau. 

b. Hai goc c6 ciing s6' do thi bang nhau. 

c. Hai ducmg Iron co ban kinh bang nhau thi bang nhau. 

Bai lap 2: Cho hai tarn giac ABC va A’B’C’ v6i ducmg cao l^n luot la AH va 
A H'. Trong m6i trucmg hop sau day, hai lam giac do co bang nhau hay khong ? 

a. AH = A H’, AB = A’B’, AC = A’C’. 

b. AH = A'H’, AB = A’B’, AC = A’C’, cac goc A va A’ ddu la goc tu. 

Bai lap 3: Cho hinh thang ABCD vuong tai A va D, hinh lhang A’B’C’D’ vu6ng tai 
A' va D’. Chung to rang hai hinh thang do bang nhau neu AB = A’B’, BC = B’C’ va 
a) = C’D’. 


Bai lap 4: Trong mat phAng toa do Oxy, cho hai parabol (P) va (P 1 ) lAn luot c6 
1 

—) 

2 


phuong trinh y = f(x) = x 2 - x + — vi y = g(x) = - —x 2 + 4. Chung minh rang 


hai parabol do bang nhau. 

B;ii lap 5: Trong mat phAng toa d6 Oxy, goi (Q va (C) lAn luot la d6 thi cua cac 
ham sd’ y = f(x) = x 1 + 3x + 1 va y = g(x) = x 3 - 3x 2 + 6x - 1. Chung minh rang 
hai hinh ‘(C) va (C) bang nhau. 

B;ii tap 6: Trong mat phAng toa d6 Oxy, goi (Q va (C) lAn luot la d6 thi cua cac 

ham s6’ y = f(x) = —— vh y = g(x) = x - + + . Chung minh rang hai hinh 

x-2 x+6 

(C) va (C) bang nhau. 

B:ii tap 7: Cho hai hinh binh hanh. Hay ve m6t ducmg thAng chia m6i hinh binh 
hanh thanh hai hinh bang nhau. 
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CIHL! B$, 6 PHEP VI TLf 

A. TOM TAT LI THUYfiT 

1. DINHNGHlA 

Dinh nghia : Clio mol diem O co dinh vd mol so k khong ddi k *■ 0. Phep bien hinh 
bien moi diem M thank diem M' sao clw OM' = kOM dtfffc goi Id 
phep vj lif lam O, It so k. 

Ky hieu la V* hoAc V (0 k) . 

2. CAC TINH CHAT CUA PHEP VITlf 

Dinh li 1 : Neu phep vj tutisdk bien hoi diem M va N thdnli hai diem M vd N' thi: 
M'N' = kMN va M'N' = |k|MN. 

Dinh li 2 : Phep vj tu bien ba diem lining hang thank ba diem thSng hang vd 
khong Idm thay doi thutucua ba diem ihang hang do. 

He qua : Phep vj tu vi tu ti s6 k: 

■ Bi£n duemg thAng Ihang duong thAng song song (hoac trung) vdi 
duemg thAng do. 

■ Bien tia thanh tia. 

■ Bien doan thAng thanh doan thAng va do dai duoc nhAn len vdi I k |. 

■ Bi£n lam giac thanh lam giac d6ng dang vdi ti so dong dang la I k |. 

■ Bidn goc thanh goc bAng no. 

3. ANH CUA DUdNG TR6N QUA PHEP VI TU 

Dinh li 3: Phep vi tu ti so k bien du&ng Iron ban kinh R tlianli duong Iron c6 ban 
ktnh | k | R. 


4. TAM VI TU CUA HAI DU^NG TR6N 


Biii loan 1: Cho hai duemg tron (I,; R,) va (I 2 ; R 2 ) vcri R, R,. Co hai phep vi tu 
Vq ( va V^ bid’n (I,; R,) thanh (I 2 ; R 2 ). 

Hai tAm vi tu O,, 0 2 va.ti s6 k duoc xac dinh nhu sau: 



(k > 0 thi goi la tAm vi tu ngoai, k < 0 thi goi la tAm vj tu trong). 




5. tiNG DUNG CUA PHEP VITU 

Bai loan 2: VcVi AABC co hai dinh B, C c6 dinh con dinh A chay Iren ducmg 
Iron (O; R) c6' djnh khdng co diem chung vdi ducmg thang BC. 

Kin do. quy tich Irong tam G cua AABC la ducmg Iron (O'; R ) la anh cua 
duimg iron (O; R) tam I (I la (rung diem cua BC) li so k = ^. 

Bai loan 3: Vdri AABC co trong lam G, true t&m H vh tam ducmg iron ngoai 
tiep O lhi ta co GH = -2GO. 

Nhu v, 1 y, khi ba didm G. H. O khdng triing nhau thi cluing cung nAm tren mol 
du<mg lining, diroe goi la ducmg thang O-ie 


b. phltongphApgiaitoAn 

Van.de 1: TIM PHEP VI Tlf BIEN HINH (H,) THANH (Hp 

Phifcrng phdp dp dung 

Sir dung dinh nghTa va tlnh chat cua phep vj ttf. 

VI dy Is (Bai 25/tr 29 - Sgk): Ta nhan thay : 

■ Phep dd'i xung tam la phep vj tu. 

■ Phep doi xung true khdng la phep vj tu. 

• Phep ddng nhA't la phep vj tu. 

■ Phep tinh tidii theo vecto khac 0 khdng la phep vj tu. 

\i dy 2i Cho hinli thang ABCD co ede day CD = 3AB. Hay xac dinh cac 
phep vi tif bien AB thdnh DC; bien AB thank CD. ! 

( licit 

a. Goi I la giao di£m cua AD va BC, khi do: 

v; (AB ) = DC. 

b. Goi O la giao difi’m cua AC va BD, khi do: 

V' 3 (AB)= CD. 



Vi dv 3: (Bai 53/tr 14 - Sbt): Cho hai tam giac ABC va A'B’C’ kliong hang 
nhau nhifng co cac canh titang itng song song: AB//A’B\ 
BC//B C’, CA//C’A\ Chung minh icing co phep vi tu bien tam giac 
nay thdnh tam giac kia. 


Giiii -Ban doc tUvehinh 

Tir gia thidt AB va A'B’ song song va khdng bang nhau, suy ra hai ducmg 
thang AA’ va BB' cat nhau tai I. 

OA ’ 

Goi V la phep vi tu tam 1 ti sd k =-. 

OA 


S3 



Khi do V(C) = C, sao cho AQ/A’C,, BC//B’C, => G,«C*. 

Vay, phep vj tu din lim chi'nh la V. 

Xi dp Ax (Bai 27/tr 29 - Sgk): Xcic dinh tarn vi nr trong va him vi nr ngodi > Tia 
hoi ditdng non trong cac tntdng hop salt: 
a. Hai ditdng trdn tiep xiic ngodi vdi nhan. 
h. Hai ditdng trdn tiep xiic trong vdi nlian. 
c. Mot dirdng trdn chita ditdng trdn kia. 

J&5 Gidi 




a. Hai duong tron (I; R) va (I'; R') tifip xuc ngoai vdi nhau, ta xet: 

Tntdng hop /: Neu R = R' till k = ±1. 

Khi do. tarn vj tu O thoa man: ^ i 

01' = kOI => k chi cd the bang -1 
O (tarn vj tu trong) la tmng diem cua IT’ (chrnh la tiep di6m cua hai dirdng iron) 
Tntdng hop 2: Neu R * R' thi ta co thd xac dinh cac phep vj tu sau: 

■ La’y A’B' la m6t ducmg kfnh cua ducmg tron 
(I'; R') va IA la m6t ban kfnh cua (I; R) sao 
cho hai vccto IA va I'A' ciing hucmg. 

■ Ducmg thing II' cat A A' va AB' lin luot tai O, 

(tarn vi tu ngoai) va 0 2 (tarn vi tu trong va 0 2 
trilng vdi tifip die’m). 

b. Hai ducmg trdn (I; R) va (I’; R') tiep xuc trong vdi nhau (R * R'), ta co the' xac 
djnh cac phep vj tu sau: 

■ Lay A'B' la mdt ducmg kfnh cua ducmg trdn (I 1 ; R') 
va IA la mdt ban kfnh cua (I; R) sao cho hai vecto 
IA vh 1' A ’ ciing hudng. 

■ Ducmg thang II' cat AA' va AB' Ian luot tai O, (tarn 
vi tu ngoai) va 0 2 (tarn vj tu trong). 

c. Dirdng trdn (I; R) nim trong ducmg trdn (I'; R'), ta xet: 

Tntdng hop 1 : Neu I = I' thi khi do tarn vi tu O triing vdi diem I. 

Vay, ta cd hai phep vi tu: 

R' 

■ Phep vj tu V,(I; k,) vdi k, = — (bidn die’m M 

R 



thanh die’m M',). 


R' 



■ Phep vj tu V 2 (I; k 2 ) vdi k 2 =-(bie'n die’m 

M thanh di^m M' ; ). 

Tntdng hop 2: Neu I khdng tn'ing vdi I' thi ta co the’ xac djnh cac phep vj tu sau: 

■ Lay A'B’ la mdt ducmg kfnh cua ducmg trdn (I'; R’) va IA la mot bail h'nh 
cua (I; R) sao cho hai vccto IA va I’A’ cung hudng. 

■ Ducmg thing II' cit AA' va AB' lin luot tai O, (tarn vj tu ngoai) va 0 2 (tarn 
vjtu trong). 
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ygfn dc 2: GIAI BAI TOAN DINH TINH 

Plufrmg pimp dp dung 

Ta thircing gap cac dang yeu diu sau: 

Dang]: Chung minh (H,) la anh cua (H 2 ) qua phep vi tir V ( >, ta 
thtfc hidn theo cac budc: 

Bade 1: Lav diem M, tuy y thu6c (H,), ta di chiing minh 
M 2 = Vq(M,) e (Hj). 

Bade2: NgtfOc lai, lay dit?m M, tuy y thufic (H 2 ), ta di 
chung minh M, = V ( k , (M,) e (H,). 

Dang2: Chung minh tinh chat K, ta thirc hi£n theo cac birdC: 

Bade 1: Xac dinh mdt hoSc nhi£u phep vi tu 1 dc! thiet lap 
moi lien ket giira cac yeu to. 

Bade 2: Sir dung cac tinh chat cua phep vi tu da giai cac 
ydu cau cua ba: toan. 

(Bai 26/tr 29 - Sgk): Cac khdng dinh sau day co dung khong ? 

a. Phep vi ta hum co diem bat dong (life Id diem bien thdnh chinh no). 

b. Phep vi ta khdng co the co qua mot diem bat dong. 

c. Neu phep vi taco hai diem bat dong phdn bie't thi moi diem diu 
bat ddng. 

& Gidi 

a. Dung, bai do chinh la tarn vj tu. 

c. Dung. 

(Bai 54/tr 14 - Sbt): Cho hai phep vi tuV t co tarn O, ti sd'k l vd V 2 co 
tarn 0 2 ti .vo k,. Goi f Id hop thdnh cua V, vd V 2 . Chitng minh rdng : 

a. f Id mdt phep tinh lien neu k,k 2 = 1. Hay xac dinh vecto tinh lien. 

b. f la mdt phep vi ta neu k,k 2 * 1. Hay xac dinh tarn vd ti so cua 
phep vi ta. 

Giai - Ban doc !U ve hinh 

Vdi did’m M bat ky, gia sir V,(M) = M, va V 2 (M,) = M 2 , suy ra: 

=k,OjM 

[o^M 2 = k 2 0 2 M, 

Goi 1 = V 2 (0|), turc la 0 2 1 = k,0 2 0,. Tir do, suy ra: 

IM^ = k 2 0,M, = k,k 2 O^M. 
a Vdi k,k 2 = I thi: 

ImT = O/M => MM^ = o^i = 0,0, + Od = (1 - k J )0,0 2 . 

Tire f laph£p tinh tien theo vecto v=(l-k,)O l O,. 


b. Sai. 

Vl iU» 2 j 


va f(M) = M,. 
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b. V6i k,k 2 * 1 thi chon didm 0 3 sao cho 0,1 = k,k,0,0, , khi do nh&n thay: 

OjM, = OJ + IMT = k,k 2 0^ +■ k,k,67M = k,k : C).M. 

Tire f la phep vj tu t&m O, ti s6’ k = k,k 2 . Va tam Oj cua phep vi tu nay du-oc 
xac djnh bai dAng thuc: 

O^I = k,k,OA <=> 0^ + 01 = k.kjOA 

o (l-k,k,) 0 ^= 0 1 0 , + k 2 aoj =(l-k,) 0 , 0 2 

«. 0j0 i= J—S-0 l0i . (') 

1 k|k, 

^ Nhdn xet: Tir (*) chung ta nhftn thay tAm cua ba phep vj tu V,, V, va f la 

ba dic’m thing hang. Va kd't qua cua vi du nay se duoc sir 

dung trong m6t s 6 bai toan khac. 

WjUl 3s (Bai 60/tr 15 - Sbt): Cho lam giac ABC vudng tqi A va dtfdng cao 

AD. Goi V la phep vi tu tam D ti so k = va Q Id phep i/uay 

torn D gdc (/nay a = (DB, DA), f Id hup thdnh cua V va Q. 

a. Phep f bien AABD thdnh tam giac ndo ? 

b. Lay hai diem M, N Ian luqt ndm Iren hai canh AB, AC sao cho 

. Clu'fng minli rang DMN Id tam giac vudng. 

& Gidi - Ban doe tu ve hinh 

a. Nhfln \6l ring: 

k DA DC 
" DB “ DA 

ndn f bid'n AABD thanh ACAD. 

b. NhAn xet ring: 

• f(BA) = AC. 

■ M, N Win luert chia BA, AC thco cung mot ti s6'. 

Tir do, suy ra: 

f(M) = N =^> (DM, DN) = a => ADMN vudng tai D. 

VI dp 4x (BAi 58/tr 14 - Sbt): Cho ba dudng trdn (O,), 

(0 2 ), (O,) doi mot tiep xtic ngodi veri nhau, A 
la tiep diem cua (O,) vd (0 2 ), B 1a tiep diem 
cua (0 2 ) vd (O,), C la tiep diem cua (O,) vd 
(O,). Dtnrng thdng AB cdt (O,) tqi diem thu 
hai B’, dudng thdng AC cat (O,) tqi diem tint 
hai C’. Chifng minh rang B’C‘ Id dudng kinh 

. 0& [O ' Y 
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JS$ Gici 

T(r cia thiet, la c6 nhan xet: 

* Vi B la tarn vi tu Irong cua (O.) v& (O,) nfin 0 2 A // 0,B\ 

' Vi C la tam vi tu Irong cua (O,) va (O,) n6n O, A // 0,C". 

Ma khac, la c6 ba diem O,, A, O, lhang hang nen C\ O,. S' lhang hang. 
Vav B'C la duimg kinh cua (O,)- 


Vi dy 5s (Bai 30/tr 29 - Sgk): Cho hai during iron (O) va (O') co ban kinh 
khac nhau, liep xuc ngoai vrii nhan tai M. Mol during Iron (O") 
lhay dd'i I non liep xuc ngoai vrii (O) va (O') Ian li (0 tai B va C. 
Chimg minh rang during lhang BC luon di qua mot diem codinh. 


Gin 

Giasir dircmg thang BC cat (0). (O') va OO' iheo thir tu tai A, A’ va I. 

Vi C tam ti cu irong cua (O') va (O") ndn: 

££.*1.™: =»«,*■//bo- 

CB R" CO" 

A 1 // IB 0B R |¥ 

oOA// OB => — =- = — 

IA' O'A' R’ 

=> I la lam ti cu ngoai cua hai duemg Iron (O; R) vii (O'; R'). 

Vft., duorng Ihiing BC luon di qua mot dicim co dinh la tiim ti cU ngoai cua hai 
diremg r6n (O; R) vii (O'; R'). 



Oil y: Cac cm hoc sinh hay thuc hicn Ih6m bai loan; 

Cho hai during Iron (O), (O’) ngoai nhau va khong bang nhau. 
Mdt during Iron (O") lhay doi luon liep xuc ngoai vrii (O) va (O’) 
Ian hurt tai A va B. Chitng minh rang during tbring AB luon di 
qua mol diem codinh. Neu lhay gid thiet "liep xuc ngoai * 1 bang 
"liep xuc irong " thi ket qua se lhay doi nhu thenrio ? 


Yidjpti: (Bai 55/tr 14 - Sbl): Cho ba during Iron (I,, R,), (I 2 , R 2 ), (I 3 , R 3 ) 
khong dong lam va khong bang nhau. Goi O' va O' Ian Inert Id trim 
vi iu ngoai va lam vi tu Irong cua hai during Iron (1 2 , R 2 ), (I 3 , R 3 ), 
O* va Oj Ian I trot Id lam vi tu ngoai va trim vi tu Irong cua hai 
during Iron (I„ R,), (I,, R,), 0‘ va Oj lan luoi la lam vi tu ngoai 
va trim vi tu irong cua hai during Iron (I,, R,), (I,, R 2 ). Chihig minh 
rang moi bo ba diem sau day thring hang: 

o*,o;,o;; o;,o;,o;, o',o 2 ,o;; o',o*,o;. 


jg Gdi 

a. Vri b6 ba diem 0*, OJ, Oj , ta co nhan xet: 


Pliep vi tu lam OJ ti so — bieii duong iron (I,, R,) lhanh duong Iron (1 2 , R,). 
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Phep vi tu tarn O' ti s6’ 




R, 


hien duoug tron (I 2 , R,) thanh ducmg tron (I„ R,). 


Khi do, hop thanh cua hai phep vi tu tren la mot phep vi tu V, bieii ducmg Iron 
(I,, R,) thanh ducmg tron (I„ R,) va co ti so: 

——- = — => V. co tarn vi tu la 07 . 

R, R, R, 


Vay, bo ba diem O', Oj, O, thing hang, 
b. Vdi cac bd ba diem O', 07, 07; Or, 07, OJ; 0,~. 07. O' dtroc chi'rng minh 
tucmg tu. 


Van de 3: GIAI BAI TO AN DINH LI/0NG 

Phu&ng pliap dp dung 

Bing vi&c thi&t l£p dirdc cac phep vi tit tliich hop, ta co th6 tinh 
toan dir etc cac yd’u t6' trong mdt hinh. 

Vi dy li Cho dirdng tron (O; R) dirdng kinh AB. Mot dirdng iron (O’) hep 
xtic vdi (O) va doqn AB Ian hurt tqi C, D, cat dirdng thang CD tqi I. 
Tinh do dai ede doqn thang AI va BI. 


J2*> Gidi 
Tac 6: 

■ C la tarn vj tu ducmg cua hai ducmg Iron (O) va (O'). 

■ De(O'), Ie(O) va ba didm C, D, I thing hang. 

R 1 

Do do thuc hifin phep vi tu tarn C, ti so — (vdi R' la 
’ R 

ban kinh cua (O’)), ta co: 

RJ 

H* :OhO’, It->D=>OI//OD=*OI±AB 
=> I la trung did’m cua cung AB => AI = BI. 

Khi do: 

AI = BI=^ = 7 * RV 2 . 

72 72 



Van de 4: TIM TAP HOP Dl£lW M 

Phitcmg pliap dp dung 

Ta thirc hi@n theo cac bir6c: 

Bddc 1: Tim m6t phep vi ttf V*, bifin did’m E di dong thanh di6m M 
Biidc 2: Tim tap hdp (H) cua cac di£m E. 

Btide3: Ket luan tap hdp cac diem M la anh cua (H) trong phep vj 




VI dQ it Cho difdng Iron (O, R) va mot diem A cddjnlt ct Hen difdng iron. C 
Id mol day cung di dong cita difdng Iron nay vd BC ( 6 do ddi 
khdng ddi bang 2d (d < R). Tim lap lurp H ong tarn G nia AABC. 

< iidi 

Goi M lii trung dicrrt canh BC Ihi OMXBC 
Trong AOMC la c6: 

OM 2 = OC 2 - MC 2 = R 2 - d 2 
=> OM = n/r : -d’ . 

Vay lap hop diSm M la dircmg tron (y) tarn O ban kfnh 

Jk 2 -d : . 

Vi = - ncn V 2 5 (M) = G 
AM 3 

Suy ra lap hop cac diem G la dircmg tron (C) voi (C”) = 

W dy 2s (Bai 57/lr 14 - Sbt): Clio hai difdng Iron (O) va (O’) cat nhau lai A 
va B. Mol difdng lining lhay ddi di qua A cal (O) lai A vd M. cat 
(O’) lai A vd M’. Goi P, P* Win hart Id trung diem nia AM, A’M'. 

a. Tim quy licit trung diem I nia doqn PP'. 

b. Tint quy licit trung diem J ctia doan MM'. 

JSd Gidt 

a. Goi Q la trung die’m 00’, suy ra: 

IQ la dircmg trung binh cua hinh thang OPP’O’ 

=> QI 1 PP' => AIQ = 90°. 

Vay, quy tfch trung didm I cua doan PP' thu6c 
dircmg tron (C) dircmg kinh AQ. 

b. Tir gia thiet J la trung di£m cua MM’, suy ra: 

AJ =-(AM + AM') = AP + AP' = 2AI. 

Vay, quy tfch trung diem J cua doan MM' thude dufrng tr6n (C’) la anh cua 
dircmg tron (C) qua phep vi tu tarn A ti so bang 2. 

Vfln de 5: DUNG HINH 

Phttcmg pluip dp dung 

Ta thtfdng thife hi£n theo 4 bifdc da bid’t. 

AB 

Ujlyul* (Bai 62/tr 15 - Sbt): Difng AABC biet goc A = a, ti so — = k vd 
chu vi lam gidc bang m. 




vf[(y)|. 



JS$ Giai 

Trudc lien, chung la di dung AAB’C' sao cho A 

Dat AB' + B’C’ + C’A = m’. 

Khi do, phep vi tu lam A li so — se bic'n AAB’C’ lhanh AABC. 
m' 

Vi dy 2x (Bai 28/tr 29 - Sgk): Clio hai dudng iron (O) vd (O') nil nhau tai A 
va B. Hay dung qua A mot dudng thong d cat (O) d M va cat (O') d 
N sao cho M Id trung diem aia AN. 



J&5 Gidi 

Phan tide. Gia su da dung duoc dudng thang d cat (O) 6 M va cat (O') a N sao 

AN 

cho M la (rung diem cua AN, goi k = —- = 2. Thirc hien phep vi tu V tarn A, ti 

AM 

so k = 2 thi N = V(M). 

Cdch difng: Ta lan luot thuc hien: 

- Dung (O") = V(O), khi do (O") n (O’) = |N|. 

Noi AN cat (O) tai M. 

AN la dudng thang d phai dung 
Chung minh: Ta co ngay M, N iheo thu nr thu 6 c 
duong lr 6 n (O) va (O'), ngoai ra: 

N = V(M) => AN =2 AM 
=> M la trung diem cua AN. 

Biin Ilian : Vi (O") c.it (O’) tai duy nhat m 6 t diem N ndn bai toan chi c 6 m 6 l 
nghiem hinh. 



Vi dq 3i Dung hinh vuong ndi tii'p trong mot tarn giac cho trUcrc (hinh 
vuong noi ite'p tarn giac Id hinh vuong co hai dinh dtren mot canli, 
hai dinh con lai d tren hai canh con lai cua tarn giac ) 

A 

JSSGidi A 

Phan tide. Gia su da dung duoc hinh vudng MNPQ n 6 i // \\ 

MN M/f \\ N 

tiep trong tarn giac ABC cho trude. Goi k = -^7 . Thuc / / \ \ 

hi 6 n phep vj tu tarn A, li s 6 ‘k thi hinh vudng MNPQ se b f—L _ \(- 

bien thanh hinh vuong BCDE. Suy ra A. P, D thang 7^ 

hang va A, Q, E thang hang. / \ 

Cdch dung: Ta lan lucrt thuc hidn: / \ 

Dung hinh vudng BCDE sao cho BCDE va ABC / \ 

n4m d hai ben cua dudng thang BC. /_j 

AD cat canh BC tai P; AE cat canh BC tai Q E D 

Dimg dudng lhang qua P, song song vdi BC cat canh AC tai N 
Dtmg.dudng thang qua N, song song vdi BC cat canh AB tai M 
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TVi MNPQ la hinh vuong phai dutig 

C'hioi’ tninli Theo each dung ta co ti'r giac MNPQ noi ticp Irong lam giac AHC. 

Ap dung dinh ly Taicl, la co: 

AM _ AN AP AQ _ 

AB ” AC _ AD AH 

do dc V*: MNPQ h-> BCDE 
ma BCDE la hinh vuong nen MNPQ la hinh vuong 

Bien hum : Ta luon chi c6 m6t hinh vuong BCDE a khac phfa cua lam giac ABC 
d6'i veri duemg thang BC nen luon co chi mot di£m P va chi m6t diem Q a tren 
canh BC. 

Vay bai loan co m6t va chi mol nghiem hinh. 


Van dt 6: H$ TO A DO DOI V6l PHEP VI TIT 

VI dp Is Trong nun pining too do Oxy, tint toil do anh cua diem M(0; 2) qua: 

a. Phep vi nr V trim O li s6 k = 2. 

b. Phep bien hinh f la hap tlidnh cua phep tinh lien T theo vecta 
v(2; -1) va V. 


JS% Gidi 

a. Giasu V*(M) = M’(x'; y’), ta c6: 

(x' = 2.0 = 0 


OM' = 2QM <=> 


y' = 2.2 = 4 


> M.(0; 4). 


b. Ta lan luat: 

■ Gia sir T(M) = M,(x,; y,) .taco: 

-- - (x = 2 fx = 2 

MM. = v <=> < <=> 

[y~2 = -i [y = i 

■ Gia sir Vo(M,) = M,(x,; y : ),tac6: 
fx, =2.2 = 4 


* M,(2; 1). 


OM, = 20M. o 


y, =2.1 = 2 


• M,(4; 2). 


VI dy it Trong mdl pining loq do Oxy, tint toa do anh cua diem M(0; 2) qua 
phep vi tic. 

a. Phep vi tu V tam 1(2; -1) tiso k = 2. 

b. Phep bien hinh f Id hap thdnh cua phep doi xi'rng tdm I va V. 


J&Z Giii 

a. Gi; sir V’(M) = M'(x'; y'), ta co: 

fx'-2 = 2(0-2) 


jyupziM <=> 


y'+l = 2(2 + 1) 


x' = -2 

y'=s 


> M’( -2; 5). 
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Ta Ian lugt: 

■ Gia sir D,(M) = M,, ta cd M,(4; —4). 

■ Gia su V, 2 (M,) = M,(x,; y 2 ), ta co: 

(x, - 2 = 2(4-2) = 4 
IM, =21M. o 1 2 


, => M,(4; -6). 

[y 2 +1 = 2(—4 +1) = -6 

Vi dti 3t Trong mat phang loq do Oxy, tint pinking trinh cua diking lining 
(d,) Id dull cua diking lining (d): x + 2y - 4 = 0 qua phep vi lift) ti 

... 1 

sok=—. 

2 

£$ Gidi 

Ta co hai each trinh bay sau: 

Cach I: L&'y di£m A(4; 0) 6 (d) va V^(A) = A,(2; 0). 

Khi do, phircmg trinh dirdng thing (d,) duoc xac dinh bdi: 


(d,): 


qua A,(2;0) 
(d,)//(d) 


o(d,): 


qua A, (2;0) 

(d,):x + 2y + C = 0 


o (d,): x + 2y - 2 = 0. 


Cach 2: Lay hai diem A(4; 0) va B(0; 2) thude (d) va goi: 

I I 

Vj(A) = A,(2; 0); Vj(B) = B,(0;!). 

Khi do, phuemg trinh dudng thing (d,) dirge xAc djnh bdi: 


(d,): 


qua A,(2,0) ^ (<J £ + y_, o (d,) : x + 2y - 2 = 0. 

qua B, (0; 1) 2 1 


Vi Jy li Cho difdng trdn (C): (x + 2) : + (y - 4) 2 = 16. Tim pinking trinh (ua 
di(dng trdn (C, ) la dull ciia difdng trdn (C) qua phep vi tif him 
E( 1; 2) ti sok = 2. 

JS$ Gidi 

Dudng tron (C) co tAm I(-2; 4) va ban kfnh R = 4. 

Goi Vg(I) = I,(x,; y,), tacd: 


El, = 2EI o 


x, -1 = 2(-2-l) 

y, -2 = 2(4-2) 


x, = -5 

y, =6 


=> I,(-5; 6). 


Khi do, phuong trinh dudng trdn (C,) duoc xAc djnh bdi: 

(Tam I.(-5: 6) 

(C,): 1 <=> (C,): (x + 5 ) 2 + (y - 6) 2 = 64. 

1 [Ban kfnh R, = 2R = 8 1 3 

bAi tap titgiai 

Hai tap 1: Cho AABC co trong tAm G va O la tAm dudng trdn ngoai tifip. 

a. Hay ve anh cua AABC qua phep vi tu tAm O ti sd k = 2. 

b. Hay ve anh cua AABC qua phep vi tu tAm G ti sd' k = ^ . 
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Biii lap 2: 

a Nhimg dudng thang nao bien lhanh chmh no qua phep vj tu ti so k * \ 
b Nhfmg dudng iron nao bid’n lhanh chfnh no qua phep vj lu ti so k *■ 1. 

Bai lap 3: Goi F la phep bien hinh co tinh ch;Vl sau: Vdi moi cap diem M, N va 
anh M\ N‘ cua cluing, ta luon co M’N’ = k MN , irong do k la mot so khong doi 
khac 0. Hay chirng minh ring F la phep linh tift’n hoac phep vj tu. 

Bai lap 4: 

a, Cho AABC va hinh vu6ng MNPQ nhu hinh ve. Goi V la phep vi lir tAm A 

AB 

li so k =-. Hay dung anh cua hinh vuong MNPQ qua phep vi tu V. 

AM 

b, Tir bai loan tren, hay suy nglri each giai bai loan sau: Cho AABC nhon, 
hay dung hinh vuong MNPQ sao cho hai dinh P, Q nAm tren canh BC va 
hai dinh M, N Bin luot nAm tr£n hai canh AB va AC. 

Bai lap 5: Cho diem A va dirimg thang (d) co dinh. M la diem di dong trdn d, 
tim IAp ht^i irung diem cua doan AM. 

Bai lap 6: Cho phep vj tu V tAm O li sd k * 1 va phep tjnh lien T theo vccto 
v / 0 . Goi f, la h»?p lhanh cua V vA T. 

a. Tim diem I sao cho f bien I lhanh chmh no. 

b. Chihig minh rAng f la phep vj lu tarn I ti s6 k. 

Bai lap 7: Cho lam gidc ABC vubng tai A va dubng cao AD. Goi c la ducmg 
phAn giac cua goc C, la phep dd'i xdng qua c. V la phep vj tu tAm C li sd' 

k : va f la hop thanh cua D,. va V. 

CB 

a Phep f bien AABC lhanh lam giac nao ? 

b. LA'y hai diem M, N Bin luot nAm Irfin hai canh AB. AD sao cho 

—— = . Chirng minh rAng c la phAn giac cua goc MCN . 

MB NA 

Bai lap S: Cho ducmg Iron (O) vdi dAy cung phep quay. Dung hinh vuong ABCD 
co hai dinh A, B nAm Irdn dudng thAng phep quay va hai dinh C, D nAm trfin 
duirng iron. 

Bai lap 9: Cho diem A co djnh nAm tren ducmg tron (O) va diem C thay dcii Iren 
ducmg iron do. Dinig hinh vuong ABCD. Tim quy tfch diem B va D. 

Bai lap 10: Tren ducmg tron (C) tAm O ban kinh R, cho hai diem cd djnh A. B va 
mOt diem M di dong. Tim tAp hop trong tarn G ciia tarn giac ABM. 

Bai lap 11: Cho dudng tron (O; R) va diem I cd djnh khac O. Mdt diem M lhay ddi 
tren dudng iron. Tia phAn giac cua goc MOI cAt IM tai N. Tim quy tfch diem N. 

Bai lap 12: Cho ducmg Iron (O) co ducmg kinh AB. Goi C la didm ddi xung vdi A 
qua B va PQ la ducmg kinh thay doi cua (O) khac dudng kinh AB. Dudng thAng 
CQ cAl PA va PB lAn luot tai M va N. 

a. Chung minh rAng Q la irung diem cua CM, N la trung didm cua CQ. 

b. Tim quy li'ch cac diem M va N khi dudng kinh PQ lhay ddi. 
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Bai tap 13: Cho ducmg iron (O; R) va diem A co djnh. Mot day cung BC thay dbi 
cua (O; R) co d6 dai khong dcii NC = m. Tim quy ti'ch diem G sao cho 
GA + GB + GC = 0. 

Bai tap 14: Cho dubng tron (O) va diem P nAm trong ducmg iron do. Mot duCmg 
thAng thay doi di qua P, cAt (O) tai hai diem A, B. Tim quy ti'ch diem M sao cho 
PM = PA + PB. 

Bai tap 15: Cho AABC noi tiep ducmg iron tAm O. Goi G va H tuemg ling la trong 
tarn va true tain cua tarn giac. cAc difim A’, B\ C’ Uin krett la (rung diem ciia cAc 
canh BC, CA, AB. 

a. Tim phep vj tu F bid'n A, B. C tuemg ung thanh A\ B\ C\ 

b. Chung minh rang O, G, H thAng hAng. 

c. Tim anh cua O qua phep vi tu F. 

d. Goi A”, B”, C” Ian lucrt la trung did’m cua cAc doan thAng AH. BH, CZH; 
A,, B|, C, theo thd tu 1A giao difiim Ihu hai cua cac tia AH. Bll. CH vdi 
dubng iron (O); A,.B,.C, tuemg ung la chan cac ducmg cao di qua A. B. C. 

Tim anh cua A, B, C, A,, B,, C, qua phep vj tu tAm H ti s6 . 

e. Chung minh chin difim A’, B\ C’, A”, B", C”, A|,B|,C, cung thuoc mot 
ducmg tron (ducmg tron nay goi la ducmg tron O-le cua lam giac ABC). 

Bai tap 16: Cho ducmg tr6n (O) va m6t diem P c6 djnh. M6t cat tuyen di demg 
qua P cAt (O) tai M va N. Goi I la tmng dic’m cua MN. Tim tap hop cac trung 
diem cua IP. 

Bai tap 17: Cho hai dufmg tron (O) vA (O') tifip xuc nhau tai A. Ducmg kmh ve tir 
A gap (O) tai B va (O') tai C. Mot ducmg thAng di dong qua A gap (O) tai M va 
(O') tai N. Tim tAp giao diem I cua BN va CM. 

Bai tap 18: Cho tu giac ABCD co A, B, C c6 dinh va D IA did'm di d6ng sao cho 
AD = 1 (1 > 0). 

a. Tim tAp hap trung did’m I cua ducmg cheo BD. 

b. Tim tAp hop cac trung diem M cua doan n6i trung dicim hai ducmg cheo 
AC va BD. 

Bai tap 19: Trong mAt phAng toa d6 Oxy, tlm phucmg trinh cua dubng thAng (d,) la 
anh cua ducmg thAng (d): 3x + 2y - 6 = 0 qua phep vj tu O ti s6 k = - 

Bai tap 20: Trong mAt phAng toa d6 Oxy, cho ducmg Iron (C): (x + I ) 2 + (y - 2)' = 9. 
Tim phucmg trinh cua dubng tron (C,) IA anh cua ducmg tron (C) qua phep vi tu 
tAm E( 1; 1) ti sb k = 2. 
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CIIIJ 7 


PHEP D6NG DANG 


a. tomtAtlithuyEt 

I. DINHNGHLA PHEP D6NG DANG 

Dinh nghia Phep bieii hinh F goi Id pliep dong dang list) k (k > 0) neii vdi hai diem 
M vd N bat Id vd dnh M' vd N' ciia cluing la ludn c<> M'N' = kMN. 


2. DINH LI 

Dinh li Mot pliep dong dang F ti so k (k > 01 deii Id http thdnh ciia mot pliep vi 
lif V n .v() k vd mol pliep ddi hinh D. 

He qua Pliep dong dang ti so k: 

■ llien ha diem llidng hang thdnh ba diem lining luing vd khong lam thay 
ddi thif lif ciia ba diem thdng hang do. 

* Bien difdng lining thdnh dift'nig lining, bien lia thdnh lia. 

■ Bieii doqn lining thdnh doqn llidng vd do ddi dift/c nhan tin vdi k. 

* Bieii lam gidc thdnh lam gidc ddng dang vdi ti sd k. 

■ Bieii difdng non co ban kinh R thdnh difdng Iron co ban kinh kR. 

* Bieii goc thdnh gdc bang no. 

3. HAI HiNH D6NG DANG 

Dinh nghia: Hai hinh goi Id dong dang vdi nhan neii cd pliep dong dang bieii 
hinli nay thdnh hinh kia. 

b. phi/dngphApgiaitoAn 

V an de 1: TIM PHEP DONG DANG BI^N HINH (H,) THANH (H 2 ) 

Phtfong pltdp dp dung 

Ta thirdng thirc hi6n theo cac budc sau: 

Bade 1: Tim mdt phep ddi hinh D bien hinh (H,) thanh (H,'). 

Bade2: Tim mot phep vi tit V bi£’n hinh (H,') thanh (H 2 ). 

Bade3: K£t lu3n: t6n tai phep dong dang F la hdp thanh cua phep 
vj tir V va phep ddi hinh D. 

VJ dp li (Bai 32/tr 31 - Sgk): Clubig to rang car da gidc den co cimg so' 
canlt ihi dong dqrtg vdi nhan. 




J&Z Giai 

Goi P, va P 2 la hai da giac d£u co cung so canh, la thuc hien: 

• Phep quay bien P, thanh P,' co canh song song vdi canh cua P ; 

• Khi do, sc t6n tai mdt phep vj tu bi£n P,' thanh P 2 . 

Tir do, thco djnh If Iren thi l6n tai mol phep d6ng dang bidn P, thanh P, nen P, 
dong dang vdi P,. 

Vi dy 2i (Biii 59/tr 15 - Sbi): Cln'rng minh rang neu hai lam giac co cue canh 
tifcrng t'tng ti le (hi co phep dong dang bien lam giac nay thanh (>im 
giac kia. 

J2$ Giiii 

Vdi hai lam giac ABC va A'B’C’ co: 

A'B' _ B'C' C'A' k 
AB “ BC " CA 

Chon diem O vh x6t phep vj tu V tSm O ti s6 k, khi do V bien AABC thanh 
AA,B,C, va ta duqc: 

AA,B|C, = AA’B’C’ 

suy ra, t6n tai phep ddi hinh f(AA,B,C|) = AA’B’C’. 

V&y, hop thanh cuaV va f la mot phep ddng dang bidn AABC thanh AA’B'C". 

^ Chu y: Chung ta se su dung k£t qua trong vi du tren cho mdt sd‘ bai toan. 

Van de 2: CHUNG MINH TINH CHAT HINH HOC 

Phuong phdp dp dung 

1. V6i bai toan dinh tinh, ta thirdng g3p cac dang yeu ck u sau: 

Dang 1: Chifng minh (H,) la anh cua (H 2 ) qua phep ddng dang D, 
ta thuc hidn theo cac birdc: 

Biidc 1: Ldy didm M, tuy y thuoc (H,), ta di chimg minh: 
M 2 = D(M,) e (H 2 ). ' 

Biidc 2: Ngifdc lai, lay didm M 2 tuy y thu6c (H 2 ), ta di 
chuTtg minh: 

M, = D(M 2 ) e (H,). 

Dang2: ChiVng minh tinh chat K, ta thirc hidn theo cac birdc: 

Biidc 1: Xac dinh mot phep ddng dang do thid’t lap mb'i 
lien ket gitfa cac yeu to. 

Biidc2: Sir dung cac tinh chat cua phep ddng dang de 
giai cac yeu clu cua bai toan. 


96 



2 W*i bai toan dinh lircfng, bang viec thiet lap d ifdc phep dong dang 
‘hich bop, ta co the tinh toan dtfdc cac yeu to trong m6t hinh. 

JL; (Bai 31/tr 31 - Sgk): Chung to rang nen phep Jong dang F hien 
A ABC tlianh AA'B'C llti trong tarn, true tam, him dudng Iron ngoai 
tiep AABC Ian luot hien tlianh trong tam, true him. him dudng iron 
ngoai tiep AA'B'C. 

J& Cadi 

a. Goi M la trung diem cua doan BC va G la trong tAm AABC. Gia sir: 

F(M) = M va F(G) = G\ 

Tir he qua, ta suy ra: 

M' la trung did’m cua B C' => A M' la trung tuyen. (1) 

(2) 

A'M' 3 

Tit (1) va (2) suy ra G’ la trong tam AA'B'C. 

b. Goi AA,, BB, la hai diremg cao cua AABC va H la tnre tAm AABC. Gia sir: 

F(B,) = B,’, F(A,) = A,' va F(H) = H'. 

• Tir tinh chAt cua phep dong dang, ta suy ra: 

H' = A,A|' r\ (3) 

* Tir tinh chA’t bao toan d6 16n goc cua phep d6ng dang, ta suy ra: 

A, A,', B,B|' la cac duong cao cua AA'B'C. (4) 

Tir (3) va (4) suy ra H' la true tam AA'B'C. 

c. Ta lAn luot xet: 

■ Goi O la tAm direrng tron ngo«ai tiep AABC. Gia sir F(O) = O’. 

Tir tinh chAt ti 16 ve do dai giua hai hai doan thAng, ta suy ra: 

O’A' = O B' = O'C bai OA = OB = OC. 

VAy, dic'm O la tam duong Iron ngoai tiep AA'B’C'. 

Vidy 3l (Bai 63/tr 15 - Sbt): Chung minh rang nen hai tam gide co cac 
dudng cao tuong ung bang nhau tlii hang nliait. 

Gidi 
Gia su: 

■ AABC co cac duong cao AH, BI, CK. 

■ AA'B’C* co cac dudng cao A’H’, BT, C’K\ 

Tir gia thi6‘t ta diroc: 

AH = A H’. BI = BT, CK = C’K*. 

Vi la cac duong cao nen: 

S AaBC = - AH.BC = - BI.AC = - CK.AB AH.BC = BI.AC = CK.AB 

-\AW 2 ■} O 

tuong tu ta cung co A’H’.B’C’ = BT.A’C’ = C’K'.A’B’. 
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Tir do, suy ra: 
A'B' ^ B'C' 
AB ~ BC 


C'A' 


--= k Hai AABC. AABC d6ng dang ti so k 

CA ' 


Do do, co phep d6ng dang f ti so k bien AABC thanh \A'B’C va man ! ia’y: 


f f(AH) = A’H 
{AH = A'H‘ 


=> k = I => f la phep dcri hinh AABC = AA B C 


Van de 3: DUNG HINH 

Phuong phdp dp dung 

Ta thirdng thirc hien theo 4 butfc da biet. 

Vi dn 1: (Bai 33/tr 32 - Sgk): Dipig AABC neu biet hai gd< B = |. ( y \ d 
mdt trong car yen to saw. 

a. Dudng cao AH = h. 

b. Duong tnwg tiiye'n AM = m. 

c. Ban kinh R ciia dudng iron ngoai tiep. 


JSS Gidi 

Dime AAoBqQ, co B 0 = p, C„ = y. 

a. Gia sir AA 0 B 0 Q co dudng cao A 0 H<, 

ti s6 k, = — ta se duoc: 
h„ 


h 0 , khi do thirc hifen phep dong ding F, 


F,(AA 0 B 0 C 0 ) = AABC. 

b. Gia sir AAoBpQ, co duemg trung tuyd'n A r ,M„ = m,„ khi do thirc hien plies long 

dang F-. ti so k, = ta se duoc: 
m„ 

F 2 (AA 0 B 0 Co) = AABC. 

c. Gia sir AA 0 B 0 C„ c6 ban kinh duemg trdn ngoai lidp R„, khi do ihu-- hie i phdp 
d6ng dang F 3 ti s6’ k, = — ta se duoc: 


F,(AA 0 B 0 Q) = AABC. 


BAI TAP TV GIA I 


Bai tap 1: 

a. Phep dcri hinh co phai la phep d6ng dang hay khong ? Neu co thi t s '* so 
dong dang la bao nhifiu ? 

b. Phep vj tu co phai la phep dong dang hay khong ? Neu co '.hi ti s6 s i dldlig 
dang la bao nhifiu ? 

c. Co phai moi phep dong dang deu bien dudng lhang thanh drdng thang 
song song hoitc trung vdi no 
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Bai tap 2: Chung minh rang hai hinh vuong bat ki dong dang vdi nhan. 

Biii lap 3: 

a Chung mini rang vdi hai doan rhAng bat ki AB va AB’ Iu6n c6 phcp dong 
dang bien A ihiinh A’ va bicn B thanh B'. 
b Cluing minh rang hai during conic co ciing tarn sai e ihi dong dang vdi nhau. 

Bai lap 4: Clio AABC vuong lai A, AC = 2AB. Goi Q la phbp quay tftm A, gdc 
quay <f> = (AB, AC), V la phcp vi tu tam A ti s6 2, con F la phep hc?p thanh cua V 
va Q 

a Tim anh cua cac diem A. B, C qua phep F. 
b Phep F bicn dudng iron tam B ban kmh BA thanh dirdng iron nao? 
c Chung minh rang vdi nidi diem M nAm Iren dudng Iron tam B ban kmh 
BA (M khac A), co mot diem N nAm tren dudng Iron tam C ban kmh C’A 
sao cho AAMN dcing dang vdi AABC. 
d. Chung to rang F cung la phcp hap thanh cua Q va V. 

Biii liip 5: Cho hai dudng tron (I; R) va (I; 2R) tibp xuc ngoiii vdi nhau lai O, (d) la 
dudng thang tiii'p xuc vdi hai dudng tron tai O. Goi V la phcp vi tir tam O ti sd 2, D lii 
phcp ddi xung qua dudng thang (d), F la phep hap thanh cua V va D. 

a. F bicn diem O va 1 thanh nhCrng diem nao? 

b. F bicn dudng tron (I; R) thanh hinh nao? 

c. Vdi diem M khong n3m tren (d) va M' = F(M). Chung minh rang ncu E la 
giao diem cua MM’ va (d) thi EM' = 2EM. 

d. Chung to rang F cung la phep hap thanh cua D va V. 

Bai lap 6: Dimg AABC neu bifit hai goc B = 30°, C = 120° va mot trong cac y£u 
id sau: 

a. Dutmg cao AH = 2cm. 

b. Dudng trung tuyen AM = 6cm. 

c. Ban kmh cua dudng tron ngoai titfp bang 4cm. 

Biii tap 7: Trong mat phang toa do Oxy, cho cac didm A( 1; 1), B(0; 3), C(2; 4). 
Xac dinh anh ciia AABC qua cac phep bien hinh sau: 

a. Phcp tjnh tien thco vecto v = (2; 1). 
h. Phcp ddi xung qua true Ox. 
c. Phep ddi xung qua tAm 1(2; 1). 

(i. Phep quay tAm O gdc 90°. 

c. Phcp dong dang co dupe bAng each thuc hien lien ticp phep ddi xirng qua 
true Oy va phep vi tu tAm O ti sd k = -2. 

Bai lap X: Trong mat phAng toa do Oxy, cho dudng thAng (d): x + 2y - 3 = 0. 
X;ic dinh anh ciia (d) qua cac phcp bien hinh sau: 

a. Phep tjnh tien theo vecto v = (-1; 3). 

b. Phep ddi xung qua true Oy. 

e. Phep ddi xirng qua tAm 1(3; -1). 

d. Phcp quay tam O gdc -90 () . 

c. Phcp ddng dang co dupe bang each thuc hien lien tiep phep ddi xung qua 
true Ox va phep vj tu tAm O ti sd k = 2. 
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CHl/ONG II 

IHfONG TllAl\G v\ mAt piiAng iicong 
KIIOXG (>l \\ 
i}l \\ III SONG SONG 

dll' i DAICl/ONGV^ 

diking thAng vA mAt phAng 

A. TOM TAT LI THUY&T 

1. MO D Au v£ HlNH HOC KHONG GIAN 

Mon hinh hoc khong gian la mon hoc nghien ciru cac tinh chat cua c;ic hinh 
n«im trong khong gian. 

Hinh hoc khong gian c6 cac d6i tuong co ban la diem, dieting lining va mat pining. 
Quan he thuoc: Trong khong gian: 

a. Vdi mot didm A va mot dircmg thang (d) co thd' xay ra hai trirong hop: 

■ Diem A thuoc dirong thang (d), ki hicn A e (d). 

■ Didm A khong thutic duong thang (d), ki hidu A g (d). 

b. Voi mot did’m A va m6t mat phang (P) co the xay ra hai trircrng hop: 

■ Diem A thuoc mat phang (P), kf hidu A e (P). 

■ Diem A khong thuoc mat phang (P), kf hidu A g (P). 

Hinh bieu dien cua mot hinh trong khong gian: Dc ve hinh bieu dien cua niot 
hinh trong khong gian, ngircri ta dua ra nhiing quy tac, chang han nhir: 

■ Dieting tluing diei/c bieu dien btii dieting tilling. Doan tluing diee/c bieu dien 
btii doqn thang. 

■ Hai dieting thang song song (hoac cat nliati) difefe bieu dien btii liai dieting 
lining song song (hodc cdl nhau). 

• Diem A thuoc dieting thang ("a) dieac bieu diin btii mot diem A thuoc 
dieting thang fa’), trong do fa') bieu dien clio dieting thang (a). 

• Diing net ve lien de bieu dien cho nhCeng dieting trong thay va dung net diet 
doqn de bieu dien cho nhCeng dieting bi kintal. 

2. CAC TINH CHXtTH^ANHAN CUA HINH HOC KHONG GIAN 

Tinh chat thifa nhdn 1: Co mot va chi mot dieting thang di qua hai diem plidn 
biel cho triftic. 

Tinh chat thifa nhdn 2: Co mot va chi mot mat phang di qua ba diem khong 
thang hang cho trietic. ' 

Tinh chat thifa nhdn 3: Ton tqi bon diem killing cimg ndm Iren mot mat pining. 


100 



Tilth chat thira nhdn 4: Nett hui mat pitting phan hiet co mot diem cluing thi 
cluing cd mol (lifting tilting cluing duy nhat chifa tat cd 
cac diem cluing ciia Inti mat pitting do. 

Duong thing do duoc goi la giao tuyen cua hoi mat 
pitting do. 

Tilth chat thira nhdn 5: Trong moi mat pitting, cac ket qua da hiet ciia hinh hoc 
pitting den dung. 

Pi nil li Nen mot dieting tilting di qua hai diem phan hiet ciia mot mat phdng thi 
moi diem ciia dieting tilting deu thupc mat pitting do. 

3. Bl6u KI$N XAC DINH MAT PHANG 

Co bon each x.lc dinh mot mat phdng: 

Cdch I: Mot mat phdng duoc xac dinh neu biet no di qua ba die’m A. B, C 
khong thAng hang ciia mat phang. ki' hieu (ABC). 

Cdch 2: Mot mat phAng duoc xac djnh neu biet no di qua m6l duong thing 
(d) va mot dic’m A khong thuoc (d), ki hieu (A, d). 

Cdch 3: Mot mat piling duoc xac dinh neu biet no di qua hai duong thang 
eftt nhau (a), (b), kf hieu (a, b). 

Cdch 4: Mdl mat phing duoc xac dinh neu biet no di qua hai duong thing 
song song (a), (b), ki hifiu (a, b). 

4. HINH CHOP VA HiNH TL/ Dl$N 

Dinh nghia: Clio da gidc A 1 A 2 ...A„ va cho diem S ittint ngotii mat phang chifa da 

gidc do. Noi S vtii cac dinh A„ A,.A „ta difttc n mien lam gidc 

SA,A 2 , SA,A 3 .SA n _,A n . 

Hinh gdm n tarn gidc do va da gidc A i A 2 ...A„ difctc goi la hinh 
chop S.A,A 2 ...A n . 

Trong do: 

■ Diem S goi la dinlt ciia hinh chop. 

■ Da gi.ic A, A,... A,, goi la mat day cua hinh ch6p. 

■ Cac doan thing A,A 2 , A 2 A 3 ,.... A^A,, goi la 
c;ic cqnh day ciia hinh chop. 

■ Cdc doan thing SA,. SA 2 , .... SA„ goi IA cAc 
cqnh hen ciia hinh chop. 

■ Cac mi£n tarn giac SA,A 2 , SA 2 A 3 ,.... SA^A,, goi 
la cac mat him ciia hinh chop. 

Neu day ciia hinh chop la mot mien tarn giac. tu giac. ngu giac, .. thi hinh 
chop tuemg ting goi la hinh chop tarn giac, hinh chop tu giac, hinh chop ngu giac, 

Chity: 
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1. Hlnh chop lam giac con goi la hinh tif dien. 

2. Hlnh lu dien co bon mat la nhflng lam giac deu duoc goi la hinh lif dien deu. 

Hinh nghia : Thief dien aia hinh 1C khi cat hdi nun phang (P) Id phdn cluing ciui 
mat phang (P) va hinh 1C. 


b. phi/ongphApgiaitoAn 

Van de 1: SIT DUNG CAC TINH CHAT THl/A NHAN DE XET VI TKI 
THONG DO I CUA DlfiM, DU()NG THANG VA MAI PHANG 
Phitcmg phdp dp dung 

1. De biet khi nao m6t diem thuoc mot m3t phing, ta co cac ket qua sau: 

• Gia sir (P) la mat phing xac dinh bdi ba didYn A, B, C thi khi do 
A, B, C deu thuoc (P). 

■ N£u du’dng thing (a) nim trong m5t phing (P), thi khi do di£m 
M thu6c (a) d£u thu6c (P). 

2. D6 chumg minh dirdng thSng (a) nim trong mat phing (P) ta di 
chumg minh t6n tai hai diem phan bidt A, B thu6c (a) va thu6c (P). 

■ Neu m5t phing (P) c6‘ dinh thi ta khing dinh dude them ring 
" Difdng thdng (a) ndm trong mot mdtpining cd"dinh (P)". 

■ Nd'u hai di<?m A, B c6' dinh thi ta kh3ng djnh dude thdm ring 
" MStph&ng (P) dura mot difdng thSng cd'dinh (a)". 

Vi dy lx (Bai 4/tr 50 - Sgk): Cho hai mat phang (P) va (0) cat nhau then 
giao tuyen A. Tt en (P) cho difdng thang (a) va tren (Q) cho difdng 
lluing (b). Cluing minh rang neu (a) vd (b) cdt nhau thi hai giao 
diem phai nam tren A. 

Gidi 
Gia sir: 

(a) r\ (b) = | M) => | ^ 6 <a * C <P) => M e (P) r\ (Q) = A => M e A. 

|M e(b)c(Q) 


^ Chu y: Trong m6t vai trirdng hop dac thii chung ta con sir dung phuong 
phap chung minh phan chung de thuc hien. 

Vi dii 2s (Bai 1/tr 51 - Sbt): C It ting minh rdng mot mat pining va mot difdng 
lining khong nam tren mat pltang do cd khong qua mol diem cluing. 

Gidi 


Vdi mat phing (P) va ducmg thing (a) theo nhu gia thiet. 

Neu (a) co hai diem chung vai (P) thi (a) se nam trong (PI - Mau thuin 



A 
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YLiUl 3i (Bai 9/tr 50 - Sgk): Cluing minh rang neu ba dieting thong phan biet 
ceil nlniii tting ddi mot thi cluing dong quy hoac cling mini trong 
nipt mat phdng. 

dnil 

Vdi ba difdng IhAng phan biel (a), (b), (c). Gia sir: 

ia)n(b) = {A|,(b)n(c)= |B|.(c)r\(a)= |C|. 

Xet hai tnrcmg hap: 

Tnfbng lipp /: Ba diem A. B, C la ba diem phan biel. Do (a), (b), (c) phan bidt nen 
A, B. C la ba diem khdng IhAng hang. Vay chung xac dinh mot mat phAng (ABC). 
Ta cd: 

■ Duong thang (a) co hai diem A. C thuoc (ABC), ncn (a) e (ABC). 

■ Tiftmg tu (b) e (ABC) va (c) 6 (ABC). 

Vay. ba dixcnig IhAng (a), (b), (c) cung thudc mdt mat phAng (ABC). 

Tnfting hap 2: Hai trong ba diem A. B. C trung nhau, gia sir A = B. 

Ndu A * C thi (a) = (c), mau thuan. 

Do do, ta phai co: 

A=CoA = B = C<=> (a), (b), (c) d6ng quy. 

Vay. ba duong thAng (a), (b), (c) dong quy. 

^ Chit y: Ket qua cua vi du trdn gcri y mot phuong phap chting minh ba 
dirirng IhAng dong quy. 

V i du Is (Bai 2/lr 51 - Sbt): Cho mat phdng (P) va ba diem A, B, C nam ngodi 
mat phdng (P). Giii sir cdc doan thang AB va BC den cat mat phdng 
(P). Chting minh rang doan thang AC khdng ceil mat pining (P). 

JS$ (lii ii 

Ta lAn lirot co nhftn xet : 

■ Vi doan thAng AB cat mat phang (P) ndn A, B phai a v£ hai phia cua (P). 

■ Vi doan thAng BC cAl mat phAng (P) ndn B, C phai a vfi hai phia cua (P). 
Suy ra A, C b v6 cung mdt phi'a cua (P), tire doan thAng AC khdng cat mat 

phAng (P). 

c ® p * Xlian xet: Nhu vSy, qua vf du trdn cac em hoc sinh co the l6ng kdt rang: 

■ D6 chung minh doan thdng AB khdng cAt mat phang (P) 
chung ta di chi'mg minh hai didm A, B cr ve cung mot phia 
vdi (P). 

■ D6 chung minh doan thdng AB cAt mat phang (P) chung 
ta di chung minh hai diem A, B a vd hai phia vdi (P). 

Vi du 5s Trong mat phdng (a), cho gdc xOy. A Id diem ngodi (a). M, N Id 
hai diem di dong Ian li(0 tren Ox, Oy. 

1 . Gid sir OM = ON. Clu'mg minh rdng trung tuyen AP cua 
AAMN I non ndm trong mdt mat phdng cd dinh. 

M 
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2. Goi (d) Id dudng thang cd dinh qua A va cat (cx) tai mot diem 
khong thtipc Ox, Oy. MN di dong nhtfng I non cat (d). 

a. Chung minh rang MN ludn di qua mot diem cd dinli. 

b. Goi B Id diem co dinh Iren (d), B * A vd khong thtipc (cx). AM 
va BN cat nhau tai Q. Cht'cng minh icing Q ihuoc dong thin Itai 
mat pitting co dinli. Suyra Q tliupc mot dudng lining co dinh. 

J&Z Gidi 

1. Ta co: 

OM = ON => P thudc Oz la tia phan giac cua goc xOy - co dinh. 

Vay, trung tuydn AP nfim trong mat phing cd 
dinh (A, Oz). 

2. Gia sur (d) o (a) = {P} - c6' dinh. 

a. Ta co ngay: 

(d) n MN = |P| c6’ dinh. 

Vay, dudng thing MN luon di qua diem 

b. Ta co: 

■ Q e BN c (B, Oy) - cd djnh 

=> Q e (B, Oy) - co dinh. 

■ Q e AM c (A, Ox) - c6 dinh 

=> Q e (A, Ox) - co dinh. 

Viy, diem Q thudc dirfrng thing co djnh A la giao tuyeii cua hai mat piling cd 
dinh (A, Ox) va (B, Oy). 

Vidy fit (Bai 3, 4/tr 51 -Shi): 

a. Cho n diem (n >4) trong do khong cd bon diem ndo dong 
phang. Chung minh rang khong cd ha diem ndo trong cluing 
thang hang. 

b. Cho n diem (n >4) trong do bat ki bon diem ndo ding dong 
phang. Chung minh i cing n diem do dong pitting. 

JSS Gidi 

Vdi n didm A,, A 2 , A„ A 4 , ...A„. 

a. Gia su trai lai co ba didm A,, A,, A, thing hang, suy ra co bon diem A,, A 2 , 
A,, A 4 ddng phang - mdu thuin. 

b. Neu cac diem A,, A 2 , A,, A 4 , ...A n thing hang thi ro rang chung dong piling. 
Ndu cac didm A,, A 2 , A,, A 4 . ...A n khdng thing hang thi tdn lai ba dit'm 

khong thang hang (gia sir la A,, A 2 , A 3 ), ta diroc mat piling (A,A 2 A,). 

Vi bon diem bit ki cua n diem da cho deu dong phang, tire: 

(A,, A* Aj, Aj), i > 4 ddng phing => A, 6 (A,A : A 3 ), i > 4. 

Tuci da cho ddng phing. 

£p 




VaOJ lcll TIM (JIAO Tl'YEN CUA HAI MAT PHANG 

Phifrfng ihap dp thing 

Dr> tm giao tuyen cua hai m3t phang, ta thifc hien theo cac bi/dc sau: 
Buccl: Tim hai diem chung cua hai mat phang, 
cu the de tim di6m chung M cua hai mat 
phang (P) va (Q) ta thtfdng thvrc hien: 

■ Tim trong (P) dtfdng thang (a) di qua M. 

■ Tim trong (Q) dtfefng thang (b) di qua M. 

Khi do M chinh la diem chung cua hai mat phang (P) va (Q). 

Bucc2: Dudng thang qua 2 diem chung do la giao tuyen. 

Vi du Is Clio hinh chop S.ABCD, day ABCD to hai canh AB va CD cdt 
nhau. Goi C' la nipt diem ndm giifa S va C. Hay lim giao tuyen cua 
mat pining (ABC) vt'ti cac mat pining (ABCD), (SAB), (SBC), 
(SCD), (SAD). 

JeC> Gia 

Ta cj the' trinh bay theo hai each sau: 

Cdi li /: Tu gia thiei, gia sir ABc.it CD tai M. 

Noi VIC' cdt SD tai D', khi do ta nhftn duqc: 

(ABT) n (ABCD) = AB, 

(ABC) n (SAB) = AB, (ABC) n (SBC) = BC, 

(ABD n (SCD) = CD', (ABC) n (SAD) = AD'. 

Cdeli 2: Gia sir AC cat BD tai O. 

Trorg m5t phang (SAC), ta co AC' o SO = (I). 

N6i B1 cat SD tai D’, khi do ta nhftn duqc: 

(ABT) n (ABCD) = AB, 

(ABC) o (SAB) = AB, (ABC) n (SBC) = BC', 

(ABC) o (SCD) = CD', (ABC') n (SAD) = AD'. 

^ Nlan xet: Tu giac ABCD’ cac canh nAm trdn nhung giao tuydn cua mat 
phAng (ABC) vdi cac mat cua hinh chop S.ABCD. Tu giac do 
duqc goi 1A thiet dien (hay mat cat ) cua hinh chop S.ABCD 
cat bcri mat phang (ABC'). 

Vi dq is (Bai 10/tr 50 - Sgk): Clio hai dudng thang (a) va (b) cat nhau tai O 
va ditctng thang (c) cat mp(a, b) a diem I khac O. Goi M la diem di 
dong tren (c) khac I. Chi'mg minh rang giao tuyen cua cac mat 
pining (M, a), (M, b) ndm tren mot mat phang codinh. 

Gici 

Ta (6 ngay: 

(M,a)n(M,b) = MO 6 (O, c) - co dinh. 
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Vi tl|i 3; Trang mat pitting (a), cho tii gitic ABC’D co AB cat ('D tai E, AC 
cat BD tai F, S la mot diem kitting thuoc (ex). 

a. Tint giao I it yen cua (SAB) va (SCD). 

b. Tint giao tuyen ci’ta (SAC) va (SBD). 

c. Tint giao tuyen aia (SEF) veri cac mat phang (SAD) va (SBC). 

Giai 

a. Ta co ngay S la diem chung cua (SAB) va (SCD). 

Mat khac: 

E e ABc(SAB)=>Ee (SAB). 

EeCDc (SCD) => E e (SCD). 

Vay, ta dirge SE = (SAB) n (SCD). 

b. Tircmg tir eftu a), ta dirge SF = (SAC) n (SBD). 

c. Gia su EF cat AD va BC theo thir tu tai M. N. Khi do: 

• (SEF) va (SAD) co hai diem chung la S va M nen c6 giao tuyc’n la SM. 

■ (SEF) va (SBQ c6 hai diem chung la S vh N nen co giao tuye'n la SN. 

^ Chti y: Trong cSu c) chung ta da sir dung y tircmg trong phin chit $ cua 
bai toan 2 de thuc hien tim diem chung thir hai, cu the: 

■ Trong mat phang (SEF) ta chon duemg thing EF. 

■ Trong mat phing (SBC) ta chon duemg thing BC. 

■ Ta co EF va BC cung nim trong mat phing (ABCD) va EF cil 
BC tai diem N. 

■ Do do N la diem chung cua hai mat phing (SEF) va (SBC). 
Doi vdi vi du tren, dicu nay rat true quan va thay ngay dirge. Tuy 
nhien, mot vai biii loan cac em hoc sinh cin hicu dirge ban chat 
cua van de moi co dirge lua chgn thich hgp. 

Van de 3: TIM GIAO DlkM CUA DUONG THANG VA MA I PHANG 
Phififitg pimp tip dung 

Cho duemg thSng (a) va mit phing (P), gia sur (a) cit (P). De’ tim 
giao die’m A cua (a) va (P), ta lua chon m6t trong hai huefng sau: 

Huong I; Neu trong mSt phing (P) co sin m6t duong thing (c) cit 
(a) tai diem A nao do thi A chinh la giao diem c ua (a) va (P). 
Huong 2:ThUc hien theo cac bude: 

Buocl: Chon mat phing phu (Q) 
chua (a) sao cho giao tuyen 
(c) cua (P) va (Q) d! xac dinh. 

Buoc2: Trong (Q), during thSng (c) 
cat (a) tai diem A nao do thi 
A la giao diem cua (a) va (P). 
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Vi dpi: 11/ir 50 - Sgk): Clin liinli hinh hdnh ABCD mini trout; mat 

phaiii; (P) va diem S mini ngodi mat pining (P). Got M Id diem mini 
gii'fa S vd A; N Id diem mini git'ra S va B: giao diem cua hat dttt'mg 
lining AC vd BD Id O. 

a. Tim giao diem aia difdiig thdng SO vd mat phdng (CMN). 

b. Xdc dinh giao tuyen < ita hai mat pining (SAD) vd (CMN) 


Gd i 

a. Tr >ng mSt phdng (SAC), ta c6: 

K = SO n CM e (CMN) => SO n (CMN) = K 
b Tnng mat phdng (SBD). keo din NK cdt SD tai E. 
Vty, la dirge (SAD) n (CMN) = ME 

^ him xet: Nhu vfly, trong vf du iren: 



a. Vdi eftu a) chung ta da sir dung hudmg 1 dd xac dinh giao 
diem cua dudng thdng vdi mat phdng. 

b. Vice sir dung ket qua a cflu a) giup chung ta nhanli chong 
thuc hien dugc cflu b). Di6u nay cho thay can a) dirge dc 
xuat vdi ggi y dc thuc hien cau b). 

Cac cm hoc sinh edn lam quen ddn vdi vice gap cac bai loan 
khdng co cau ggi y. va khi do dc xac dinh dirge giao tuyen cua 
hai mat phdng cac cm edn linh hoat sir dung kien there trong 
vice xac dinh giao diem cua dudng thdng vdi mat phdng. 


}-idft-2r (Bai 16/tr 51 - Sgk): Cho hinli chop S.ABCD. Goi M Id mfit diem 
mini trong ASCD. 

a. Tim giao tuyen cua hai mat phdng (SBM) vd (SAC). 

b. Tint giao diem eua dudng thdng BM vd mat phdng (SAC). 

c. Xdc dinh thiet dien cua hinh chop khi cal b<n mat phdng (ABM). 


J25 Oidi 

a. 7a kin lugt thuc hien: 

■ Keo d;ii SM cat canh CD tai N. 

■ Noi BN cdt AC tai O. 

Khi do: 

(SBM) n (SAC) = SO. 

b. Noi BM cit canh SC tai I. 

\ ay, ta dugc 1 chinh la giao diem cua BM va (SAC). 

c. "a kin lugt thuc hifin: 

■ Noi A1 cdt SC tai E. 

• Noi EM cdt SD tai F. 


S 



Khi do, cac doan thdng AB, BE, EF, FA la cac doan giao tuyfi’n cua mat phdng 
(ABM) vdi hinh chop. 

v ay, thifi't didn la tu giac ABEF. 
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Vi df 3; Cho hinh chop S.ABCD day Id hinh binli lidnli ABCD. Trong mat 
pitting day ve throng tluing (d) di qua A vd kliong song snug vdi cat 
cqnh cua hinh hinh hdnlt, (d) cal doan BC tai E. Got C Id mat 
diem nam tren cqnh SC. 

a. Tim giao diem M cua CD vd mat pitting (C'AE). 

b. Tint thiet dien cua hinh chop cdt bdi mat pitting (C'AE). 


J&> Giai 

a. Vdi gia thiet (d) cat doan BC tai E thi (d) sc cat CD tai M, 
khi do M chinh la giao diem cua CD va mat phAng (CAE). 

b. Ta tifip tuc thirc hien: 

• N6i MC cat SD tai F. 

• N6i AF. 

Khi do AE, EC, CF, FA la cac doan giao tuyen cua 
mat phang (CAE) vdi c&c mat cua hinh chop. 

VAy, thiet difin la tu giac AECF. 



Yitpli Trong mat phang (a), cho ti(giac ABCD, S la mot diem khdng think 
(a). M Id diem Iren cqnh SC. 

a. Tim giao diem cua AM vd (SBD). 

b. Gqi N la mot diem Iren cqnh BC, tint giao diem cua SD \d (AMN). 


Giai 

a. Chon mat phang phu (SAC) chira AM. 

Goi O la giao did’m cua AC va BD, suy ra: 

(SAC) n (SBD) = SO. 

Trong mat phang (SAC), ta co: 

SO r» AM = O, => AM o (SBD) = O,. 
h. Chon mat phang phu (SBD) chtia SD. 

Goi N, la giao didm cua AN va KD. suy ra: 

(SBD)n(AMN) = N,0,. 

Trong mat phang (SBD), ta co: 

N,0, n SD = D, => SD n (AMN) = D,. 


S 



Van de 4: THltfT DI$N CUA HINH CHOP 
PhtCcmg phap dp dung 

T)4 tim thidt dien cua mot hinh chop vdi mot m3t phang (V), ta thtfc 
hien theo cac btfdc sau: 

Bade 1: Ti r difim chung co sSn, xac dinh giao tuye’n dau tion cua (P) 
ydi mot mat cua hinh chop (co the la mat phang trung gian). 




liitoc 2: Cho giao tuyen vua tim dupe c5t cac canh cua m3t do cua 
hinh chop, ta se difcfc cac diem chung mcti cua (P) vo'i cac 
mat kliac. Tif do, xac dinh dupe giao tuyen vefi cac mat nay. 
Hi/oc3: Tiep tuc nhu tren tOi khi cac giao tuyen khep kin ta dupe 
thidt didn. 


tlu 1: (Bai 15/tr 51 - Sgk): Cho liinli chop S.ABCD. Ba diem A', B\ C' 
Win hart ndm tren ha canh SA, SB. SC. Xac dinh tliiet dien ciia hinh 
chop khi cat bai mat pitting (A'B'C’). S 


Jtti Gidi 

Giri sir AC cat BD tai O. 

Trong mat phAng (SAC), ta co: 

K = SO n A'C’. 

Trong mat phAng (SBD). keo dai B'K cat SD tai D'. 
Vay, ta dupe (A'B’C'D’i la thiet dien can tim. 



^ Main xet: Nhu vAy, dc thuc hicn dirpc yen cAu xac dinh thiet dien trong vi 
du tr6n chung ta da dinh hircmg nhu sau: 

■ Can xac dinh cac giao tuyfn cua mat phAng (A’B’C) voi 
cac mat phAng (SAD), (SCD). Va cong vice nay dupe 
chuyen thanh vice xac dinh giao diem cua duemg thiing SD 
veri mat phAng (A’B’C’). 

■ Cong vice tren la sir met r6ng tu nhien cua yen cAu trong 
bai 11 .a/tr 50 - Sgk da dupe thuc hien a bai toan 3. 


Vi 2s Cho tif dien ABCD. Goi H. K Ian lut/t Id ti ling diem cac canh AC, 
BC. Trong ABCD lay diem M sao cho hai dating thang KM va CD 
ctil nliau. Tim thiet dien cua tif dien vtii mat pining (HKM). 

J25 Gidi 


Goi I = KM n CD. Ta co hai truerng h<rp: 



C C 


Truong hop I\ Diem 1 thuoc doan CD (Hinh a). Khi do ta dupe ba doan giao 
tuydii la HK, KI va 11 1. Do do. thiet dien cAn tim la AHIK. 
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Tntrfng hap 2: Diem I erngoai doan CD (Hinh b). Khi do: 


• Goi M, = KM n BD. 

• Noi IH cat AD tai I,. 

Ta dirge 4 doan giao tuyd'n la HK, KI va IH. Do do, thiet dicn can tim lii iu 
giatHKM,!,. 


^ Nhan xet. Khi thuc hien vi du tren, mol so em hoc sinh tlnrcmg chi dua ra 
dirge mot triremg horp ve thiet dien dua theo tinh chu quan khi 
thicl lap vi tri cua diem M cho hinh ve cua minh. Can luon nho 
rang co ba vj tri tiremg doi cua diem I (I thu6c dirong thing CD. 
I khac C, D) so voi doan thing CD. 

Cac cm hoc sinh hay thuc hien them yeu cAu "Cho hinh chop 
S.ABCD day la tit giac Idi. Goi H, K Win hart Id tiling diem ede 
canh SA, AB. Trong n't giac A BCD lay diem M Tim thiet dien 
cua hinh chop voi mat pining (HKM)." 

Vi du tiep theo sc minh hoa viec xac djnh thiet dicn voi diiMi 
kien djnh lirgng kern theo. 


(Bai 1 S/tr 53 - Sbt): Clio hinh chop S.ABCD day Id tit giac Idi. Mat 
pining (P) di qua SA vd chia day liinli chop thdnh hai plnin cd dien 
ticli bang nhatt. Xdc dinh thief dien cua hinh ( hop khi cat b<h mat 
pining (P). 

Gidi 

Goi I la trung diem BD, dung lx // AC va lx cfit mAl 
trong hai canh CB ho3c CD (gia sir lx cAt CD tai J). D, 

Khi do, tarn giac SAJ la thiet dicn cAn dung. 

Ban doc edn di cluing minh rang "Duong thfing AJ chia 
tii giac ABCD thanh hai ph;in co dien ttch bang nhau". 



^ Hoqt dong: CAc em hoc sinh hay thuc hien thdm yeu cAu "Cho hinh chop 
S.ABC, xdc dinh thiet dien cua hinh chop khi cat bdi mat 
phang (P), biet mat phdng (P) di qua SA vd (Ilia AABC 
thdnh hai plain cd: 

a. Dien licit bang nhau. b. Chu vi being nhau. 

Vi d y 4x Cho tit dien ABCD, do ddi cac canh bang 2a. Goi M, N Win haft Id 
trung diem cac canh AC, BC, goi P Id trong tarn ABCD. Tinli dicn 
ttch thiet dien cua tit dien voi mat phdng (MNP). 

Gidi 

a. Xdc dinh thiet dien: Trong ABCD, ta thay ngay N. P, D thing hang. Suy ra 
MND la thidt didn cAn dung. 
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Tinli (lien tich thiet dien. 

X<ii AMND, (a co ngay: 

MN = — AB = a, v] MN la ducmg Irung hinh 


ND = —— = a>/3 , MD = —— = a V3 . ' 

2 2 c 

vi ND. MD la duong ining ttiyen trong tam giac deu. 

Nhu vayAMND can tai D. goi H la chan dudng eao ha lir D, la dugc: ^ 

S AMN „ = \ MN.DH = - MN VdM ' - MH ; A 

“ ’ M H N 

Nhan xet Nhu vay, di kem voi you cAu xac dinh thiet dien cua hinh chop 
chung la thuimg gap them doi hoi "Tilth dien licit cua thiet dien". 
Va dd tmh dirge dien tich cua thiet dien, chung la tlurcmg thuc 
hicn thco cac birdc sau: 


Rude I: Xac dinh dirge hinh dang diing cua thiet dien. tir do 
thiet liip cong thuc tmh dien tich. (1) 

Rude 2: Sir dung kien thuc trong hinh hoc phAng tmh cac gia 
tri vd do dai doan thAng efin tim hoac s6 do got. (2) 
Rude Thay (2) vao (1), ta nhAn dugc ket qua. 

Tuy nhidn, trong nhurig truimg hop thiet dien khong phai la 
hinh co ban chung ta cAn thuc hicn phep chia nho hinh hoac 
nguydn If phAn bit dd tmh dirge dien tich cua no. 


Vidu 5: (Bai 19/tr 53 - Sbt): Clio tri dien deu ABCD co cac canlt bang a 
Goi I Id ti ling dient cua AD, J Id diem doi xring vdi D qua C, K li 
diem doi xring vtri D qua B. 

a. Tim thiet dien ctia lit dien vdi mat pining (IJK) 

b. Tilth dien tich thiet dien dtfcfc xac dinh dealt a). 


& Gidi 

a. Xac dinlt thiet dien: Ta c6 ngay: 

■ Noi I va K cAt AB tai M. 

■ Noi I va J cAt AC tai N. 

Suy ra AIMN la thiet dien can dung. 

b. Tilth dien tich thiet dien: Didn tich AIMN sc dugc tfnh 
bang cong thuc He-rong. 

Ta Ian lircrt co: 

2 2a 

■ Vi Mlh trong tam AADK nen AM = -j AB = 
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^ Hoqt dong: Trong vi du triroc, vdi thiol dien la lam giac c3n cluing la di 
tmh d6 dai dironig cao ciia no, tir do nhftn dupe dien ii'ch ih ici 
dien. Tuy nhicn, Irong vf du Iren chung la lai sir dung cdng 
Ihirc He-r6ng vdi muc di'ch giup eac em hoc sinh on iAp ihcm 
cac c6ng thirc tmh dien tich lam giac. 

Khi co them kien Ihirc vd phcp chieu Irong khong gian, cac cm 
hoc sinh co the sir dung mol each khac de tmh dicn lich AIMN. 
du fit Cho liinli chop SABCD day Id hinh hinli lidnh lam O. dpi M, N, P 
Ian hrat 1a ti ling diem ciia SB, SD vd OC. 

a. Tim giao tiiyen ciia (MNP) vdi (SAC) vd tim giao diem ciia SA 
vdi (MNP). 

b. Tim ihiet dien ciia hinh chop \Tfi mill pining (MNP). 

c. 77/i/i ly sd mqt phdng (MNP) chia car cqnh SA, BC vd CD. 

£$ Giai S 

a. Ta ldn lupt ihuc hiftn: 

■ Ndi MN cat SO lai O,. 

• Ndi 0,P cdt SA tai S,. 

Vay, la dupe: 

(MNP) n (SAC) = PS,. 

(MNP) n SA = S,. 

b. Ta ldn lupt ihuc hien: 

■ Ndi S,N kco dai cdt AD tai D,. 

■ Ndi S,M keo dai cdt AB lai B,. 

• Ndi B|D) cdt CD, CB thco thu nr lai D-. B,. 
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Kin do. la duoc 5 doan giao tuyen la S,M. MB : , B : D-. D : N va NS,. Do do thict 
dial can lim la da giac S,MB,D,N. 
c. T;j I an lirqn co: 


■ MN la dudng trung binh cua ASBD n6n O, la trung diem cua SO, suy ra: 


PO,//SC=> 

S, A 


PC _ I 
PA ” 3 


■ Xei ASAD vdi S,, N, D, thfmg hang, thco djnh 

I i Mclelaus, la duoc: 

NS D,D S,A _ ] D,D _ I 
ND D,A S^S ~ ^ D^A " 3 

■ Xet ASAB vdi S,, M, B, thang hang, thco djnh 

I I Melelaus, ta duoc: 

MS B, B S, A _ | __ _ I 

MB B^A S,S “ B^A ~ 3 
Tir(l), (2), suy ra: 

BD // B,D, => BjD 2 la dudng trung b'inh cua ACBD 
nen B 2 . D, Iheo tlur tu la trung diem BC, CD 

Do do: 



D,D 

D,C 


= 1 va 


B 2 B 

B,C 


= I. 


^Chii y: Djnh If Melelaus co npi dung nhu sau: "Tien cdc canh AB, BC. CA cua 
A ABC (hour Iren phdn keo ddi cua cluing) lay cdc diem C,. A,, B, lid 

A B B (T (T A 

C,, A,, B, thdnghangkhi vachikhi: — 1 --- ! — = 1 

A,C B,A C,B 


Van de 5: CHONG MINII BA DI^M THANG HANG 

Plutang plidp dp dung 

Di cluing minh 3 didm th5ng hang, ta 
cluing minh chung cung thudc hai m3t 
ph^ng phan biet. Khi do, chung thuoc giao 
tuvd’n cua hai mflt phSng do. 

VI dyt is (Bai 5/tr 50 - Sgk): Clio mat plidng (P) vd ba diem khong thang 
hang A, B, C cung ndm ngoai (P). Cluing minh rang neu ba ditdng 
thang AB, BC, CA deu cat (P) thi cdc giao diem do thang hang. 

Giai 

Gia sir c4c dudng thftng BC, CA, AB lan luot cSt (P) tai D. E, F, ta di chung 
minh ba di^m D. E, F thfrng hang. 
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Trade lien, ta thay ngay ha diem D. K. F thuoc mat 
Mat khac, ta co: 

D e BC c (ABC) =>De (ABC). 

E e CA c (ABC) =>Ee (ABC). 

F e AB c (ABC) => F e (ABC). 

Vay, ta dirge: 

(ABC) n (P) = {D, E, F| => D. E, F thing hang. 

Chii y: Viec chi'mg minh dirge ba diemA. B. C thing hang vbi C co dinh. 
cluing ta tlurc hien dirge yen efiu "Chi'mg minli rang difirng thang 
AB hum di qua min diem cn dinh". 

Vi dg 2: Clio min phdng (P) va 2 diem A. B a) dinh t'r ngodi (P) scio cho 
duemg lliiing AB cat mat phdng (P) tai diem C. M Id diem di dong 
trong khdng gian sao cho MA, MB cat IP) iqi A,, B,. Chitng minh 
A,B, liiim di qua mot diem co dinh. 

& Gidi 

Trade ti6n, ta thay C la mot diem co djnh 
Nhan xet rang: 

(P)n (MAB) = {A,, B,, C} 

=> A,, B,, C thing hang 
o A,B, lu6n di qua diem co dinh C. 

Van de 6: CHUNG MINH BA DUONG THANG DONG QUY 
Phucfng pluip dp dung 

De’ chihig minh 3 dining thing dong quy, 
ta chimg minh giao diem cua hai difdng 
thing nay la didm chung cua hai mat phing 
ma giao tuyd’n la difdng tiling tlu'r ba. 

VxjUlJLz Trong mat phdng (a), cho ABCD, A Id mol diem kliong thude (a). 

Goi E, F, G Ian hurt Id 3 diem Iren 3 cqnh AB, AC, BD sao cho EF 
cat BC tai I, EG cat AD tai H. Chimg minh CD, ICi, HF dong quy. 

£$ Gidi 

Ta c6 thfi trinh bi)y theo cic each sau: 

Cdch I: Goi O la giao difi’m cua HF va IG. Ta co: 

OeHFc (ACD) => O 6 (ACD) 

OelGc (BCD) => O e (BCD). 

Suy ra: 

’ O e (ACD) o(BCD) = CD. 

V(iy, ba dirfrng thing CD, IG, HF dong quy tai 0 
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Cot'll 2- r.oi C) la giao diem ciia HF va CD Ta cd: 

OeUF c(HEF) => O e (HEF). 

O e CD c (BCD) ^Oe (BCD). 

Suy ra: 

O e (HEF) n(BCD) = CD. 

Vay, ba dtrbnig I hang CD. IG, HF dong quy lai O. 

Cot'h Goi O la giao diem cua IG va CD - Ban dot lift hoc hien. 

Mian xet Nhir vay, ba each giai trong vi du tren chi mang tmh minh hoa. 

Vi tlv 2; Clio hinli chop S.ABCD cd day ABCD Id liinli lilting vdi AB Id day 
Ion. Goi M la I rung diem cua doom AB. E Id giao diem cua hai canli 
hen ciia hinh lining ABCD vd G Id trong lam ciia lain gidc ECD 

a. Chong minh rang bon diem S, E, M. G rung lliupc mol nidi 
pining (a) vd mat phdng nay cal cd hai null pining (SAC) vd 
(SBD) theo rung mot giao tuyen (d). 

b. Xtic dinh giao tuyen cua hai null pining (SAD) vd (SBC,’). 

c. Lay mot diem K tren doqn SE vd goi C' = SC r\ KB, D‘ = SD n KA 
Chi’mg minh rang AC\ BD‘ vd dodng lining (d) ndi tren dong 
quy. 

J& Giai 

a. Vi ABCD la hinh thang nen: 

EM di qua taing diem cua CD => G e EM 
=> S, E. M, G cung thuoc mat phAng (a). 

b. Gia su AC cat BD tai O thi O e EM. tir do suy ra ba mat phang (a). (SAC) va 
(SBD) cat nhau theo giao tuyen SO. 

Ta co ngay: 

(SAD) n (SBC) = SE. 

c. Gia sir AC cat BD’ tai O', suy ra: 

O' 6 AC c (SAC) => O' 6 (SAC), A 

O' e BD' c (SBD) => O' e (SBD). 

Tir do. suy ra: 

O' e (SAC) n (SBD) = d. 

YLd*i_3: Trong mat pining (a), clio to gidc ABCD, S Id mot diem kliong tlutqc 
(a). Goi I, J Id hai diem cddinli tren SA vd SC vdi SI > IA va SJ < JC. 
Mot mat pining ([)) quay quanh IJ cat SB tai M. SD tai N. 

a. Clidng minh rang IJ, MN vd SO dong quy (vdi O Id giao diem 
ciia AC vd BD). Suy ra each dong diem N khi hiei diem M. 

b. AD cd/ BC tai E, IN cal MJ lai F. Clu’mg minh S, E, F ilia tig hang. 

c. IN cdt AD tai P, MJ cat BC tai Q. Clidng minh rang PQ lnon di 
qua mot diem cd dinh khi (a) di dong. 
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J&5 Giai 

a. Gia sir IJ o SO = O,. 

Ta c6: 

0, e IJ c (P) => O, e (P), 

O.eSOc (SBD) => O, e (SBD). 

Suy ra: 

O, e (P) n (SBD) = MN. 

Viy, ba ducmg thing IJ, MN, SO dong quy tai O,. 

Nhir viy, khi biet diem M ta chi cin noi MO, cat 
SDtaiN. 

b. NhAn xet rang: 

(SAD) n (SBC) = { S, E, F) => S, E, F thing hang. 

c. Trirdc tien, vi IJ khong song song vdi AC nen: 

IJ n AC = T - la m6t did’m c6 dinh. 

NhAn xet ring: 

P n (ABCD) = |T. P, Q) => T, P, Q thing hang 
<=> PQ lu6n di qua diem c6 dinh T. 

Chu y\ Trong mot sd truong hop chung ta di chung minh ba ducmg thing 
dong quy dua tren tfnh chit diem. 

V i dll ii Cho bon diem A, B, C vd D khong dong pining. Goi G A , G„, G t , G D 
Ian IK0 la trong tarn cua cac tam giac BCD, CDA, ABD, ABC. 
Chung minh rang AG a , BG b , CG c , DG d dong quy. 

J&X Gidi 

Ta co thd trinh biy theo hai each sau: 

Cdch I: Goi M la trung difim CD, ta co nhin xet: 

MG. MG r 1 



MB 


=- =>G a G b //BA. 
MA 3 B 


Goi G la giao diem cua AG a va BG b , ta co: 


G a G GrG G.Gr 


JrVJ = « 

BG 


I 



AG BG AB 3 
Chimg minh tuong tu ta cung nhin duqc khing dinh AG a vii CG c cflng cit 
nhau tai G. 

Vay, ba doan AG a , BG h , CG c , DG d dong quy tai G. 

Cdch 2: Goi G la trong tAm cua tu dicn ABCD (trung diem doan MN). 

Noi AG cit BM tai A', ta can chung minh A' la trong tam ABCD. 
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Ke NN' song song vdi AA' (N' £ BM). khi do: 

NN‘ la dircmg trung binh cua AABA‘ 

=> N'B = N'A’. (1) 

GA' la dirang trung binh cua AN'MN 
=> N'A' = MA'. (2) 

Tir (1) va (2) suy ra BA' = 2MA'. 

Va vi A' thuoc trung tuyen BM cua ABCD nen A' la trong tam ABCD. tuc la 
A' = G a hay not each khac AG a di qua G. 

Chung minh tuerng tir, ta co BG b , CG c - di qua G. 

Vijy, ba doan AG a . BG b , CG c , DG d dong quy tai G. 

V ^n de 7: (BA1 TOAN QUY TICH ): TIM TAP HOP GIAO Dl£M CUA 
HAI DUONG THANG DI DONG 

Phuang phdp dp dung 

Goi M la giao diem hai dtfdng thing di dong (d,), (d 2 ). De tim tap hop cac 
diem M ta thtfc hien theo cac bade sau: 

Iitfdc 1: Phin thudn : Tim hai mit phing c6' djnh lan ludt chufa (d,) va 
(d 2 ). M di dt)ng trGn giao tuydn co djnh d cua hai mSt phSng do. 
Iha'rc 2: Gidihan (ndu co) duoc tap d. 

Bade 3: Phan dao. Goi M la diem bat ky tren d, ta di cluing minh M la 
giao diem cua hai duo'ng thing (d,) va (d 2 ). 

B ude 4: Kdtluan. 

^ Chu y: Neu (d) di ddng nhung luon di qua diem co dinh A va cat dirdng tiling 
cd dinh (a) khong qua A thi d thude mat phang c6’ dinh (A, a). 

Vi do lj Trong trial phang (a), cho nr giac ABCD cd AB vd CD klwng song 
song. S Id mol diem khong thuoc (a), M Id diem di dong Iren canh 
SB. Mat phang (ADM) cat SC tai N. Tim lap hap giao diem cua 
AM vd DN. 

JgS Gidi 

Phan thudn: Ta co: 

AM c (SAB) - co dinh. 

Mat khac, vi DN di qua diem co dinh D va 
cat ducfng thang cd dinh SC nen: 

DN c (SCD) - cd djnh. 

Gia su AB cit CD tai O, ta co ngay: 

(SAB) n (SCD) = SO. 

Vay. tip hup giao diem P ciia AM va dinh nghia thuoc duung thing SO. 
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•Gidi han: Khi M di chuyen tren canh SB thi P di chuyen Iren doan SO. 

Phdn ddo: Goi P la diem bat ky Iren SO. 

■ N6i AP cat SB tai M. 

■ Noi DP cat SC tai N, N la giao did’m cua mat phang (ADM) v<Vi SC vi, p 
chfnh la giao dia’m cua AM va DN. 

Ket Ilian : Vay tap hop cac dia’m P la doan SO. 

Vi d 42 i Trong mat pliang (a), cho tit gidc ABCD, AB va CD keo ddi cat 
nhau tai E, AD va BC keo ddi cdt nhau tai F va AD < DF. S Id mot 
diem khong thudc (a). Goi I, J Ian heat Id trung diem cua SA. SB. 
(a) Id mat phdng di dong qua IJ. (a) cat SC, SD Ian loot tai M. N. 

a. Chihig minh rang IJ, MN, SE dong quy. 

b. M chuyen dong tren phdn ndo cua canli SC? 

c. Tim tap hop giao diem cua IM va JN. S 

d. Tim lap hop giao diem cua IN 

Jg$ Gidi 

a. Goi K = IJ n MN, ta co: 

K e IJ c (SAB) =>Ke (SAB). 

K e MN c (SCD) => K 6 (SCD). 

Do do K e SE = (SAB) n (SCD). 

Vay, ba dircmg thang IJ, MN, SE dong quy 

b. N6’i KD cat SC tai M 0 . Vi N chay trdn car 
nen tia KMN quet goc SKD , do do M chay tir 
M 0 vi khi d6 (a) mdi cat canh SC, SD. 

c. Goi P = IMn JN. Ta di tim tap hop dia’m P. 

Phdn thuan: Ta co: 

PelMc (SAC) => P e (SAC). 

P e JN c (SBD) => P e (SBD). 

Do d6: 

P e SO = (SAC) n (SBD). 

Gidi han: Noi DJ cat SO tai P () . Vi N chay tren canh SD ndn tia JPN quet goc 
SJD, do do P chay tu S den P 0 vi khi do (a) moi cat canh SC, SD. 

Phan ddo. Goi P la dia’m bat ky tren SP 0 . Noi JP cat SD lai N, n6i IP cat SC tai M. 
M, N la giao diem cua mat phang (IJMN) qua TJ vdi cac canh SC, SD va P chinh 
la giao did’m cua IM va JN. 

Ket lucin: Vay tap hop cac diem P la doan SP 0 tren SO. 

d. Goi Q = IN n JM. Ta di tim tap hop diem Q. 

Phdn thuan: Ta co: 

Q e IN c (SAD) =>Q e (SAD). 

QeJMc (SBC) => Q e (SBC). 
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Do do: 

Q e SF = (SAD) n (SBC). 

Oii'i /tun: Vi AD < DF. nen tia lx song song vdi SF va cAt canh SD tai N, VAy f' 
chiiy iu S tdi N (l . Noi TN„ cAt SF tai F„, do do Q chay tu S den F n . 

Phan ddo: Goi Q la diem bat ky Iren SF„. Noi IQ cAt SD tai N, noi JQ eAt SC a 
M. M. N la giao diem cua mat phAng (IJMN) qua IJ vdi cac canh SC, SD va Q 
chinh la giao diem cua IN va JM. 

Ket linin'. Vay tAp hop cac diem Q la doan SF ( , trfin SF. 

BAI TAP TIIGIAI 

Bai lap I: Ve hinh bieu didn cua: 

a. Hinh lang tru dung ABC.A,B,C, 

b. Hinh lang tru dung ABCD.A,B,C,D, vdi ABCD la hinh theng ( AB // CD). 

c. Hinh chop dcu S.ABC. 

d. Hinh chop deu S.ABCD. 

Bai lap 2: Trong khong gian cho n diem phim biet va khong :o ba diem iac 
thAng hang. 

a. Hoi co the tao duoc bao nhieu dudng thang tir n diem do? 

b- Hoi co the tao duoc bao nhieu mat phAng tit n diem do? 

Bai lap 3: 

a. Cho vi du ve bon diem khong ciing nam tren mot mat phatg. 

b. Em hay giai thich vi sao do vAt co 4 chan thudng bi cap k^nh. 

Bai tap 4: 

a. Muon xac dinh giao tuyen cua hai mat phAng phAn biet thi ta c^n tim >ac 
nhidu diem chung cua chung? 

b. Chung ta co the ket hi An dupe dieu gi khi bifit ba diem phin bitet A. B, ( 
dfiu thuoc hai mAt phAng phan bidt (P) va (Q)? 

Bai lap 5: 

a. Neu phuemg phap de chung minh dudng thang (a) thupc nat plhAuig (P) 

b. Neu biet A e (a) va (a) a (P) thi co the ket luAn dupe ring A •: (P)i hay kho;g? 

Bai tap 6: 

a. Co hinh chop nao ma so canh (canh ben va canh day) cui no la mot s 1 < 
khong? Tai sao? 

b. Hinh chop co 10 canh thi co bao nhieu mat? 

Bai tap 7: Trong mat phAng (a), cho hai nira dudng thang songsonig Ax, B; V 
va N la hai diem Ian lupt thupc Ax va By; M * A va N *■ B. C la tdiem co ini 
khdng thupc (a). 

a. Oiling minh rAng bon dicim O, A, M. N khong dong phAig. 

b. M, N di dong, chung to rAng dudng thAng OI noi O vdi truing diem lai 
MN nAm trong mat phAng co dinh. 

c. M, N di dpng nhung AM + BN co gia tri khdng ddi. Chding minh in. 
mat phAng (OMN) luon chua mot dudng thAng co dinh. 



Bai tap 8: Cho bd'n didm A, B, C, D khong dong phAng. Goi M, N kin luut la 
trung diem cua AC va BC. Trdn BD lay diem P sao cho BP = 2PD. 

a. Tim giao diem cua dudng thAng CD vdi mAt phAng (MNP). 

b. Tim giao tuyen cua hai mAt phAng (MNP) va (ACD). 

Bai tap 9: Trong mat phAng (rx), cho AABC, D la mot diem khong thuoc (a). M la 
mdt diem bdn trong AABD, N la mdt didm ben trong AACD. 

a. Tim giao tuyen cua (AMN) va (BCD). 

b. Tim giao tuyd'n cua (DMN) va (ABC). 

Bai tap 10: Trong mat phAng (a), cho AABC, D la mot diem khong thuoc (a). O la 
diem ben trong ABCD, M la diem trdn AO. 

a. Tim giao tuyen cua (MCD) vdi cac mat phAng (ABC) va (ABD). 

b. Cho I, J la hai diem trdn BC va BD. Tim giao tuyen cua (IJM) va (ACD). 

Bai tap 11: Trong mat phAng (a), cho AABC, D la mdt didm khong thuoc (a). Qua 
C dung mat phAng (y) cAt AB, BD tai C,, C 2 , qua B dung mat phAng ([)) cat AC’. 
CD tai B,, B,. BB,, CC, cAt nhau tai O,; BB 2 , CC 2 cAt nhau tai 0 2 . Gia su 0,0 2 keo 
dai cAt DA tai 1. 

a. Chung minh AO,, D0 2 , BC dong quy. 

b. Chung minh I, B,, B 2 va I, C,, C 2 thAng hang. 

Bai tap 12: Cho bd'n didm A, B, C, D khong d6ng phAng. Goi 1, J la hai didm c6‘ 
djnh trdn AB, AC vA IJ khong song song vdi BC. (a) la mAt phAng quay quanh IJ. 
(a) cAt CD, BD lAn luut tai M, N. 

a. Chung minh rAng MN luon di qua mot didm c6 dinh. 

b. Tim tAp hup giao didm cua IM va JN. 

c. Tim tAp hup giao diem cua IN va JM. 

Bai lap 13: Cho hinh ch6p S.ABCD day 1A hinh binh hAnh. Goi M 1A trung didm 
SB, G 1A trong tAm ASAD. 

a. Tim giao did’m I cua GM va mAt phAng (ABCD). Chung minh rAng CD 
nAm trong mAt phAng (CGM). 

b. Chung minh rAng (CGM) di qua trung did’m cua SA. Tim thiet dicn cua 
hinh chop cAt bui (CGM). 

c. Tim thid't didn cua hinh ch6p cAt bui (AGM). 

Bai tap 14: Cho tu didn ABCD cd d6 dAi cac canh bAng a. Goi I, .1 lAn luut IA 
trung diem cua AB va CD. Goi G la trong tAm AACD 

a. Tinh do dai IJ. 

b. M la didm di d6ng trdn doan BC. Tim tAp hup giao diem N ciia AM va 
(ICD). 

c. Xac djnh thiet dien cua tu’ dien vdi (1GM) khi M la trung diem cua BC 
Thiet didn trong la hinh gi? Ttnh dien tich cua no. 

d. Ti'nh cac ti s6' mA (IGM) chia cac canh CD va AD. 
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HAI Dl/CtNG THANG SONG SONG 
A. TOM TAT LI THUYfiT 

1. VITRI TLfCTNG D6l CUA HAI DUtfNG THANG PHAN BI$T 

Cho 2 duong thAng (a) va (b). CAn cur vao su d6ng phAng vA so diem chung 
ci'ia 2 duong thAng ta co bon trircmg hop sau: 

a. Hai (lifting lining song song: cung nam trong m6t mat phang va kh6ng co 
diem chung, tdc la: 

f(a)c(P)va(b)c(P> 

(a) // (b) <=> < 

[(a)n(b) = ^ 

b. Hai ilifting thang cat nhau: chi co mot diem chung. 

(a) c&t (b) <=> (a) n (b) = 11). 

c. Hai ilifting thang ti ling nhau: co hai diem chung phAn biet. 

(a) r\ (b) = | A, B| <=> (a) s (b). 

d. Hai (lifting thang cheo nhau: khdng cung thuoc mot mat phang. 

(a) chco (b) <=> (a), (b) khong dong phAng. 



(a)//(b) (a)cAt(b) a=b (a),(b) cheo nhau 


2. HAI DIKING THANG SONG SONG 

Tinh chat I : Trong khong gian, qua mot diem nam ngoai mot dating thiing co mot 
vd chi mot dating thang song song vtii dating thang do. 

Tinh chat 2: Hai dating thang plain biet cling song song vtii mot dating thang thlf 
ba tin song song vtii nhau. 

^ Whan xet: Tinh chA't trdn cung cap cho chung ta them mot phuong phap 
de chung minh hai duong thang trong khong gian la song 
song v6i nhau. 

tlinh H (Ve giao tuyen cua ba mat phang): Neil ba mat pining doi mot cat nhau 
tlieo ba giao tuyen phan biet tin ba giao tuyen ay hoqc dong quy hoqc 
doi mot song song. 

He qua: Nett hai mat phang Ian laot di qua hai dating thang song song thi giao 
tuyen cua cluing (neii co) song song vtii hai dating thang do (hoqc 
ti ling vtii mot trong hai dating thang do). 



b. phi/ongphApgiaitoAn 

Van de 1: CHttNG MINH HAI DUONG THANG CHEO NHAU 
Phitrmg plidp dp dung 

De chiing minh hai dtfdng thang (a), (b) cheo nhau, ta thiro'ng sii dung 
phuUng phap chifng minh phan cluing, cu the’ ta thtfc hien theo cac budc: 
Brfoc 1: Gia sir (a), (b) kh6ng cheo nhau, tut la co m6t mat ph3ng 
(P) chifa ca (a) va (b). 

Bitcfc 2: Suy ra m6t ket luan v6 ly (trai vcti gia thiet hoSc trai voi 
cac ti£n dd, cac dinh li). 

Bade3: Kd’t luan r3ng hai dudng th3ng (a), (b) cheo nhau. 

Vidji lJ (Bai 18/tr 55 - Sgk): Clio tit dien A BCD. Goi M, N Id liai diem phan 
biet rung thupc difdng thang AB, P, Q Id hai diem phan biet ciing 
thude dudng thang CD. Xet vi tri titang doi etta hai dining lining 
MQ, NP va vi tri tiffing doi ciia hai dining thang MP, NQ 

JS$ Gidi 

a. Hai dudng thang MQ. NP cheo nhau, bdi neu trai 
lai tu:c 1 k: 

MQ va NP ddng phAng 
=> Bdn diem M, N, P, Q dong phAng 
=> MN va PQ d6ng phAng 
=> AB va CD dong phAng, didu nay la m^u thuan. 
h. Hai dudng thang MP, NQ cheo nhau, bdi nfeu trai lai tuc la: 

MP va NQ d6ng phAng => bon diem M, N, P. Q dong phAng 
=z> MN va PQ ddng phang => AB va CD dong phAng 
dicu do la mAu thuAn. 

\i dp 2: Clio hai dttdng tlidng cheo nhau (a), (b). Tien (a) lay hai diem 
phan biet A, B; tren (b) lay hai diem phan biet C, D. 

a. Chifng minh rang AC vd BD cheo nhau. 

b. M Id mot diem tren canh AC, N Id mot diem tren canh BD. MN 
co the song song v<ii AB hocic CD ditctc khong ? 

c. O Id diem tren doan MN. Chifng minh rang AO cdt CN, vd BO 
cat DM. 

Jg$ Gidi 

a. Gia su AC va BD khdng cheo nhau, suy ra: 

AC va BD ddng phang => AB va CD ddng phang didu nay mac thuan vdj 
gia thiet. 

VAy, ta co AC va BD cheo nhau. 
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b. MN khong nd song song voi AB hoac CD hoi: 

■ Neu MN// ABlhi: 

VIN va AB dong phfing 
AM va BN dong phang 
=> AC va BD dong phang 
dicu dd man ihuAn. 

■ Neu MN //CD ihl 

MN va CD dong phang ^ 

=> CM va DN done phang 

AC va BD dong phang. inftu ihuan. 

c. Ta Urn lirot: 

• Chung minh AO cal CN: Ta co: 

0 € MN => 0 e (CMN) va A e CM => A e (CMN) 

=> AO va CN dong phang. 

Ngoai ra, AO va CN khong the song song vdi nhau bdi neu: 

AO // CN => O nam ngoai doan MN. mSu thuAn vdi gia thid't. 

Vay. ta co kct luan AO cat CN. 

■ Tmrng tl ta chirng minh dupe BO cat DM. 

Van dc 2: ( HUNG MINH HAI DtfflNG THANC. SONG SONG 
Phttrmg phdp dp dung 

Dri chUng minh hai during thing song song vcVi nhau ta co the sir 
dung mot trong cac each sau: 

Cdch I: Chung minh 2 during thing do dong phSng, rrii ap dung 
phuung phap chUng minh song song trong hinh hoc 
phing (nhu tinh chat during trung binh cua tarn giac, dinh 
1 Talct dao, Hiih chat song song cua hai during thing cung 
curing goc vrii during thing thu ba,...). 

Cdch 2: Chung minh 2 during thing do cung song song vrii during 
thSng thu 3. 

Cdch .1: Ap dung dinh li ve giao tuyen. 

Chu y: Trong mot vai tnrbng hop dac thu chiing ta can ket hop each 1 va 2. 
Cu thd, de chirng minh (a) // (b) ta di chi'rng minh no cimg song 
song voi (c), trong do vice chtrng minh (a) // (c) hoac (h) // (c) 
dupe sir dung y tuong cua each 1. 

Vi du 1; Cho hinli chop S.ABCD. Gpi I. J Ian hren Id trong tarn ASAB vd 
ASAD. Chirng minh rang IJ I I BD. 
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JSS Gidi 

Goi M, N theo thii tir la trung diem cua AB, AD, ta co: 


si 0 ST 2 

— - = — vA — = — => IJ // MN. (1) 

SM 3 SN 3 

Mat khac, trong AABD ta co MN la dirimg 

n/j// 

y\ 

trung binh nen: 

U { J r 

i i \ / 

MN // BD. (2) 

\ / 

A/ 

Tir (1) vA (2) suy ra: 

\[^> 


IJ // BD, dpcm. 

A 


Vi 2i Clio hinh chop S.ABCD day ABCD Id hinh thang vrii cdc canh day 
AB va CD (AB > CD). Goi M, N Ian lifot Id trung diem cua SA, SB. 

a. Cluing minh rang MN // CD. 

b. Tim giao diem P cua SC va mat plidng (ADN). 

c. Keo ddi AN vd DP cat nhau tai I. Cluing minh rang SI // AB I I CD. 
Tiigiac SABI Id hinh gi'i 

Gidi 

a. Trong ASAB, ta co MN dircmg trung binh ncn: 

MN//AB. (I) 

Mat khac, hinh thang ABCD day AB, CD ndn: 

AB//CD. (2) 

Tir (1) va (2) suy ra MN // CD. 

b. Goi E = AD o BC. 

P = SC n EN c (ADN) 

=> P = SC n (ADN). 

c. Ta co: 

I AB g (SAB) va CD g (SCD) 

Jab//CD => SI //AB//CD. 

I (SAB) r\ (SCD) = SI 
NhAn xet rang: 

MN = — SIvaMN = — AB=>SI = AB o SABI la hinh binh h&nh. 

2 2 



^ Nhan xet : CAu c) cua vi du tren da minh hoa cho cac em hoc sinh biet 
cdch trinh bAy khi sir dung dinh H v6 giao tuyd'n d6‘ chung 
minh ba (hoac hai) dircmg ihftng song song. 

Cac vf du ticp theo se minh hoa viec sir dung ttnh chat song 
song cita hai dircmg thAng trong khong gian dc giai toan. 
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Vi dyi 3; Clio lit dien A BCD. Goi M, N, P. Q. R. S Ian hurt Id trung diem cua 
cite doom thang AB, CD. BC, AD. AC. BD. Cluing mi nil MPNQ lit 
hinh binh hdnli. Tif do, suy ra 3 doom MN, PQ. RS ding quy mi 
trunif diem G cua nidi doom. Diem G dtft/c goi Id trpng tarn cua tif 
dien ABCD. A 

Jstf Gnii 

Tif gi;'t thiet la c6 ngay: 

// I 'I 

MP = - AC va NQ = - AC 

2 2 

=> MP = NQ <=> MPNQ la hinh binh hanh 

Tif ket qua do, suy ra MN va PQ cat nhau tai trung diem m6i doan. 

B:\ng each lap luitn tirotig lir nhu tren. chung ta cung co MRNS la hinh binh 
hanh, tif do suy ra MN va RS c.it nhau tai trung diem moi doan. 

Vay, ba doan MN, PQ. RS dong quy tai trung diem G cua m6i doan. 



Vi dv 1: (Bai 22/tr 55 - Sgk): Goi G lit trpng him cua tif dien ABCD. 

a. Chifng minh rang difefng lining di qua diem G va mot dinli cia 
lit dien se di qua trpng him i lia mat dot dien viri dinli ay. 

b. Goi A' Id trpng tarn cita ABCD. Cluing minh rang GA = 3GA'. 

go Gidi 

a. N6i AG cat BN tai A', ta c^n chung minh A' la trpng 
tarn ABCD. 

Ke MM' song song vdi AA' (M‘ e BN), khi do: 

MM' la duemg trung binh cua AABA' 

=> M B = M'A'. (1) 

GA' la duemg trung binh cua AM'MN 
=>M'A' = NA'. (2) 

Tif (1) va (2) suy ra BA' = 2NA'. 

Va vi A' thuoc trung tuyen BN cua ABCD nen A' la trpng tarn ABCD. 

b. Xct AABA' voi M, G, N thang hang, theo dinh li Melelaus, ta dupe: 



MB GA NA' 
MA GA' NB 


= — o GA = 3GA', dpem. 
GA' 3 


V an de 3: TIM (JIAO TUYfcN CUA HAI MAT PHANG 

THlfcT DI$N CHITA MOT DUONG THANG SONG SONG 
VC1I MOT DUONG THANG CHO TRUOC 

Plufc/ng phdp dp dung 

1 DO tim giao tuyen cua 2 m3t ph3ng ngoai phtfcfng phap " Tim 2 diem 
chung cua 2 mStpining', ta su dung djnh li vo giao tuyen, nhuf sau: 
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Bifdc 1: Chi ra rSng (a), (P) lSn lirdt chura hai dtfcfng th.ing song 
song (a) va (b). 

Bifdc 2: Tim mot diOm chung M cua hai m5t phing. 

Bifdc 3: Khi do (a) o (p) = Mx // (a) // (bj. 

2. Thiet dien cit bdi mdt mat phing chtfa m6t di/dng thing song song 
v6i m6t dudng thing cho trudc dtfdc xac dinh b3ng each phoi hop 

hai each xac dinh giao tuyen da bi£’t. 

Vi dy Ii (Bai 20/tr55 - Sgk): Cho n'r dien ABCD vd ho diem P, 0- R bin hr,ft 
ndm Iren cgnh AB, CD, BC. Hay xac dinh giao diem S ciio unit 
phony (PQR) vdi cgnh AD new. 
a. PR //AC. b. PR cit AC. 

Giai 

a. Ta co: 

(ABC)o(ACD) = AC 
(ABC,n(PQR, = PR ^ 

(ACD)n(PQR) - Qx 
PR // AC 

Gia sirQx cftl ADtai Sthi S chfnh la giao dic’m cua (PQR) voi canli AD. 

b. Ta co: 

(ABC)n(ACD) = AC 
(ABC)r\(PQR) = PR 
(ACD)n(PQR) = Qx 
PR n AC = {1} 

=> Qy, PR va AC dong quy tai 1. 

Gia sir Qx ci\t AD tai S thi S chinh la giao diem cua 
(PQR) vdi canh AD. 

y. Hy 2 t Cho nr dien ABCD, ede cgnh hang nhau vd bang 6a. Goi I, J bin 
hatt Id trung diem cua AC, BC. Goi K Id mdt diem Iren cgnli BD vdi 
KB = 2KD 

a. Xac dinh thiet dien cua tir dien vdi mat phdng (IJK). Chi'fng 
minh thiet dien Id hinh thang can. 

b. Tilth dien licit thiet dien theo a. 

Gidi 

a. Ta co: 

(ABe(ABD) va IJ e (IJK) 

AB//IJ => Kx //AB//IJ. 

|(ABD)r'\(IJK) = Kx 
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Gia sir Kx cal AD llico thu tu lai H. Khi do la duoc 4 doan giao tiiycn ia IJ, 
IH. HK va KI. Do do thict dien la hinh thane IJKH. 

Mai khiic. ta I hay ngay: 

\ACD = A BCD => IH = JK 
Vay. Ihiet dien IJKH la hinh thang can. 
b Tiong \ABC. la cd: 


H 


K 


IJ = - AB = 3a. 


Trong \ABD. la cd: 


HK KD 1 „„ I , D ^ 1 

AB BD 3 

Tiong ABJK, taco; 

B.l = 3a, BK = 4a 

JK = BJ : + BK : - 2RI.BK.cos K BJ = (3a) : +■ (4a) : - 2.3a.4a.cos6(/ 1 = 13a : 
=> JK = as/n . 

Xet hinh thang IJKH. ha dirdng cao KP, ta cd: 

( IJ - HK V aV m 


Kl’= VjK : -PJ ; = ^JK--I - 


J 


S„kh=-(” + HK).KP=-(3 


- 1 3 a + o-,\ 

- _ . a + _a . ^ - 4 


^ tXhan xet: Tiong lai giai cau b), vl thict dien IJKH la hinh thang can nen 
vific tinh dien Itch ctia no kha don gian. 

Tiong nhan xet nay, cluing ta cung xem xet mdt 
di xuat khac dc tinh duoc dien tich ihiet dien va 
no dac biet co fch trong tnrdng hap thict dien la 
nhfmg da giac khong cd dang dac thu. 

Kco dai IH va JK, chung cat nhau tai Q. 

Khi do S,, K „ = S\qu — S\q HK . 

Vid|i 3; ('ho hinh chop S.ABCD, day ABCD Id hinh vudng canh bang a, 
mat ben SAB Id tarn gidc den. Cho SC = SD = a V3 . Got H, K Ian 
heat Id ti ling diem nut SA, SB. M Id mot diem Iren canh AD. Mat 
phang (HKM) cat BC lai N. 

a. Chung minh HKMN Id hinh thang can. 

b. Ddt AM = x (0 < x < a), tinh dien Itch ctia id gidc HKMN theo 
a, x. Tinh x de dien tich nay nho nhdt. 

c. Tim tap hup giao diem ctia HM va KN; ctia HN va KM. 
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En E 


£$ Gidi 

a. Ta c6: 

(KHe(MNKH) vk ABe(ABCD) 

|kh//ab 

[(MNKH)n(ABCD) = MN 

=>MN//AB//KH. (1) 

Mat khac, la lai co: 

ASAD = ASBC (c.c.c) => SAD = SBC 
=> AHAM = AKBN (c.g.c) 

MH = NK. (2) 

Tir (1) va (2) suy ra MNKH la hinh thang can. 

b. Ta co ngay MN = a va KH = — AB = — . 

2 2 

Trong ASAD, ta co: 

- SA 2 +AD 2 -SD 2 a 2 + a 2 -3a 2 
COS SAD = - = --- ; 

2SA.AD 2a 2 

Trong AHAM, ta co: 

MH 2 = AH 2 + AM 2 - 2AH.AM.cos HAM 

a 2 , _ a 1 , a' , ax 

= — + x - 2. - .x.(— ) = — + x- + — 
4 2 2 4 2 



M P 


=> MH = — V4x 2 +2ax + a 2 . 

2 

Trong hinh thang can MNKH, goi P la chan dirong cao ha til H. ta co 

hp= Vmh 2 -MP 2 


=, MH- - 


MN-HKV 1 


= — V 16x 2 - Rax +3a 2 

4 


Smnkh = “ (MN + KH)HP = -(a+ -).- Vl6x 2 -8ax + 3a T 


2 

- — 
~ 16 

Ta c6 bien d6i: 


yj 16 x 2 - 


Sax +3a' 


c 3a [— 75 r~T . 3a 2 V? 

S M nkh= 77 v( 4 x-a) 2 +2a' > — 77 -. 

3a 2 V2 


16 


16 


V&y, ta diroc (S M 


H'Min — 


16 


dat duoc khi x = — . 

4 


c. Huong dan: QuT rich la doan SE n tren St // AD. 
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BAI TAP TIT GIAI 

Bui lap 1. Cho hai dubng thing (a) va (b) cheo nhau. Co hay khbng hai dubng 
th&ng (p) va (q) song song vbi nhau, m6i dubng thing deu cat ca (a) va (b). 

Bu ■ lap 2. Qua diem M khbng thuoc dubng thang (a) ke dubng thang (b) song 
song vbi ( a). Chung minh rang (b) c (M, a). 

Bai lap 3. Cho dubng thang (a) nim trong mat phang (a) va mot dubng thang (b) cat 
(a t tai diem O. Ou'mg minh rang neu diem O khbng thuoc (a) thl (a) va (b) cheo nhau. 

Bi«i tap 4. Chung minh rang co vo so dubng thang cat ca 3 dubng thang cho 
trubc doi mot cheo nhau. 

Bai tap 5. Cho tu dien ABCD. Cac diem P, Q Win lupt la trung dibm cua AB va 
CD; diem R nim tren canh BC sao cho BR = 2RC. Goi S la giao dibm cua mat 
phang (PQR) va canh AD. Chung minh rang AS = 2SD. 

Bai lap 6. Cho tir dien ABCD. Bon diem P, Q, R, S Ian lupt nam tren bon canh AB, BC. 
CD. DA va khong trung vbi cac dinh cua tir dien. Quiug minh rang: 

a. Bon dibm P, Q, R, S dong phang khi va chi khi ba dubng thang PQ, RS, 
AC hoac doi mot song song hoac dong quy. 

b. Bon diem P, Q, R, S dbng phang khi va chi khi ba dubng thang PQ, RS, 
BP hoac doi mot song song hoac d6ng quy. 

Bai lap 7. Cho AABC nam trong mat phang (a). Goi Bx. Cy la hai nua dubng 
thang song song va nam ve cung mbt phta doi vbi (a). M va N la hai diem di dong 
ISn lupt trdn Bx, Cy sao cho CN = 2BM. 

a. Clhbng minh rang dubng thang MN lubn di qua mbt dib’m c6 djnh I khi M, 
N di dong. 

b. E thubc doan AM va 3EM = EA, IE cat AN tai F. Goi Q la giao dib’m cua 
BE va CF. Chung minh rang AQ song song vbi Bx va Cy va (QMN) chba 
m bt dubng thang cb dinh khi M, N di dbng. 

Biti tap 8. Cho hinh chop S.ABCD day la hinh binh hanh. Goi M, N, P, Q Ih cac 
difim liin lupt trbn BC, SC, SD, AD sao cho MN song song vbi BS, NP song song 
vbi CD, MQ song song vbi CD. 

a. Chtfng minh rang PQ song song vbi SA. 

b. Goi K la giao dib’m cua MN va PQ. Chung minh ring dibm K nim trbn 
mbt dubng thang cb' djnh khi M di dong tren BC. 

c. Q>ua Q dung cac dubng thing Qx song song vbi SC va Qy song song vbi 
SB. Tim giao die’m cua Qx vbi (SAB) va cua Qy vbi (SCD). 

a u y 
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Bai tap 9. Cho hinh chop S.ABCD day ABCD la hinh b'mh hanh. Tren doan -SA 
lAy di6m M sao cho 2SM = MA, tren doan SB lay diem N sao cho 2SN = NB. 

a. Tim giao tuydn cua hai mat phAng (SAD) va (SBC). 

b. Chung minh rang MN song song vdi CD. 

c. Difi’m P nAm trdn canh SC khong trung vdi S. Tim giao tuyln cua hai mat 
phang (MNP) va (SCD). 

Bai tap 10.Cho hinh chop S.ABCD, day ABCD la hinh thang, cAc canh day AD = a. 
BC = b. Goi I. J Ian luot la trong tarn cac ASAD. ASBC. 

a. Tim giao tuyen cua (SAD) vdi (SBC). 

b. Tim giao tuyen cua (BCI) vdi (SAD). 

c. Tim giao tuyen cua (ADJ) vdi (SBC). 

d. Tim dc) diti doan giao tuyd'n cua hai mat phang (ADJ) va (BCI) gidi han 
bdi hai mat phAng (SAB) va (SCD). 

Bai tap 11. Cho hinh chop S.ABCD ddy la hinh thang vdi cac canh day la AB. CD. 
Goi I, J lAn lum la trung diem cua AD va BC va G la trong tarn ASAB. 

a. Tim giao tuyS'n cua (SAB) va (IJG). 

b. Xac djnh thid't difin cua hinh chop vdi mat phang (IJG). Thifi't dien la 
hinh gi? Tim difiu kifin dd'i vdi AB va CD d£ thi6't didn la hinh hinh hanh. 

Bai tap 12. Cho hinh chop S.ABCD, day ABCD la hinh vuong canh a, lAm O. 
Mat bdn (SAB) la tarn giAc d6u. Ngoai ra SAD = 90". Goi Dx la dirtmg thang qua 
D song song vdi SC. 

a. Tim giao diem I cua Dx vdi mat phang (SAB). Chung minh AI song song 
vdi SB. 

b. Tim thid't dien cua hinh chop vdi mat phAng (ACI). Ti'nh didn tfch cua 
thifi't di6n. 

Bai tap 13. Cho hinh chop S.ABCD dAy ABCD la hinh binh hanh. I. J lAn luot la 
trung diem cua SB, AB. M la mdt diem bat ky trdn nira dirdng thang Ax chda C. 
Bidn luAn theo vi tri cua difim M tren Ax cac dang cua thiet dien cua hinh chop 
cat bdi mat phang (IJM). 




cut’ »fi 3 DLfdNG THANG SONG SONG 
vdi mAt phAng 

A. TOM tAt LI THUYfiT 

I. V| TRI' Tl/ONG B<5 i CUA Dl/CJNG THANG VA MAT PHANG 

Cho duimg thAng (a) va mat phAng (P). Can cir vao so diem chung cua dircmg 
th;«ng va mat phAng ta c6 ba truong hop sau: 

a. Dufrng thAng (a) va mat phAng (P) khong co diem chung, tire la: 

(a) r> (P) = 0 o (a) // (P). 

b. Dtrimg thAng (a) va mat phAng (P) chi co mot difi’m chung. toe la: 

(a) (P) = | A) (a) cAt (P) tai A. 

c. Duong thAng (a) va mat phang (P) co 2 diem chung phan biet, turc la: 

(a) n (P) = {A, B} <=> (a) c (P). 


(aV'VP) = 0 (a) // (P) (a)o(P) = (A) <=>(a)cat(P) (a)r>(P)=| A, B) <=>(a)c:(P) 

Dinh nghla: Mot dieting thong va mot mat phang goi la song song vtii nhau nett 
cluing khong t o diem chung. 

2. Dl£u KI$N Dfi M0T Dl/tfNG THANG SONG SONG VCflM0T MAT PHANG 

Dinh li I: Ne'u dieting thong (a) khong nam trong mat phang 
(P) va song song vtii mot dieting thang ndo do trong 

(P) thi (a) song song vtii (P). _ l ' _ 

Tile la, voi (a) <z (P) thi ndu: 

(a) // d c (P) => (a) // (P). ^ d y 

3. TiNH CHAT 

Dinh li 2: Ne'u dieting tbeing (a) song song vtii mat pining (P) thi moi mat pitting 
(Q) eh tea (a) ma cat (P) thi se ceil theo mot giao tityen song song vtii (a). 

Tuc la, neu: gy 

|(a)//(P) , ...... _ 

{ =>(a)//(d). - 7 

l(a)c:.lQ)n(P) = (d) yt -(T/ 
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He qua 1: Neu mol ditdng I hang song song vdi mol mat pitting thi no song smug 
vdi mot ditdng lining ndo do trong mat pitting. 

He qua 2: Nett Inti mat phdng phdn biet citng song song vdi mol ditdng lining ilti 
giao tuyen (neu co) cua cluing song song vdi ditdng lining do. 


Ttic I&: 

’sTT’ 


f(P)o(Q) = (d) d 



(P)//(a) => (d) // (a). 



[(Q)//(a) 




ftinh H 3: Nett (a) vd (b) Id hai ditdng lining cheo nhaii ilti qua (a) cd nipt vd chi 
mot mat phdng song song vdi (b). 


B. PHl/ONG PHAP GIAITOAN 

Van de 1: CHUNG MINH HUONG THANG SONG SONG V()I M AT 
PHANG 

Phitong phdp dp dung 

De chung minh dtftfng thSng (d) song song vdi mSt phang (P) ta 
chifng minh (d) kh6ng nSm trong (P) va song song vo'i mdt doting 
thSng (a) chda trong (P). 


Chit y: N£u (a) khong c6 san thi ta chon m6t mat phang (Q) chua (d) va 
nhan (a) l&m giao tuydn cua (P) va (Q). 


Vi dy li Clio tit diet i A BCD. Goi G Id trong tdm AABD vd M Id mot diem 
tren cqnh BC sao cho MB = 2MC. Chi'tng minli MG song song vdi 


ntdt phang (ACD). 

j& 5 Giai 

Goi N la trung diem AD, khi do: 
BG __ BM 
GN ~“~ MC 
=> MG // CN c (ACD) 

=> MG // (ACD). 



\i rfy 2i Cho hai Itinh binh hdnh ABCD vd ABEF khong rung nam trong 
mot mat phang. 

a. Goi O vd O’ Ian litfl la tdm ctia ABCD vd ABEF. Chifng minh 
OO’ song song vdi cdc mat phdng (ADF) vd (BCE). 

b. M, N theo tint tit Id trong tdm cua cdc tarn gidc ABD vd ABF. 
'Chifng minh MN song song vdi (CDEF). 
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£$ Gidi 

a, Trong ABDF co OO' la ducmg trung bmh nen: 

OO' // DF c (ADF) => OO’ // (ADF). 

Trong AACE co OO' la ducmg trung binh nen: 

OO' // CE c (BCE) => OO' // (BCE). 

b. Goi I la trung diem cua AB, ta co: 

TM _ IN I 
ID ~ IF. ~ 3 

=> MN // DF c (CEF) => MN // (CEF). 

Vi tly LC Clio tit dien ABCD. Goi G, va G, theo tint tit Id trong tam AABD 
v<) AACD. Chung minh G,G, song song vdi cdc mat plidng (ABC) 
vd (BCD). 



Gidi 

Ta co the' lira chon mot trong hai each sau: 

Cdch /: Goi M, N. I, K theo thur nr Ik trung diem cua AB, AC, CD, BD. 
Trong AABD, ta co ngay: A 

AG, 2 , DG^ 2 

AK ~ 3 V<l DM ” 3 ‘ 

Trong AACD, ta c6 ngay: g /' r iV.l..o/c 

AG, _ 2 . DCT = 2 \M A 

AI ~ 3 V ‘ DN " 3 

Tir do, ta l&n luot co: ^ 

£0- = = - => G,G, // KI c (BCD) =* G,G, // (BCD). 

AK AI 3 

= 1 => G.G, // MN c (ABC) => G.G, // (ABC). 

DM DN 3 

Cdch 2: Goi E la trung did’m cua AD. ^ 

Trong AABD, ta co ngay: As. 

BG, __ 2 / G \l 

BE 3 ‘ / •> P 

Trong AACD, ta co ngay: B ( 

CG, 2 \ / 

CE ~ 3 ' 

Tir do, ta co: C 

2Sl«£5i.2og 1 g i //bc 

BE CE 3 

Vi BC thuftc (BCD) va (ABC) n6n G,G 2 // (BCD) va G,G, // (ABC). 
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Vi dy it Cho chop S.ABCD co day ABCD la limit binh hanh. Goi M, N Ian 
lK<n la trung diem cac canh AB, CD. Goi P Id irung diem cua SA. 

a. Chitng mink MN song song vdi cac mat pining (SBC) vd (SAD). 

b. Chung minh rang SB song song vdi (MNP). 

c. Chitng minh rang SC song song vdi (MNP). 

d. Goi G, vd G 2 then thu tit la trpng tarn AABC vd ASBC. Chi'mg 
minh G,G 2 song song vdi (SAD). 

£$ Gidi 

a. Trong hinh bmh hhnh ABCD, ta co MN li) duemg trung binh, do do: 


MN // BC c (SBC) => MN // (SBC). 

MN // AD c (SAD) => MN // (SAD). 

b. Trong ASAB, ta co MP la duemg trung binh, do do: 

SB // MP c (MNP) => SB // (MNP). 

c. Ta c6 thfi’ lua chon mot trong hai each sau: 

Cach /: Ta co: 



M B 


AD e (SAD) v& MN € (MNP) 

AD//MN => Kx // AD // MN. 

(SAD)n(MNP) = Px 
Gia su Px c5t SD tai Q, suy ra Q la trung die’m cua SD. 
Trong ASCD, ta co NQ la duemg trung binh, do do: 

SC // NQ c (MNP) => SC // (MNP). 

Cach 2: Goi O la trung difi’m MN, suy ra O lit trung diem AC. 
Trong ASAC, ta c6 OP la duemg trung binh, do do: 

SC // OP c (MNP) => SC // (MNP), 

d. Goi K la trung di£m cua SB. Ta co: 

CG, 2 , CG 2 2 
CK " 3 Va CM 3 
=>G,G 2 //MK. (1) 

Mat khac, trong ASAB, ta co MK la duemg trung 
binh, do do: 

MK // SA. (2) 

Tir (1) va (2) suy ra: 

G.G JJb SA c (SAD) => G,G, // (SAD). 



M B 



Yi dM 5: Clio tit dien ABCD. Goi I, J Id Itai diem di dong Win hart tren car 

canh AD. BC son cho I non co — = — 

ID JC 

a. Cluing mink rang IJ hum song song vOi mol mol pitting codjnlt. 

b. Tim lap hop diem M chin doan IJ then li so k cho trade (life 

diem M I hod IM - k.MJ). 


J&C, Gidi 

a. Dime JH//AB. H e AC. (1) 

Nlnln xei rang: 

^=™JA^huicd. © 

HC JC ID 

Goi (a) la mat phimg dura AB va song song vdri 
CD. suy ra (a) Ih mat phAng co dinh va (HU) // (a). 

b. Giai sir HIJ) cAt BD tai K, dd thS'y HIKJ la hlnh binh hanh. Qua M kc PQ 
song song vci AB (P e HI va Q e JK). Ta co: 



AP n BQ = E va EM n AB = F. 

Nhan xct rang: 

■LLLL r ML = MI = k => E la diem chia CD thco ti s6' k. 

EC PH MJ 

LA - ML = ML = k => F IA diem chia AB thco ti s6' k. 

FB MQ MJ 

Vay, tap hop diem M chia doan IJ theo ti so k la doan EF vdri E, F Ian loot la 
diem chia CD va AB thco ti s6 k. 


Va n de 2: TIM GIAO TUY^N CUA HAI MAT PHANG 

FHlfiT DlfcN SONG SONG V(H MOT DlfONG THANG CHO 

iKiroc 

PhtfOng phap dp dung 

1. Tim phJdng giao tuyen bSng dinh 11 2 ho3c dinh H 3. 

2. Tir do xac dinh tliie't dien cua hinh chop c3t bdi mat phang song song 
v6i mot ho5c hai dirdng thing cho trurdc theo phircfng phap da biet. 


Yi *4i li Cho mat pining (P) va hai dating thdng song song (a), (b). Chting to 
iting ne’u (P) cdt (a) thi (P) cung edi (b). 


J&> Gidi 

Vi (a) seng song vdri (b) nfin (a) va (b) dong phang. 
Gia sir: 

(a) A (P) = (M1 =* (a, b) n (P) = Mx. 
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Trong mat phang (a, b) vl (a) song song vdi (b) va (a) cftt M\ tai M nen (b) 
cung se cat Mx tai N. 

VSy, ta duoc (b) n (P) = | N). 

Nhan xet: Trong ldi giai tren. chung ta da sir dung kct qua cita tinh chat 
thira nhAn 5 (Trong moi nuit pining, car kct qua da bict nut 
hinh hoc phang deu dung), cu the "Trong null phang cho 
(a) 11(b) thi nett (c) cdt (a) cung se cat (b)". 

\. i dp 2i (Bai 28/tr 60 - Sgk): Cho hinh chop S.ABCD cd day Id hinh b'mh 
Itanh. Xdc dinh thiet dien hinh chop klti cat bdi null pining di </ua 
trung diem M ctia cqnh AB, song song van BD va SA. 

Giai 

Thiet di^n duqc xac dinh bang each: 

■ Trong mat phang (ABCD) ke Mx song song vdi 
BD, Mx cat AC va AD theo thu tu tai I va N. 

■ Trong mat phang (SAB) ke My song song voi 
SA, My cat SB tai R. 

■ Trong mat phang (SAC) ke Iz song song v6i 
SA, Iz cat SC tai Q. 

• Trong mat phang (SAD) ke Nt song song vdi SA, Nt cat SD tai P. 

Khi do, ngu giac MNPQR la thiet dien c.1n dimg. 

VI dy 3: (Bai 26/tr 59 - Sgk): Cho tit dien ABCD. Cd the hay khdng cd: tu 
dien bang mdt mat phang de: 

a. Thi ft dien Id hinh thang ? 

b. Thiet dien la hinh binh hdnhl 

c. Thiet dien 1a hinh thoil 

Giai 

a. Thid't di6n co thfi’ la hinh thang, cu the nft’u mat phang 
va N e AC) va song song vdi AD. 

Khi do, thiS’t difin diroc xac djnh nhu sau: 

■ Trong (ABD) ke Mx song song vdi AD va cat 
BD tai F. 

■ ' Trong (ACD) ke Ny song song vdi AD va cat 

BD tai F. 

Tu do, suy ra: 

NE // MF => MNEF la hinh thang. 

b. Thiet dien cd the la hinh binh hanh, cu the neu mat phang di M (vdi M £ aB) 
song song vdi AD va BC. 


chua MN (vdi M e \B 
A 








A 


Khi do. thifi't dien duac xric dinh nhu sau: 

• Trong (ABC) kc Ml song song vdi BC va 
cat AC tai N. 

• Trong (ABD) kc Mx song song vdi AD va 
cat BD tai F. 

• Trong (ACD) kc Ny song song vdri AD va 
cat CD tai E. 

Khi do. tir each dung ta suy ra MF // NE. 

Mat khac, ba mat phang (MNEF), (ABC) va (BCD) cdt nhau theo ba giao 
tuyen MN, BC, EF va MN // BC nen MN // EF. (2) 

Tit (1) va (2) suy ra thiet dien MNEF la hinh binh hanh. 
c. Thiet dien co the la hinh thoi, cu the’ veri thiet dien ducrc dimg nhu trong eftu b). 
Khi do, de MNEF la hinh thoi dic:u kien la: 



MN = MF. 

(*) 

Ta co: 


MN AM AM.BC 

BC AB AB 

(3) 

MF _ BM _ >Mp _ AD.BM 

AD AB AB 

(4) 


Khi do, dieu kifin (*) tra thanh: 


AM.BC 

AB 


AD.BM 

AB 


AM 

BM 


AD 

BC 


AM -AD 

Vay, mat phAng (P) di qua diem M (vdi M e AB sao cho - = -) song 

BM BC 

song vai AD va BC se cat tir didn theo mot thifi’t di6n la hinh thoi. 

Vi d^i -Is Cho hinh chop S.ABC.T) day ABCD la hinh thang co day Idn BC = 2a, 
AD = a, AB = b. Mat ben SAD la tam gidc deu. (a) la mat phang 
qua diem M tren canh AB va song song vai SA va BC, (a) cat CD, 
SC, SB Idn hfcft tai N, P, Q. 

a. Chvtng minh MNPQ la hinh thang can. 

b. Tilth dien tich thiet dien theo a, (b) va x = AM, (0 < x < b). 
Tinh gid tri Idn nha't cua dien tich. 


Gidi 

a. Ta l&n luot co: 
fSA//(a) 

SA c (SAB) => MQ // SA. 
| MQ#(SAB) r\ (a) 
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| MN g (ABCD) n (a) =* MN // PQ // BC. 
[PQe(SBC)n(a) 

Nh&n xet ding: 

MQ _ BM BQ _ CN CP _ NP 
SA BA " BS _ CD ~ CS ” SD 


=> MQ = NP. 

V3y, thiet di6n MNPQ la hinh thang can. 
b. Gia su AB cSt CD tai I, ta co: 

» 1 

AD = -BC: 

2 

Do do IA = AB = b v&: 

MN IM IA + AM b + x .... a(b + x) 
- — -■> MN =-. 



> AD la dircmg trung binh cua AIBC 


BC TB IA + AB 

Trong ASBC, ta co: 

PQ = SQ 
BC “ SB 

Trong ASAB, ta co: 

MQ = BM = b-x = 

SA AB b 


2b 


— = - => PQ = ^ 
AB b b 


a(b-x) 


Xet hinh thang c&n MNPQ, ha dircmg cao QH, ta co: 
QH = VMQ 2 -MH 2 = ^MQ 2 - = 


V3a(b-x) 


2b 


S^pq = - (MN + PQ).QH = (b + 3x)(b - x). 
2 4b' 


Ta bien doi: 


^MNPQ — 


Sa 

4b 2 


4b- | /— d 

xV3 — r 


V3a 2 4b 2 


4b' 

b 


S' 

b 


H M 


VSy (Smnpq)m» = . dat duoc khi xVJ - -j= = 0 o x = - . 

VI dy 5i Cho hinh chop S.ABC. Goi K vd N Ian han Id Hung diem cm SA 
vd BC, M Id diem nam gitfa S va C. 

a. Chifng minh rang mat phdng di qua K. song sang vdi AB vd SC 
lhi di qua diem N. 

b. Xdc dinli thiet diin cua hinh chop S.ABC khi cat bdi mat phdng 
(KMN). Chi'fng to rang KN chi a thiet dien thdnh hai phdn cd 
diin tick bang nliau. 




J& Gnii 

a. Goi (P) Id mat phdng qua K, song song vdi AB va SC, la c6: 

* M at phdng (0) chiia AB va song song vdi SC, 

■ Mat phdng (R) chiia SC va song song vdi AB 

Khi do, ba mat phang (P), (Q). (R) song song vdi nhau se chdn tren hai cat 
tuycn BC va SA cac doan thdng tuong ung ti Ic. cu the: 

BN _ CN BC BN AK _ ) 

/\K SK AS CN SK 

=> BN = CN => N la trung diem cua BC. 

b. Ta xct hai trudng hop: 

Fritting lit/i' I : N6u M la trung diem cua SC thi 
thiet dien la hinh binh hanh MNPK vdi P la trung 
diem cua AB. Va hien nhien khi do KN chia thiet 
dien thanh hai phan cd dien tfch bdng nhau. 

Trifting Ik/[- 2: Ne'u M khong trung vdi trung didm S 

SC thi ta thirc hien: f 

■ Noi KM cat AC tai D. K / 

■ N oi ND cdt AB tai P. A 

Khi do, tu giac MNPK la thiet dien edn dung. A C—\ 

Goi j Oi = KN o MP, nhdn xet rang: \ 

di(M, (P)) = d(S, (P)), 
di(P, (P)) = d(A, (P)), K B 

d,(& (P)) = d(A, (P)), 

Suy ra: 

di(P. (P)) = d(M, (P)) => OP = OM 
Do do KN ehia thiet difin thiuih hai phdn cd dien tfch bdng nhau. 

BAI TAP TUGIAI 

Bai t(ip 1. Cho hai duremg thdng phftn biet a, (b) vd mat phdng a. 

a. Gia sir (a) // (b) va (b) // (a), cd the kdt luan gi vi vj tri tuong ddi cua (a) vdi (a). 

b. Gi6 sir (a) // (a) va (b) // (a), co the’ ket ludn gi vd vi tri tuong ddi cua (a) vdi (b). 
Bai trip 2. Gia su dudng thdng (a) song song vdi mat phang (P). Hay ndu phuong 
pliap dc xac dinh duqc mot dudng thdng (b) thude (P) va song song vdi (a). 

Bai tap 3. Cho td dien ABCD. Goi O, O’ lfin lum la tarn dudng iron ndi tiep cac 
tarn giac ABC va ABD. Chung minh rdng: 

a. Oicu kidn can va du de 00’ song song vdi (BCD) la: 

BC AB + AC 
BD ~ AB +AD 

b. Di;u kien can va du de OO’ song song vdi 2 mat phang (BCD) va (ACD) 
La BC = BD va AC = AD. 



S 
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Bai tap 4. Cho hinh chop S.ABCD. day ABCD la hinh binh hanh tam O. M la impt 
diem di dong tren SC, (a) la mat phang qua AM va song song vcri BD 

a. Chung minh (a) ludn chua mdt dirong thAng cd d|nh. 

b. Tim cac giao diem H va K cua (a) vdi SB. SD. Qiung minh nAng 
SR SH ST' 

-t--co gia tri khong ddi. 

SH SK SM 

c. Thiet dien cua hinh chop voi (a) co the’ la hinh thang dirge khong? 

Bai tap 5. Cho hinh chop S.ABCD co day IA tu giac loi. O la giao diem ciia hai 
dudng cheo AC vA BC. Xac dinh thiet dien cua hinh chop khi cat bdi mat phang ejua 
O, song song vdri AB va SC. Hoi thict dien do la hinh gi? 

Bai tap 6. Cho hinh chop S.ABCD. M, N la hai diem bA't ki tren SB va CD. (tti la 
mat phAng qua MN va song song voi SC. 

a. Tim cac giao tuyen cua (a) vai cac mat phAng (SBQ, (SCD) va (SAC) 

b. Xac djnh thifit dien cua S.ABCD vdi mat phAng (a). 

Bai tap 7. Cho tu - di6n d^u ABCD. Goi E la diem nam trong AABC. Mat phang 
(a) qua E song song voi cac dirdng thAng AC va BD. Xac dinh thiet dien cua 
ABCD vdri mat phAng (a). Thict dien la hinh gi? 

Bai tap 8. Cho hinh ch6p S.ABCD, day ABCD la hinh binh hanh tAm O. M la 
trung did’m cua SB. Xac dinh thifct dien cua hinh chop S.ABCD cAt bdi mat phAng 
(a) trong 2 trudng hap sau: 

a. (a) qua M va song song vdi SO va AD. 

b. (a) qua O va song song vdi AM va SC. 

Bai tap 9. Cho tu dien ddu ABCD canh a. M va P la 2 diem di dong tren cac 
canh AD va BC, sao cho AM = CP = x, (0 < x < a). Mot mat phAng qua MP va 
song song vdi CD cAt tir didn theo nidt thitft dien. 

a. Chdng minh thiet dien thdng thudng la hinh thang can. 

b. Tinh dien tich thiet dien theo (a) va x. Tim x de dien tich thiet dien nho 
nhA’t. 

Bai t:)p 10. Cho tddidn ABCD co AB = CD = a, BC = AD = b, AC = BD = c (a > b > c). 
M6t mAt phAng (a) song song vdi AB va CD, cAt tu dien theo mot thiet dien co 
chu vi p va dien ti'ch s. 

a. Dinh (a) de p ldn nhA't, nho nhat. 

b. Dinl) (d) de s ldn nhat. Tinh dien tich Ay. 

ffi 1. 



chi ni 4 


hai mAt phAng sqng song 

A. TOM TAT LI THUY^T 

I. V TRI TlTONG D6l CUA HAI DlfdNG THANG PHAn BI$T 

C lio 2 mat phang (P) va (Q). Can cu vao s6 dircmg thang chung cua 2 mat 
phang ta co ba tnrong hap sau: 

a. Hai mat phang (P) va (Q) khong co dircmg thAng chung, tuc la: 

(P) n (Q) = 0 o (P) // (Q). 

h. Hai mat phang (P) va (Q) chi c6 mot dircmg thang chung, tire la: 

(P) n (Q) = (a) o (P) cit (Q). 

i. Hai mat phAng (P) va (Q) cd 2 duemg thAng chung phan biet, tuc la: 

(P)o(Q) = |a,b| o(P) = (Q). 



Pinh nghia : Hai mat phang goi Id song song neu cluing khong co diem chung. 

2 . di£ u ki£n d£ hai mAt PHANG song song 

Dinh li I: Nen mat phang (P) chtfa hai dif/'mg lhang fa), (b) cal nhau va cung 
song song vtii null pluing (Q) I hi (P) song song (Q). 

Ttfc la: 

(a),(b)e(P) 

(a) cat (b) => (P) // (Q). 

(a)//(Q) va (b)//(Q) 

3. tinhchAt 

Tinh chat /: Qua mol diem nam ngoai mol mat phang. co mol va chi mot mal 
phang song song veri mat phang do. 

Tire la: 

0 <2 (P) => 3!(Q): 

C'ach dinig: Ta lan lircrt thirc hien: 

■ Trong (P) dung (a), (b) cAt nhau. 

■ QuaOdtmg(a,)//(a),(b,)//(b). 

■ Mat phAng (a,, b,) la mat phAng qua 0 va song song vdi (P). 


|Oe(Q) 

1(P)//(Q) 
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He qua 1 : Neil dieting thang (ai song song viti null pining (Q) ihi qua \as co nipt 
va chi mot mat phang (P) song song vtii t Q). 

He qua 2 : Hai mat phang phan bill cimg song song vtii null pining tine ha ihi 
song song vdi nhau. 

Ti'nh chat 2 : Men hai mat phang (P) va (Q) song song ihi 
moi mat pining (R) da cal (P) tin pi nil cdt 
(Q) va car giao tiiyeh cua cluing song song. 

Tire la: 

f(P)//(Q) 

|(a) = (P)n(R) => (a) //b. 

[(b) = (Q)n(R) 

4. DjNH Lf TA-LET TRONG KHONC GIAN 

Dinh li 2 (Djnh If Ta-let): Ba mat phang tldi mot song song chan trim hai <dt 
tuyi'n bat ki cac doom lining tifong ting ty le. 

Tire la: 

[(P)//(Q)//(R) 

<ar>(P) = A, vaan(Q) = B, vaan(R) = C, 

[br\(P) = A, vik bn(Q) = B va bn(R) = C, 

A|B, _ B,C! _ A|C| 

A 2 B 2 BjC] 

Dinh li 3 (Djnh If Ta-let dao): Gid sir treti hai dating lining cheo nhau a, va a, 
Ian hrert lay cac diem A,. B,. C, va A : . B,. C, sao cho: 

A,B, = B^ = A,C, 

A 2 B 2 B)Cj A 2 C 2 

Khi do, ba dating thang A,A,, B,B,, C,C, Ian brat nam lien ba mat phang 
song song, tire la cluing cung song song vtii mot mat pining. 

5. HiNH LANG TRU VA HlNH H0P 

Dinh nghia hinh Iflng tru: Hi oh Jang tin Id mot hinh da dien co hai mat nam 
tt ong hai mat phang song song goi Id hai day va tat ca ede canh khotg 
til hoc hai day den song song vtii nhau. 

‘ Trong do: 

■ Cac mat kh<ic vdi hai day goi la c(5c mat 
ben cua hinh lang tru. 

■ Canh chung cua hai mat bfin goi la canh 
ben cua hinh lang tru. 

■ Tuy thco da gidc day, ta co hinh liing tru 
tarn giac, lang tru tur giac,... 
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Tu dinh nghla cua hinh lang Iru, ta Idn luut suy ra cac tfnh chat sau: 

a. Cac canh b6n song song va bang nhau. 

b. Cac mat ben va cac mat cheo la nhirng hinh b'inh hanh. 

e. Hai day la hai da giac co cac canh tuong img song song va bang nhau. 


Din h nghla hinh hop: Hinh lang ti n co day la hinh hinh hanh goi Id hinh hop. 

Tflr dinh nghla cua hinh hop, ta Idn luot suy ra cac tfnh chAi sail: 

a. Hinh h6p c6 tdit ca ede mat ben va cac mftt day deu la hinh chir nhdt goi la 
hinh hop chu nhat. 

b. Hinh hop co tat ca cac mat ben va cac mat day deki la hinh vuong goi la 



Chit y: Cac dirt'mg cheo cua hinh hop cdt nhau tai trung dic'm m6i duerng. 

6. HINH CHOP CUT 

Dinh nghia: Cho hinh ch6p SA,A 2 ...A„. M6t mat 
pining (P) song song vdi mat phang chua da giac day 

cal cac canh SA,, SA,.SA„ thco thur tu tai A’„ A\, 

.. . A’„. Hinh tao hoi thiet didn A’,A\ ...A’„ vd day 
A|A 2 ...A„ cua hinh chop ciing vdi ede mat b£n 
A|A 2 A\A’„ A 2 A,A’ 3 A’ 2 , AlAiA^A’,, goi la m6t 
hinh chop cut. 

Trong do: 

■ Day cua hinh chop goi la day Ian cua hinh chop 
cut, c6n thiet dien goi la day nho cua hinh chop 
cut. 

• Cac mat con lai goi la ede mat ben ctia hinh chop cut. 

■ Canh chung cua hai mat ben ke nhau nhu A,A’,, A 2 A’ 2 , ...A n A’ n goi la 
canh ben cua hinh chop cut. 

Tuy theo day la tarn giac, tu giac, ngii giac, .. ta co hinh chop cut tarn giac, 
hinh chop cut tur giac, hinh chop cut ngii giac, ... 

Tinh chat: Vdi hinh chop cut, ta co cac tfnh chAt sau: 

1. Hai day cua hinh chop cut la hai da giac dong dang. 

2. Cac mat ben cua hinh chop cut la cac hinh thang. 

3. Cdch canh ten cua hinh chop cut dong quy tai mot diem. 


S 



143 




b. phltongphApgiaitoAn 

Van dc 1; CHUNG MINH HAI MAT PHANG SONG SONG 
Phuong phap dp dung 

D6 chung minh 2 mat phing song song ta di chung minh mat 
phang nay chua hai ducfng thing cat nhau song song vdi mat phiing 
kia^ (hoac song song vdi hai dudng thing cat nhau n3m trorg mat 
phang kia). 

^ Chu y: 

1 . Sir dung tinh chat: 

j (P)//(Q) => (a) // (P) 

[(a)c(Q) 

ta duoc them m6t phuong phap de chimg minh dudng thang (a) song song vdfi (F). 

2. Su dung djnh If Taldt dao ta duoc them mot phuong phap dt)’ chtfnj minh 
duong thing song song vdi mat piling, cu th6: 

Ba di£m A,, B,, C, thuoc duong thang (a) va ba diem A : , B 2 , C, ihuoc dir&ng 
thing (b) (vdi (a) va (b) cheo nhau) thoa man: 

A.B, = A 2 B 2 
B|C| B 2 C 2 

suy ra tdn tai duy nhk't b6 ba mat phing (P), (Q), (R) song song lin lu<rt chua 
cic doan thing AjA 2 , Bilk, C,C 2 , tir do ta duoc cac kd't qua: 

A, A 2 song song vdi (Q) va (R). 

B, B 2 song song vdi (P) vk (R). 

C, C, song song vdi (P) va (Q). 

Didu quan trong nhk’t cin chi ra duoc sir tin tai cua mdt trong ba mat phang. 

Vi dy It Cho hai hinh vudng ABCD id ABEF a trong 2 mat phang khat nhau. 

Tt en cac dudng cheo AC va BF Idn-luot lay cac diem M, N mo cho 
AM = BN. Cac dudng lining song song vdi AB vetif M, N Idn inert ('it 
AD, AF tai M\ N\ 

a. Chimg minh rang (CBE) song song vdi (ADF). 

b. Chimg minh rang (DEF) song song vdi (MNN’M’). 

c. Goi I la trung diem cua MN, tim tap help diem I khi M, N di long. 

J2$ Giai Jk 

a. Ta co nhkn xdt: Fs 

(BC//AD _ K \ 

\ => (BCE) //(ADF). \ 

[BE//AF o'jl X \ 

b. Ta co nhkn xct: N . ./ :^C 

AMU?.AM BN AN' w ,„, Jmr , lv \ v'm (5 • / 

-=-=- => M N // DF. (1) A*-—-K 

■AD AC BF AF M D 

& 




( 2 ) 


Mat khac, ta co MM' // CD. 

Tir (I) va (2) suy ra: 

(MNN'M') // (DF.F). 

c. I thay trcn tning tuyen cua AADE kc tfr A. 


W du 2; (Mot r6ng bai 33/tr 68 - Sgk): Cho hinh binh hanh A BCD. Qua A, B, 
(’, D Win hart ve bon tufa dudng t/tdng Ax, By, Cz, Dt d a'tng pliia dm 
vcfi nidi phang (ABCD), song song vcfi nhau va khdng ndm trong mat 
phiing (ABCD). Mol mat phang (p) Ian hfift cdt Ax, By, Cz va Dt tai 
A\B\C vdD\ 

a. Cluing minh (Ax, By) I I (Cz, Dt). 

b. Goi I = AC n BD, J = A’C’ n B'D’. Cluing minli IJ // AA'. 

c. Cho A A' = x, BB' = y, CC* = z. Hay linh DD\ 


JS$ Gidi 

a. Nhan xct rang: 
| Ax // Cz 
(AB//CD 


(Ax, By) // (Cz, Dt). 


b. Nhan xet rang: 

f(a.b)//(c.d) 

j (A‘ B’ CD‘) n (a, b) = A'B' =$ A'B' // CD'. 
[(A‘ B' C' D') r\ (c.d) = C D' 





|(a,d)//(b,c) 

(A' B'CD')A(a,d) = A'D' => A'D' // BC. 
[(A' B' CD')n (b, c) = B' C 


c. 


Tu do, suy ra A’B'C'D' la hinh binh hanh. 

Suy ra U la dudng trnng binh cua hinh thang AA'CC, do do IJ // AA'. 
Tir kftt qua cAu b), ta co: 


IJ = — (AA 1 + CC) = - (BB' + DD) => DD' = AA' + CC - BB' = x + y - z. 
2 2 




Cho hinh chop S.ABCD, day ABCD Id hinh hinh hanh lam O. Goi M, 
N Win lifift Id trung diem cua SA va CD. 

a. Cluing minli rang mat phang (OMN) vd mat phang (SBC) song 
song vcfi nhau. 

b. Goi I Id trung diem cua SC, J Id mot diem tren (ABCD) vd each 
deu AB vd CD. Chitng minh IJ song song vcfi (SAB). 

c. Gid sifhai tom giac SAD, ABC deu can tai A. Goi AE, AF la cac 
• : fitting plum giac trong cua cac tarn giac ACD vd SAB. Chung 

Cminh rang EF song song vcfi (SAD). 
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MS Gidi 

a. NMn xet ring: 
[OM//SC 


=> (OMN) // (SBC). 



=> (IPQ) // (SAB) => 1J // (SAB). 


[ON//BC 

b. Goi P. Q thco thur tu la trung did’m AD va BC. suy 
ra J thu6c ducfng thing PQ. 

Nhan xet ring: 

JPQ//AB 
j IQ//SB 

c. Sur dung tinh chit ducfng phSn giac, ta co: 

ED AD AS FS 
EC ~ AC ~ AB FB 

suy ra ton tai duy nhat bo ba mat phang song song lin 
luot chua cac doan thing SD, EF, CD va ta thay ngay 
mot trong ba mat phing do chi'nh la (SAD), do do: 

EF // (SAD). 

^ Chu y: Nd’u cac cm hoc sinh cam thiy kho hidu trong loi giai cua can c) 
thi co th£ sir dung loi giai tucmg minh hem nhu sau: 

Dimg EH//SD, H e SC. (I) 

Nhan xet ring: 

HS = ED = AD = AS = FS 
HC EC AC AB FB 
Tir (1) va (2) suy ra: 

(HEF) // (SAD) => EF // (SAD). 



Van de 2: TIM (JIAO TIIY^N CUA HAI MAT PHANG 

THIET I)I$N SONG SONG V()I MOT MAT PHANG CHO 
tri/Qc 

Phucfng phdp dp dung 

1. Ta sur dung th£m tinh chit 2 de) xac dinh giao tuyO’n cua hai mat 
phing. 

2. Thiet di£n cua hinh chop cat boi m6t mit phing song song vo'i mdt 
mit phing cho trifcfc dtfOc xac dinh th6ng qua viec tini dirqc cac 
doan giao tuyd’n nhtr tren. 

Vi dp li (Bai 32/tr 68 - Sgk): Cho hai ducmg thing chdo nhau (a) va (b) lin 
luot nim Iren hai mat phang song song (P) va (Q). Oiling minh ring 
nd’u diem M khong nim tren (P) va khong nim tren (Q) thi co dm 
nhit mot dirbng thing di qua M cat ca (a) va (b). 
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Je$ Gidi 

Nhan xet rAng: 

• Mat phAng (M. a) la duy nhat. 

• Mat phi'ing (M, b) la duy nhat. 

• VI (M, a) *■ (M, b) bdi (a) va (b) cheo nhau nen (M, a) n (M, b) = Mx 
Khi do: 

• Mx khong the song song vdi (a) (vi neu trai lai thi Mx va (b) se cheo nhau 

- mSu thuAn (Mx. b)) do do Mx cat (a). 

• Mx khong the song song voi (b) (vi n6u trai lai thi Mx va (a) se cheo nhau 

- mau thuAn (Mx, a)) do do Mx cat (b). 

V;\y co duy nhftt mot dudng thAng di qua M cat ca (a) va (b). 

Vi dy 2s (Bai 31/tr 68 - Sgk): Cho hai dudng thdng cheo nhau. Chung minli 
rang co dung hai mat phang song song voi nhau Ian luqt di qua hai 
dieting thang do. 

£$ Gidi 

Wri hai dudng thAng cheo nhau (a) va (b) thi theo djnh If 3 cua bai hoc 3: 

• Co duy nhAt mot mat phang (P) chua (a) va song song vdi (b), no diroc 
dung bAng each: 

Tir diem A thude (a) ke dudng thAng (b') 
song song vdi (b). 

Khi do (P) = (a, a'). 

■ Cd duy nhA't mdt mat phAng (Q) chda (b) va 
song song vdi (a), no diroc dung bAng each: 

Tir didm B thude (b) ke dudng thAng (a') song song vdi (a). 

- Khi do (Q) = (b, b’). 

Theo dinh U 1, ta co ngay (P) song song voi (Q). 



'll dy ;j; (Bai 34/tr 68 - Sgk): Cho tu dien ABCD. Goi M Id trung diem cua 
AB. Hoi mat phang (P) qua diem M, song song voi ca AD va BC 
co di qua trung diem N cua CD khong ? Tqi saol 


J&i Gidi 

Mat phang (P) co di qua trung diem N cua CD, bdi: 

■ Mat phang (Q) chua AD va song song vdi BC. 

■ Mat phAng (R) chua BC va song song vdi AD. 

Khi do, ba mat phAng (P), (Q), (R) song song vdi 

nh?u se chan tren hai cat tuyen AB va CD cac doan 
thAng tucrng ung ti le, cu the: 

AM BM AB DN AM _ ] 

DN ~ CN = DC ^ CN " BM 
DN = CN ^ N la trung diem cua CD. 
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Vi dy t: Cho hinh chop S.ABCD day ABC'D la hinh binh hdnh torn O co 
AC = a. BD = b. Tam giac SBD Id tarn giac den . Mot mat phdng 
(a) di dong song song vai (SBD) vd qua diem I tren doqn AC. 

a. Xdc dinh thiet dien cua hinh chop vai mat phdng (a). 

b. Tinh dien tich thiet dien theo a. b vd AI = x. 

J&5 Giai - Ban doc titve hinh. 

a. Ta xet hai trubng hap: 

Trudng hop /: Nfiu I e OA thi: 

((a)//(SBD) 

jlx =(a)n(ABCD) => Ix//BDvaIxcAt AB. ADtheothutuM vaN. 

(BD = (SBD)n(ABCD) 

Lap luSn tuang tu ta cung ccS: 

■ (a) cit mat phang (SAB) theo doan giao tuyen MP song song vai SB. 

■ (a) cat mat phang (SAD) theo doan giao tuyen NP song song vdi SD. 
Truong hc/p 2: Neu I 6 OC thi: 

f(a)//(SBD) 

< lx =(a)n(ABCD) => Ix//BDvaIxcatCB,CDtheothutuHvaL- 
[bD ^(SBD)n(ABCD) 

L^p lufln tirong ta ta cung co: 

• a cat mat phang (SBC) theo doan giao tuyfi’n HK song song vai SB. 

• a cat mat phang (SCD) theo doan giao tuy£n LK song song vai SD 

b. Trade tiSn, ta co ngay: 

P _ BD 2 V3 b 2 VJ 

^Asbo- - = - 

Ta l&n lam xet hai truemg herp cua thiet dien 
Trudng hop I : Nfiu I e OA thi 0 < x < — . 


b 2 x 2 j3 


Trudng hop 2: Neu I e OC thi - < x < a. 


b 2 (a - x) 2 -\/3 


a 



Fcim lai, ta c6: 

[b 2 x 2 V3 


S„, = 


khi 0 < x < - 


b 2 (a - x 2 )V3 


khi — < x < a 


Vi 1 m 5; 


b. 


MN // AB. 


Cho hinh chop S.ABCD day ABCD Id hinh iliang. day lent AB = 3a, 
AD = CD = a. Mai hen (SAB) Id lam giac can dinh S vdi SA = 2a, 
(a) Id mal phdng di dong song song vdi (SAB), cat cdc canh AD, 
BC, SC, SD theo thittntgi M, N, P, Q. 

a. Chifng minh MNPQ 1a hinh lhang can. 

b. Dal x = AM, vdi 0 < x < a. Dinli x de MNPQ ngoai tiep difoc 
mdl dudng iron. Tilth ban kinh dudng Iron do. 

Gidi 

a. Ta |An lirot c6: 

|(a)//(SAB) 

< MN = (a) r» (ABCD) 

(AB = (SAB) n (ABCD) 

L.'ip lu&n tuang tu ta cung c6: 

NP // BS, PQ' // CD, QM // SA. 

NhAn xet r«\ng: 

MN // PQ bdi AB // CD. 

MQ = DQ = CP = NP -- Np. 

SA DS CS SB 
V&y. thiet dien MNPQ la hinh thang c&n. 

Dg’ MNPQ ngoai tifip diroc m6t dufmg tron di£u kiSn la: 

MN + PQ = MQ + NPo MN + PQ = 2MQ. (1) 

Trong ASAD, ta co: 

MQ _ DM a - x 
~SA ~ DA ” a 
Trong ASCD. ta co: 


. MQ = 2(a - x). 



0 


( 2 ) 


PQ = SQ = AM = x ^ 

CD SD AD a 

Gia su AB cSt CD tai 0 va OD = y, ta co: 

OD CD a . a 

---- — => 3y = (a) + y o y = - . 

OA AB 3a 2 


N 


H M 


(3) 


MN 

AB 


OM 

OA 


OD + DM 
OD + DA 


— + a-x 
_ 2 _ 


. MN = 3a-2x. 


(4) 


- + a 
2 
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Thay (2), (3) va (4) vao (1), ta dupe: 

3a - 2x + x = 4(a -x)ox = - . 

Vay, vdi x = ^ thi MNPQ ngoai tiftp dupe m6t duang Iron. 
Khi d6, xet hinh thang cSn MNPQ, ha dirfrng cao QH, ta c6: 

ayfl 


QH = -J MQ 2 -MH 2 = MQ 2 - 


( MN - PQ N 


J 




Suy ra ban kinh dudng Iron n6i tifip MNPQ la r = — QH = ^ 

Vi d p 6i (Bai 35/tr 68 - Sgk): Cho hai diem M, N Ian hfat thay ddi treni hoi 
mat plidng song song (P) va (Q). Tim tap hap cac diem I ’.huge dogn 

IM 

thane MN sao cho — = k, k ^ 0 cho trade. 

* IN 

Giai 

Vdi hai didm c6' dinh M 0 va N„ Iheo thu tu thude (P) va 
(Q), lay diem I 0 thude M 0 N 0 sao cho ^° — 0 = k, la dupe: 


zS 


IqMq = IM =k= ^ I 0 M 0 


I 0 N 0 IN 


IM 


I 0 N 0 
_ IqNq _ 
IN 




y 


M 0 N„ 

MN 


& 


M 0 M, I 0 I, N 0 N nam Irfin ba mat phang song song. 

Vay, tap hpp cac did’m I thude mat phing (R) qua I 0 va song song vdi (P). 


van dc 3: SU" DUNG TINH CHAT CUA HINH LANG TRU VA HINH WOP 
- THII-;r DIEN. 

Phifcmg phap dp dung 

1. N3m vufng dinh nghia va cac tinh chat cua hinh I3ng tru va hinh 
hdp da ve hinh va chung minh mdt s 6 Hnh chat khac. 

2. Vide xac dinh thi£t didn cua hinh l3ng tru (hinh hflp) c3t btfi unfit 
mat phang cung tidn itanh hrdng tvr nhH dfi’i v6i hinh chop. Lufu y 
rang " Hai day hinh Idng tru song song, do do giao tuyen cua mdt 
phing cdt 2 mSt do, nd'u co, la hai doan thSng song song 

Yi dpi; (Bai 37/tr 68 - Sgk): Cho hinh hop ABCD.A'B'C'D'. 

a. Chitng minh rang mat phang (BDA') // (B'D'C). 

b. Chifng minh rang ditdng cheo AC di qua cac trong lam G,„ 0 2 
cua hai tarn gidc BDA' va B'D'C. 

G0Chi(ng minh rang G, va G 2 chia doan thang AC' thar.h ba pdiin 
If . being nhau. 
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A' 


d. Chung minh rang cdc Hung client ciia 
sou canh BC, CD, DD', D'A'. A'B', B'B 
cung ndm Iren mot mat pitting. 

j&> Gait 

a. Goi O, O' thco ihu lu la tam cua cac hinh binh 
h;»nh ABCD va A'B'C'D'. la c6: 

| A O // CO BDA g, 

BD//BD' A 



Vi AC’, AO, CO' cung nam trong mat phang (ACC,A,) nen goi: 

G, = AC' r> A'O va G, = AC n CO'. 

Trong AA'BD, diem G, thuoc (rung tuyen A'O va vi AO // A'C' n6n: 

GO AO I . a a Tir\ 

-=- = - => G ; la trong t*Jm AA BD. 

GA' A'C 2 


Chung minh lircmg tu G, la trong lam ACB'D'. 
c Nhftn x6t rang OG,. O'G, theo ihir lu la dudng trung binh cua AACG, va 
AA'CG, ncn: 

AG, = G,Gj = G 2 C' 

Tuc la G,, G 2 chia doan AC'thanh 3 ph4n bang nhau. 

d Goi M. N, P, Q, R, S theo thu tu la ining diem cua BC, CD, DD', D'A', A'B'. B'B. 

Vi cac doan IhAng MN, NP, PQ, QR, RS deu song song voi m&t phang (A'BD) 
n£n chung cung nam tren m6t mat phang. 


1'i.dvu2i (Bai 6/tr 78 - Sgk): Clio hinh hop ABCD.A’B'C’D'. Ve thie't dien cua 
hinh hop tao bai mat phang cli qua hai trung diem M, N cua cdc 
canh AB, AD va tam O cua mat CDD'C'. 


& Gidi 

Ta Win luot thuc hien: 

• N6i MO. 

• Trong (AA’D'D) kc NP // AI vdri I la trung 
didm DD' (la co AI // MO). 

■ Trong (CC'D'D) n6i PO cat CC' tai Q. 

■ Trong (CCB'B) ke QR // BJ vdi J hi trung 
diem CQ (la co BJ // MO). 

- Ntfi MR. 

Khi do, Ihiet dien la ngu giac MNPQR. 



V. ds 3i 


(Bai 7/tr 78 - Sgk): Cho hinh hop ABCD.A'B'C'D’. Tren ba canh 
AB, DD', CB' Ian lUcft lay ba diem M, N, P khong trung vc'ri cdc 


dinli sao cho 


AM 

AB 


D'N _ B'P 
D'D ~ B C' 


a. "'Chimg minh rdng mp(MNP) va mp(AB'D') song song vc'ri nhau. 

b. Xic dinh thie't dien cua hinh hop khi cdt bin mat phang (MNP). 
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j 8$ Giai 

a. Tir gia thid't: 

, AM D'N 

AB " D'D 

suy-ra MN. AD'. BD thuoc ba mat phSng doi mot 
song song voi nhau. VI boi BD // BD' nen: 

MN // (AB'D’)- (I) 

Tir gia thifit: 

AM B'P 
AB ~ B’C' 

suy ra MP, AB', BC' thu6c ba mat phang doi m6t song song voi nhau. V) boi 
BC' // AD' nen: 

MP // (AB'D'). (2) 

Tir (1) va (2), suy ra (MNP) // (AB'D ). 

b. Dfi’ co duoc thiet difin, talhirc hicn: 

■ Kc Mx // BD va cat AD tai S. 

• N6i SN. 

■ Ke Py//B'D'va cat C'D'tai R. 

■ Ke Pz // BC' va cat BB' tai Q. 

Khi do, luc giac MSNRPQ lit thiet didn ctin dung. 



Vldy 4 1 (Biti 36/tr 60 - Sgk): Cho hinh Idng tru lam giac ABC.A'B’C. Goi H 
la Irung diem cua earth A'B'. 

a. Chitng mirth rang dudng tliang B'C song song vai mat phang (AHC). 

b. Tim giao tuye'n (d) cua hai null pining (A'B'C') vd (A'BC). 
Chifng minh rang (d) song song vai mat phang (BB’C'C). 

c. Xdc dinh thiet dien cua hinh Idng tru ABC.A'B'C khi idt bdi 
mat phdng (H, d). 

£$ Giai 


a. Gia sil: 

AC' n A’C = | N) 

=> N lit trung di£m cua AC' va A'C 
=> B’C // NH - tinh chat duong trung binh 
=> B’C // (AHC), dpcm. 

b. Gia sir: 


AB’ n A'B = | M ( => (A’B'C) n (A'BC) = MN. 
Tit tmh c^dil ducmg trung binh, suy ra: 

MN//.BC c (BB'C'C) => MN // (BB'C'C), dpcm. 
‘52” 





c. Noi MH cat AB tai P (P la trung did’m cua AB). khi do: 

(H. d) o (ABC) = Px // MN // BC. 

=> Px cat AC tai Q (Q la trung diem cua AC). 

(H, d) n (ABC) = Hy // MN // BC // B'C' 

=> Hy cat A'C' tai R (R la trung diem cua A'C). 

Khi do, ta duoc thiet di&n la hinh binh hanh HPQR. 

Vi dp a: (Bai 38/tr 68 - Sgk): Chimg minh rang long hinh phifcfng fat cd ede 
dating cheo cua mot liinh hop bang tong binh plufctng tat cd ede 
canh ciia hinh hop do. 


J2j Gidi 

Truck' tien ta di chimg minh menh d 6 "Tdug binh phifcfng ede dating clieo cua 
mOt hinh binh hdnh bang Jong binh phifcfng ede canh”. 

That vAy, vdri hinh binh hanh ABCD, thco djnh U ham so cdsin ta co: 

AC" = AB 2 + BC 2 - 2AB.BC.cos ABC . (1) D C 

BD 2 = CD 2 + CB 2 - 2CD.CB.cos BCD . (2) 

= CD 2 + DA 2 - 2AB.BC.cos BCD . (2) 

Cdng theo v6 ( 1 ) va (2), ta duoc: 


B 



AC’ + BD 2 = AB 2 + BC 2 + CD 2 + DA 2 - 2AB.BC.(cos ABC + cos BCD) 

= AB 2 + BC 2 + CD 2 + DA 2 , dpem. 

Sir dung menh de trdn, ta tha’y: 

A'C 2 + C'A 2 + D'B 2 + B'D 2 

= A'A 2 + AC 2 + CC 2 + C'A ' 2 + 

+ BD 2 + D'D 2 + D'B ' 2 + B'B 2 
= (A'A 2 + B'B 2 + C'C 2 + D'D 2 ) + 

(AC 2 + BD 2 ) + (A'C ' 2 + B'D' 2 ) 

= (A'A 2 + B’B 2 + CC 2 + D'D 2 ) + (AB 2 + BC 2 + CD 2 + AD’) + 

+ (A’B ’ 2 + B’C ’ 2 + CD ' 2 + A'D' 2 ), dpem. 
V< dy fa Cho hinh long tru tarn giac ABC.A'B'C'. Goi G, G' Ian liftft la trong 
lam cua tam gidc ABC va A'B'C’. Mot mat phang (a) eat ede canh 
AA', BB', CC', GG' Ian laat tai A,, B,, C, va G,. Chimg minh rdng: 

a. GG' song song va bang canh ben cua hinh Icing tru. 

b. G, Id trong tam cua tam gidc A,B,C,. 

c. G,G' = 1 (A,A’ + B,B' + C,C), 


G,G = — (A 5 A + B,B + C,C). 

1 / 
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Gidi 

a. Goi M va M' rheo thu tir la trung did’m cua BC va B'C, suy ra: 

H n 1/ \r M 

MM’ = BB' =CC = AA, 

MM' n B,C, = (M,), vdi M, la trung diem cua B,C,. B 
Trong (AA'M'M), ta c6: 

AG AG' 2 " ..... 

-=-= — => GG = MM, 

AM AM' 3 

Tir do, suy ra GG' song song va bang canh ben cua hinh lang tru. ^ 

b. Ta co: 

A>Gl = AG = 2 
A,M, AM 3 

=> G, la trong (Am cua tam giac A,B,C,. 

c. Tir ket qua (*), ta c6: 

G,G'= -A,A'+ — M.M' = -A.A + -.-( B.B’ + C.C) 

3 3 3 ' 3 2 

= (A,A' + B,B' + C,C'). 

Chung minh tucmg tir, ta cung co G,G = ^ (A,A + B,B + C,C). 

\i dy 7t Clio Idng tin turn giac ABC. A,B,C„ day Id tam giac deu canh a. 

Cdc melt hen ABB,A„ ACC,A, Id hinh vuong. Goi I. J Id tam cite 
mat ben noi tren vd O Id tdm difdng iron ngoqi tiep AABC. 

a. Chifng minh IJ song song vcri mat phdng (ABC). 

b. Xdc dinh thiet dien ciia Idng tru vdi mat phdng (IJO). Chi'oig 
minh thiet dien Id thang can. Tinh dien lich cua no theo a 

j&*> Gidi 

a. Nhan xet rang: 

IA, = JA, =] 

IB JC 

=> IJ // BC c (ABC) => IJ // (ABC). 

b. Ta lAn luot co: 

|IJ e (IJO) va BC e (ABC) B ^ V I /" P * C 

IJ//BC => Ox//IJ//BC. 

[(IJO) ri (ABC) = Ox 
vit Ox ciit AB va AC theo thu tu tai E va F. 

N6i EJ cat A,B, tai H va n6'i FI cat A,C, tai G. Nlur vAy, thiet dien la - u giac 
EFGH. 


B, 


Kh_Q/7 

x 


\/ \ 

/ 

eXA; 
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NhAn xct rang: 

[(ABO/AA.BjC,) 

|(IJO)r(ABC) = EF => EF // GH => EFGH la hinh thang. 

[(IJO)o(A,B,C|) = GH 

Vi A ABC nen AA,B,B = AA,C,C. do do EH = FG 
VAy, thiet dien EFGH la hinh (hang can. 

• Trong A ABC, tu co: 

EF 2 cn 2a 
BC 3 3 


Trong AA,B,C|. ta co: 

HG A,H BE 


1 


= - => HG = - . 
B,C, A,B| BA 3 3 

Trong AlBE, la co: 

IF/' = BI : + BE 2 - 2BI.BE.co.sIBE 


aViY + M ! _ 2 aV2 , cos45 „ = 5^ 

13j 2 3 18 


IE = 


a/fi) 


> EH = 2IE = 


a-/To 
3 


Khi do. xct hinh lhang can EFGH, ha dirong cao HM, ta co: 

'EF-HGV a/39 
6 


HM = /f.H : - 


ME" = , EH- - 




1 


S ETOH = -(EF+HG).HM 

= jf 2a a\ a/39 _ a 2 /39 
2 1*3 + 3 j 6 ~ 12 


M E 


^ Chit y: Trong Idi giai trdn: 

1 . O cAu a), cluing ta co the sir dung nhAn xdt: 

IJ la dirong trung binh ciia AA,BC o IJ = ^ BC (ta co IJ = ^ ). 

2. Khi do, trong cAu b), chung ta co the ttnh do dai HG dira tren tmh chat I I 
la dirong trung binh cua hinh thang EFGH nhir sau: 

IJ = 1(EF + HG) => HG = 2IJ - EF = 2. - - — = -. 

::2, 2 3 3 
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Van de 4: CAC BAI TOAN v£ CHOP CUT 

Phtfcmg phdp dp dung 

1. N3m v£mg dinh nghia va cac tiiih chat cua hinh hop d£ ve hinh va 
chtfng minh mot s 6 tinh chat khac. 

2. Vifc xac djnh thiet dien cua hinh h6p clt bdi m6t mSt phSng cung 
ti£'n hanh ttfdng tir nhif d6'i vdi hinh iSng tru. 

Vidyh (Bai 39/tr 68 - Sgk): Cho hinh chop cut ABC.A'B’C co day lan 
ABC va cdc canh ben AA', BB', CC'. Goi M, N, P Uin hart Id trung 
diem cua cdc canh AB, BC, CA va M', N', P' Ian lian Id trung diem 
cua cdc canh A'B'. B'C', C’A'. Clufng minh MNP.M'N'P' Id hinh 
chop cut. 

J&) Giai 

De chimg minh MNP.M'N'P' la hinh chop cut, ta cln di chtfng minh: 

■ Cac ducmg thing MM', NN', PP' d6ng quy. 

• MN // M'N', NP // N'P', PM // P'M'. 

a. Goi S la difim d6ng quy cua cac ducmg thing AA', BB', 

CC, ta co: 

AB // A'B' 

M, M' theo thu tu la tmng difi’m cua AB, A'B’ 
suy ra S e MM'. 

Tucmg tu, ta cung co S e NN' va S e PF. 

VSy, cac ducmg thang MM', NN', PP d6ng quy tai S. 

b. Theo tinh chat ducmg trung binh, ta c6: 

MN//AC; M'N’ // A'C 
Ngoai ra, theo tinh ch.lt hinh ch6p cut AC // A'C' nfin MN // M'N'. 

Tucmg tu, ta cung co NP // N’P', PM // P'M'. 

Vay, ta co ket luln MNP.M'N'P' la hinh chop cut. 

V i dy 2i Cho hinh chop S.ABCD. Goi A, Id trung diem ctia canh SA vd A 2 
Id trung diem ctia doan AA,. Goi (a) va (P) Id Itai mat phang song 
song vai mat phang (ABCD) vd Ian hrat di qua A,, A 3 - Mat phang 
(a) cat cdc cqnli SB, SC, SD Ian hart tqi B,, C,, D,. Mat pining (P) 
cat cdc canh SB, SC, SD Ian lifcrt tqi B 2 , C 2 , D 2 . Clufng minh : 

a. B,. C,, D, Ian hart Id trung diem ctia cdc canh SB, SC', SD. 

b. >B,B 2 = B 2 B, C,C 2 = C.C, D,D 2 = D 2 D. 

c. Chi' ra cdc hinh chop cut co mdt day Id tit giac ABCD. 
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£$ dnii 

a. Vj (aj song song voi (ABCD), suy ra: 

AB // A,B, 

=> A,B, la dircmg trung binh cua ASAB 
=• B, la I rung didm cua SB. 

Chung minh tuong tu, ta duoc C t , D, lAn lirgt la irung 
diem cua cac canh SC, SD. 

b. V, (p) song song vdri (ABCD), suy ra: 

AB // A ; B : 

=> A B. la dircmg trung binh cua hinh thang ABB, A 
=* B. la trung diem cua BB, => B,B : = B,B. 

Chung minh tuong tu, ta dirge C,C, = C 2 C, D,D 2 = D,D. 

BAI TAP Tl/GIAI 

Bai tap 1. Trong cac menh de sau, menh de nao dung? 

a. Hai mat phang phAn bidt cung song song vdri mot 
song vdri nhau. 

b. Hai mat phAng phAn bidt cung song song vdri m6t mat phAng thi song song 
voi nhau. 

Bai tap 2. Trong cac menh dd sau, menh dd nao dung? 

a. Ndu hai mat phAng song song thi moi dircmg thAng nAm tren m6t mat 
phAng ddu song song voi mat phAng con lui. 

b. Ndu hai mat phAng song song thi mdi dudiig thAng nAm trdn mat phAng 
nay deu song song vdri moi dircmg thang nam trdn mat phAng kia. 

c. Ndu hai mat phang phAn bidt I An lirgt di qua hai dudng thAng song song thi 
song song vdri nhau. 

Bai tap 3. Cho hinh chop S.ABCD day la hinh binh hanh tarn O. Gpi M, N lan 
liftft la tning diem cua SA. SD. 

a. Chung minh rAng (OMN) song song vdri (SBD). 

b. Goi P va Q la trung did’m cua AB va ON. Chung minh rAng PQ song song 
vdi (SBC). 

Bai tap 4. Cho tu dien ABCD. Goi I, J la hai did’m di dong lAn lugt trdn cac canh 

AD. BC sao cho ludn co — = —. 

ID JC 

a. Chung minh rAng IJ lu6n song song voi mdt mat phang c6' dinh. 

b. Tim tAp hgp did’m M chia doan IJ theo ti s6' k cho trade (tdc did’m M thoa 

TM = k. MJ). 


S 



dudng thAng thi song 


157 




Bai tap 5. Cho hai dudng thang cheo nhau (a) va b. Tim lap hop cac didm I tren 
doan thing MN va chia MN theo ti s 6 k cho truck khi M. N di dong lin luot tren a, b 

Bai tap 6. Oio hai mat piling song song (a) va (P). A. B. C la ba diem khong 
thing hang thudc (a) va MN la doan thing nim trong (p). 

a. Tim giao tuyd'n cua (MAB) va (P); giao tuyen cua (NAC) va (p). 

b. Tim giao tuydn cua (MAB) vi (NAC). 

Bai tap 7. Cho hinh chop S.ABCD day ABCD la hinh thang, day Ion AB = 3a, 
AD = CD = a. Mat ben (SAB) la tarn giac can dinh S vdi SA = 2a, (a) li mat 
phing di dong song song vdi (SAB), cat cac canh AD, BC. SC, SD theo thti tu tai 
M, N, P, Q. 

a. Goi I la giao die’m cua MQ va NP Tim tap hrfli nhimg diem I khi M di 
dong tren AD. 

b. Goi J li giao die’m cua MP vA NQ. Chung minh IJ co phucrng kh 6 ng d 6 i va 
J di ddng trong mot mat phing co dinh. 

Bai tap 8. Cho hinh chop S.ABCD, day ABCD la hinh thang co cac canh day 
AB, CD vdi CD = p.AB (0 < p < I). S n la djfin tich tarn giac SAB. (a) lit mat 
phing qua difi’m M tr 6 n canh AD va song song vdi mat phing (SAB). Dat 
DM 

-= x , voi 0 < x < 1 . 

AD 

a. Xac dinh thiet dien cua hinh chop S.ABCD vdi mat phing (a). Tiiih dien 
tich thifit dien theo S,,, p, x. 

b. Ttnh x de’ dien tich thiet dien bing m6t nua dien tich tarn giac SAB. 

Bai tap 9. Cho hinh h 6 p ABCD A'B'C'D Diem M nim giua A va D, die'm N 
, AM CN 

nim giua C va C sao cho-=-. 

MD NC 

a. Chung minh ring dudng thing MN song song vdi mp(ACB'). 

b. Xac dinh thiet dien cua hinh hop khi cit bdi mat phing di qua MN va song 
song vdi mp(ACB'). 

Bai tap lO.Cho king tru tarn giac ABC.A,B,C,. Goi M, M, theo thu tu la trung 
die’m cua cac canh BC va B,C,. 

a. Chung minh ring AM // A,M,. 

b. Tim giao diem cua mat phing (AB,C,) vdi dudng thing A,M. 

c. Tim giao tuyen (d) cua hai mat phing (AB,C,) va (BA,C,). 

d. Tim giao diem G cua dudng thing (d) vdi mat phing (AMA,). Chting 
minh rang G la trong tarn AAB,C,. 
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Bai tap 1 l.Cho hinh hop ABCD. A,B,C,D|. 

a. <Thi'mg minh rang (BDA,) // (B,D,C). 

h. (rhung minh dudng chco AC, di qua cac trong tam G, G, cua AA,BD va 
\CB,D, va G, G, chia doan AC, lam 3 phAn bang nhau. 

c. Xac dinh thiet dien cAt bdi mat phang (A,B,G,> vdi hinh hop da cho. Thifii 
dien la hinh gi? 

d Goi O, K I An lirm la tAm cac hinh binh hanh ABCD va BCC,8,. Xac dinh 
thiet dicn cat bdi mat phAng (A,OK) voi hinh hop da cho. 

Bai tap 12.Cho hinh lap phucmg ABCD.A,B,C,D, canh a. Goi M, N, P Ian luot la 
(rung diem cua AB. B,C t va DD,. 

a. Oiling minh (MNP) song song voi cac mat phAng (ABjD,) va (BDC,). 

b. Xac dinh thiet dien cua hinh lap phuong voi mat phAng (MNP). Thiel dien 
la hinh gi? Tmh dien tfch cua no. 

Bai tap 13. Cho hinh lAp phuong ABCD.A^CjD, canh a. Trcn AB, CC,, C,D, va AA, 
lAn luot lay cac dic’m M, N. P, Q sao cho AM = C,N = C,P = AQ = x, vcri 0 < x < a. 

a. Chung minh 4 diem M, N, P, Q dong phAng va MP. NQ cAt nhau tai m6t 
diem c6' dinh. 

b. Chung minh mat phang (MNPQ) luon chua mot duemg thang co dinh. 
Djnhxdc'(MNPQ)//(A 1 B 1 C,). 

c. Dung thiet didn cua hinh lAp phuong cAt bdi (MNPQ). Thiel difin co dac diem 
gi ve canh? Tinh gia tri ldn nhat va nho nhAt cua chu vi thiet dien. 

Bai tap 14. Cho lAng tru tam giac ABC. A,B|C,. Cac diem M, N lAn luot la tning 
diem cua BC va CC,. P la diem d6’i ximg cua C qua A. 

a. Xac dinh thiet didn cua lang tru voi mat phAng (A,MN). Tmh ti s6’ mil 
thiet didn chia canh AB. 

b. Xac dinh thifit didn cua lang tru vdi mat phAng (MNP). Tilth ti so ma thiet 
didn chia canh AA, va AB. 

Bai tap 15. Cho hinh chop cut ABCD.A,B,C,D, trong do ABCD la day ldn cd dicn 
tfch bAng s, va A,B,C,D, la day nho cd dien t(ch bang s 2 . 

a. Goi S IA did'm d6ng quy cua c«1c dirdng thAng AA,, BB |t CC,, DD,. Chung 
minh rAng: 

SA, SB, SQ SD, 

SA SB SC " SD 

b. Goi M la trung diem cua AA,. mat phiing (a) qua M vA song song vdi mat 
phang day (ABCD). Xac dinh thiet didn cua hinh chop cut vdi mat phAng (a). 
Tmh dien tich thiet dien theo s, va s 2 . 



cnt 5 Phep chi£u song song 
a. tomtAtuthuy£t 


1. PHEP chi£u song song 

Qio mat phing (a) vA m6t ducmg thang / khdng song song vd>i (ix). 

Vdfi m6i di£m M trong khong gian, ducmg thing qua 
M song song voi / se cAt (a) tai diem M'. Diem M’ duoc 
goi la hinh chieu song song cua diem M tren mAt phing 
(a) theo phucmg /. 

Mat phang (a) goi la mat phdng chieu. 

Dinh nghia : Phep dot tucmg icng mdi diem M trong khdng gian vcri hinh chieu M' 
cua no tren (a) dtiOc goi Id phep chieu song song ten mdt phang (a ) 
theo phuong I. 

^ Chu y: Nfiu (a) // / thi hinh chieu cua (a) len (a) la mdt diem tren (a) (chinh 
la giao diem cua (a) vdi a), do vAy cac tfnh chat trong phAn sau chi 
xet nhfmg doan thing hoac ducmg thing khong song song vdi /. 

2. tinhchXt 

Ti'nh chat 1 : Hinh chieu song song cua mot ducmg thang Id mot ducmg thang. 



He qua : Hinh chieu song song cua mot tia Id mol lia, aia mot doan thang Id nipt 
doan thang. 

Ti'nh chat 2 : Hinh chieu song song cua liai ducmg lltdng song song la hai dUi'mg 
thang song song hoac trung nhau. 



Ti'nh chat 3 : Phep chieu song song khdng lam tliay doi tl 
so do dai cua hai doan thang hope song 
song hoac ciing nam tren mot ducmg thang. 

Ti ic 1A: 

AB AB 1 





3. HINH Blf.li DltN CUA M0T HlNH KH6NG GIAN 

Ta thucmg ve cac hinh khong gian nhu hinh chop, hinh lang tru, ... tren hang 
hay tren irang giay, cac hinh ve do goi la hinh bieu diin cua mol hinh kliong gian 
tn'n mot phdng. 

Pi nh nghla : Hinh bieu dien cua mol hinh Jf, trong khong gian Id hinh chieu song 
song nia K> ten mol mat phdng nao do theo mol phifffng chieu ndo do. 
Cdc yeu can doi voi mot hinh bieu dien: 

1. Hinh bieu dien pltcii dung : De’ ve dung chung ta din quan tarn toi cdc yeu to 
(tuoc bao loan sau: 

a. Sir thang hang va thu tu cua cac diem tren mot ducmg thdng. 
h. Su song song cua cac ducmg lhang, cac tia hoac cac doan thang. 
c. Ti so do dai cua cac doan thang cung phuong. 

Nhu vdy, cdc ttnh chat cua hinli khong thay doi qua phep chieu song song deu 
difoc giSnguyen tren hinh bieu dien. 

2. Hinli bieu dien phdi noi: Giup chung ta dd tucmg tirqng. 

(.’hung ta co: 

• Tam Ride: Mot AABC co the xem la hinh bidu dien cua m6t tarn gidc bat 
ki (ddu, edn, vu6ng). 

■ Hinh binh hanh: Mot hinh binh hanh ABCD co thd’ xem la hinh bid’ll didn 
cua cac loai hinh binh hanh nhu hinh vuong, hinh chu nhdt, hinh thoi va 
hinli binh hanh bat ki. 

■ Duong iron: De bieu didn ducmg tron chung ta su dung mc)t hinh Eli'p. 

b. phltongphApgiaitoAn 

V i dy li Hinh chieu song song aia hai dtfdng thang 
song vdi nhau hay klidng? 

Gidi 

Tir hinh ve, ta thay hinh chieu song song cua hai ducmg 
thdng cheo nhau (a) va (b) theo phuemg chid'u / trdn mat 
phdng (a) co thd’ song song vdi nhau. Tnrcmg hop nay xay 
ra klii " Mat phdng ((3) song song vdi (a) va (b) se chi'fa I 
hide song song vefi I 

v i ily 2i Cho Id dien ABCD. Goi G Id trong tarn AABC. 

a. Chihtg minh hinh chieu song song K aia diem G tren mat 
phdng (BCD) theo phuong chieu AD Id trong torn ABCD. 

b. Goi M. N, P Ian li(at la trung diem aia cdc canh AB, AC. AD. 
Tim hinh chieu song song aia cdc diem M. N. P trong phep 
chieu song song d cau a). 


cheo nhau co the song 
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Giai 

a. Tir gia thidt, ta duoc: 

GK//AD, 

AG n DK = E la tning diem cua BC, g 

suy ra: 

EK EG 1 . nrn 

-=-= — => K la trong tam ABCD. 

KD GA 2 C 

b. Ta lin liroft thuc hidn: 

■ Trong (ABD) dung Mx song song vdi AD va cit BD tai M’, khi do M' 
chfnh la hinh chieu song song cua diem M trong phep chieu song song d 
cftu a). 

■ Vi N thuoc AD ndn D chfnh la hinh chieu song song cua diem N trong 
phep chidu song song d c&u a). 

■ Trong (ACD) dung Ny song song vdi AD va cat CD tai N\ khi do N' 
chfnh la hinh chidu song song cua di^m N trong phep chieu song song d 
c&u a). 



BAI TAP TIT GIAI 

Bai tap 1. Chung to ring phep chieu song song bidn ba di£m thing hang thanh ha 
didm thing hang va khOng lam thay ddi thu: tu cua ba diem do. 

Bai tap 2. Cho ba diem A, B, C nim ngoai mdt phing (a). Gia su BC song song 
vdi (a), con AB va AC cit (a) lin lucrt tai D va E. Hay chon phucmg chidu / sao 
cho hinh chifiu cua tam giac ABC tren (a) theo phucmg / la mot tarn giac dcu. 

Bai tip 3. Cho hai didm A vi B d ngoai mail phing (a), gia su dirdng thing AB cit 
(a) tai O. Goi A' va B’ theo thd tu la hinh chieu song song cua hai di6m A va B tren 
mat phing (a) theo phucmg cua duong thing / cho trudc nao dd. 

a. Chumg minh ring ba did’m O, A’, B' thing hang. 

b. Hay chon phucmg / sao cho: 

AB = A'B' AB = 2A’B’. 

Bai tap 4. Chdng minh ring trong t3m G cua AABC co hinh chifiu song song la 
trong tftm G’ cua AA'B’C’, trong do AA’B’C’ li hinh chidu song song cua AABC. 
Bai tap 5. Trong mat phing (a) cho AABC bit ki. Chung minh ring co thd xem: 

a. ABC la hinh chid’u song song cua mdt tam giac can nao dd. 

b. ABC la hinh chidu song song cua mdt tam giac ddu nao dd. 

c. ABC la hinh chidu song song cua mdt tam giic vuong nao do. 

Bai tap 6. Cho hai tia Ax va By nim tren hai dudng thing cheo nhau. Mdt diem M 

chay tren Ax va mdt didm N chay tren By sao cho AM = kBN (k > 0 cho trudc). 

a. Chung minh ring MN song song vdi mot mat phing co dinh. 

b. Tim tap hop cac didm I thudc doan MN sao cho IM = kIN. 
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CHl/ONG III 

VECTO TRONG KHONG (>l4i\ 

ill an hi: viomg goc i ko\g khong gian 

CIU* m, I VECTO TRONG KH6NG GIAN 

sir d6ng phAng cua cAc vectc 

A. TOM TAT LI THUY&T 

1. VECTO TRONG KHONG GIAN 

Vecto, cac phep toan vecto Irong khong gian duoc dinh ughla hoan loan giong 
nhv irong mat phitng. chung co cac ti'nh chat da biet. 

Quyldc hinh hop Cho hinh hop ABCD.A|B|C|D,. ta Iu6n co: 

AC\ = AB + AT3 + AA|. 

Trong lam ciia tirdien: Diem G lii trong tain cua tu dial A BCD khi va chi khi: 

ga+gb+gc + gd = o. 

2. su - d6ng phAng cua cAc vecto. di£u kiPn d£ba vecto d6ng phAng 

Dinh nghia : Ba vecto duoc gpi Id ddng pining neu gia aia cluing song song vdi 
mol null pluing. 

Dinh 11 I (Dieu kien de ba vecto ddng pining): Cho liai vecto khong cung phitong 
a vd b. Khi do ba vecto a , b, c ddng pining khi va chi khi co cac so 
m, n sao cho c = m a + n b. Hon nita , car so m, n Id day nhdt. 

Dinh li 2 : Sen ba vecto a , b vd c khong ddng pining I hi vdi vecto d bat ki, ta 
den tim duoc cac so m, n, p sao cho d = ma + nb + pc. Hon nita, 
cac so m, n, p Id day nhdt. 

B. PHl/ONG PHAP GIAI TOAN 

V aiLde I: CHUNG MINH MOT DANG THl ( VECTO 

Plnfong phdp dp dung 

Suf dung: 

■ Quy tdc ba itidm: Ta co: 

AB = AC + CB, xen di&’m C. 

AB - AC = CB,hieuhai vectc# cung g6'c. 
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■ Quy tSchinh binh hanh : Vdi hinh binh hanh ABCD lufln co: 

AC = AB + AD. 

■ Quy hie hinh hdp. Cho hinh hop ABCD.A 1 B,C I D 1 , ta luon co: 

AQ = AB + AD + AA . 

■ Quy tSc trung diem. Vdi diem M tuy y va I la trung diem cua AB 
lu6n co: 

MI = — (M A + MB). 

2 

■ Trong tam cua tarn giac. Diem G la trong tarn cua AABC' khi va 
chi khi: 

GA + GB + GC = 6. 

■ Trong tam cua tif dierr. Diem G la trong tam cua tu 1 dien ABCD 
khi va chi khi: 

GA+GB+GC + GD=0. 

■ Cac tinh chat cua phep c6ng, trd veetd va phep nhan mAt sd vdi 
mAt veetd. 

De thde hien phep bien dAi tddng dirdng cho ding thde cin chdng minh 
Va khi do, ta Ida chon mAt trong cac hirdng bidn d6i sau: 

Hiring 1: Bidn d6i mAt vd thanh vd’con lai (VT => VP hoSc VP => VI'). 
Khi do: 

■ Nd’u xuat phat td vd’ phde tap ta can thde hien vide 
ddn gian bidu thde. 

■ Nd’u xud’t phat td vd’ ddn gian ta c£n thde hidn vide 
ph£n tich veetd. 

Hiring 2: Bien ddi ding thde cin chdng minh vd mot ding thde da 
bid’t la lu6n dung. 

Hiring 3: Bidn dAi mAt ding thde veetd da bid’t la lu6n dung thanh 
ding thde cln chdng minh. 

Hiring 4: Tao ddng cac hinh phu. 

VI dy li (Bai 2/tr 91 - Sgk): Cho hinh chop S.ABCD. 

a. Chung minh rang neu ABCD la hinh hinh hanh llii 
SB 4 SD = SA 4 SC . Dieu nguac lai co dung kltdng ? 

b. Goi O Id gian diem cua AC vd BD. Chitng id rang ABCD Id hinh 
binh hdnli khi vd chi khi SA + SB + SC + SD = 4SO. 

£$ Gidi - Ban doe tit ve hinh 

a. Neu ABCD la hinh binh hanh vai tAm O thi: 

SB + SD = 2SO, SA 4 SC = 2SO, 
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tir do, suy ra: 

SB *• SD = SA + SC . 

Dicu ng litre lai cung dung, that vfiy: 

SB ♦- SD = SA + SC o SB - SA = SC - SD AB = DC 
<=> ABCD la h'inh blnh hanh. 
b. Truck: li£n, vi 0 la giao diem cua AC va BD nfin: 

■ C), A. C thing hang, suy ra Bm: OA = m OC . 

■ O, B. D th&ng hang, suy ra Bn: OB = nOD . 

Khi do: 

4S() - SA + SB + SC + SD 

= (SO + OA) + (SO + OB) + (SO + OC) + (SO + OD) 

= 4SO + (OA + OC) + (OB + OD) 
o (m + I) OC + (n + 1) OD = 0 
I ni + 1 = 0 f m = -1 

<=> ■ <=> < <=> O la trung didm cua AC va BD 

' n + 1 = 0 I n = -I 

<=> ABCD la hinh binh hanh. 

Jtdg 2i Diem G Id trong tarn cua tit diin ABCD, chifng minh rang: 

MA + MB + MC + MD = 4 MG « vdi moi diem M. 

jeS Giiii 

Goi 1 va J theo thu tu la trung diem cua AB vh CD, su 
dung quy tac ba diem bang each xen vao gitfa, ta liin Itfcrt co: 

MA = MG + GA , 

MB = MG + GB, 

MC = MG + GC, 

MD = MG + GD, 

Suy ra: 

MA + MB + MC + MD = 4 + (GA + GB + GC + GD) = 4, dpem. 

Xi Jy 3t Clio hinh hop ABCD.A,B,C,D,. Goi P, R theo thit tit Id trung diem 
ciia AB, A,D,, goi P,, Q, Q,, R, theo thit tit la giao diem cua ede 
ditcmg cheo cua cac mat ABCD, CDD,C,, A,8,0,0,, ADD,A,. 

a. Chifng minh rang PP, + QQ, + RR, =6. 

b. Cluing minh liai tarn gidc PQR va P,0,R, co trong lam trung nhau. 

Gidi 

a. Ta co: 

PP, = r- BC, QQ = - CR , RR' = - B^B, 

2 2 2 
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Suy ra: 


PP, ■* C)o' + RR, = - ( BC + CB, + B.B ) = - BB = 6 . 
1 -) 1 ■> 


b. Goi G, G t^ e o thu tu la trong tarn cac tain giac 
PQR va P,Q,H,. t; ,c 6 : 

PP~ = P>G + GG^ + GV> , 

QO, = 'Q<3 + GG, + G,Q, , 

RR, = R(j + + G,R, , 

Suy ra: 



PP, +9<Qj+^ R i = ( p G + OG + RG)+3G G l ‘+ (G,P, + G,Q, + G,R,) 
<=> 0 = 3 <jC, »G = G,. 


Van de 2: CVirflNG MINH BA DlfcM THANG HANG 

Phifcmg phdp dpj Jwg 

Mu6n chuft n g ninh ba didm A, B, C thang hang, ta di chi/ng minh: 

A§ = kAC, k e R. (1) 

D§ nhcln dtudc(l), ta lira chon m6t trong hai hifdng: 

Huang 1: ‘gq iung cac quy t5c bi£n d6i vectcf da biet. 

Hitdng 2: 'xaclinh vcctd AB va AC th6ng qua m6t t6 ? hdp trung gian. 


^ Chuy : 

1. Sir dung kdt > quarong nhAn x<St quan trong <V hai loan 3, ta co duqc kct qua salt: 
“ Cho ba di'iefn v, B, C. Dieu kien can va dti de A, B, C thang hang Id: 

ivIC = a MA + (1 -a) MB, 

vdi diem lay y hfrf v so t hue a bail ky 

Dac bidt khr,i 0 a < 1 tin diem C thuoc doan AB. 

2. Kfit qua tr6r ;n npai ra c6n duqc su dung dti’ tim di£u kien cho ba difim A, B, 
C thang han n g. 

Yidy 1 j Cho 0 hadtfcmg thang (A), (A,) cat ba mat phdng song song (a), (P), 
(y) / 1 ( inK0 ini A, B, C va A,. B,. C,. Vin O Id diem bait ki trong 
khdr m g an, dat 01 = AA, , OJ = BB, , OK = CC, . Chtmg minh rang 
ba ddjeth J, K thing hang. 


£$ Giai 


Tir gia thidt y thedinh li Ta-let, ta co BA = kBC. B.A^kB^C, . 
Khi do, ta la^ri Irt: 

■ Vdi BA\-=I<C thi: 



^ C^a - d = k (OC - OB) 


o OB = 


I 

I -k 


OA-kOC). 





■ Vtri B,X| = kB/?, thi: 

OA, -OBj = k(ocj - OB, j <=> Ofy = —(OAj 

Khi do: 

Blf=oC OB 1 |n\ kOC )— (OA-kO ; ) 

l-k 1 1 ; l-k 1 ' 

--(oa’-OA) -— (oc’-oc) =-AA, -Ji-X," 

I - k 1 > I - k' > I - k | _ k 

c> oj = —!—oi ——ok . 

I -k l-k 

Nhiin xet rftng trong dfing there tren: 

J-- + | j 7 j - 1 => I, J, K thang hang. 

^ Nhan xet: Nlur vfty, trong ldi giai ciia vf du tr£n d6 cljng rrinh ba diem 
I, J. K thang hang chung ta khong sir dungdi^ u i kien da duoc 
neu trong noi dung bai toan (tuc chung min jj = kIK ) bdi do 
la edng vide kho, va thay vao do chut» m iinh ba vector 
OK, OI, OJ thoa man: OJ = aOI + (50K , vdi + p5 = 1. 

Vi dy (Bai l/tr 113 - Sbt): Clio tudien ABCD. Goi M, Nj, r ;,/r diem Ian hart 
lluipc AB va CD son cho MA = -2MB, ND = -2h'. c?ac diem I, J, K 
Ian hart thuoc AD, MN, BC sao cho 1A = k ID, JM: k J>N, KB k KC 
Cluing minh rang ede diem I, J, K thang hang. 

Gi.it 

Ta c6 th£ truth bay theo cac each sau: 

Cadi i: Ta Ian luot co: 

■ Vdi vecto IJ, ta co bieu di6n: 

0 = IA + AM + MJ . (1) 

U = ID + DN + NJ 

o klj = klD + kDN + kNJ - IA + kDN + MJ . (2) 

Trir theo v€ (1) cho (2), ta duoc: 

(1 - k)D = AM - kDN 

<=>ij=—AM — DN = — MB- — NC (3) 

|-k l-k l-k l-k 

• Vdi vecto JK , bang each chung minh tirong tu ta cunjd: 

JK= —Lmb——NC=—MB——NC. (4) 

l-k l-k l-k l-k 
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Tvr (3) va (4) suy ra: 

U = 2JK <=> I, J, K thAng hang. 

Cadi 2: Ta lAn lugt su dung cdc gia thiet vdi m6t diS’m O bat ki: 

MA = -2MB OA-OM =-2(OB-OM) o OM=-(OA • 20B) 
Tuang tu, ta cung co: 


(0D + 20C), OI = — (OA-kOD), 


ON=^(OD + 20C 

OJ =-(OM-kON 

I - k' 


), OK=—(OB-kOC). 


Tir do, suy ra: 

OJ = —— .-(OA + 20B - 2kOC - kOD) 
1 -k ’ 


= 3^K , ' k)OI+2(l " k)OK ] = T( 0,+20K ) = i 0,+ l bK 


<=> I, J, K thAng hang. 

^ Nhan xet. Nhu vay, de thirc hicn vi du tren: 

a. Trong each 1, chung ta da sir dung lurdng thir 2 de ihiet Kip 
dugc didu ki£n IJ = 2Jk . Va c.lu hoi thircmg dugc cac cm 
hgc sinh dat ra a day la "Vi sao lai tight dirge nhir vay 

dd tra lai chung ta hay bat dAu nhir sau: 

■ I. J, K se thAng hang khi IJ = tJK (hoac fj = t'ik ) va de 
co dugc dang thirc nay ndu sir dung phep tach chung ta 
c5n chcn them cac diem A, B, C, D, M, N (tire 6 diem), 
khi do se nhan dugc mot bifi’u thirc vecta rA’t phirc tap. 

■ Vdi su cAn thiet cua 6 diem dd don gian hoA chung chia 
thanh hai b6 (m6i b6 ba did'm) tucrng img vdi cac dang 
thirc vecta cua gia thi6t. 

b. Trong each 2, chung ta da sir dung ket qua dugc trlnh bay d 
phAn chu y. 

Van de 3: Bl£lJ DlfeN MOT VECTO THANH TO HOP VECT(J 


Phucrng phdp dp dung 

Ta lira chon mot trong hai htfcfng: 

Huong /:Tir gia thi£t xac dinh diTOc tinh chat hinh hoc, rdi tir do 
khai trien vecto cAn bi@u didn bang phiTOng phap xi*n 
dig’m ho3c hieu cua hai vecto cung g6c. 

Huong 2: Tir gia thiet thiet lap dirge mAi lien h§ vecto giira cac dA'i 
tirgng, r6i tir do khai trien bieu thirc nay bang phiTOng phap 
# / . Xen diem hoSc hieu cua hai vecto cung gA'c. 

AP 




YJ du 1; Clw Itinli chop SABC. Day ABC co trong tam G. Hay plnin tick 
verier SA then ha vectcr SB . SG , BC. 



SA + SB + SC : = 3 SG + (GA + GB + GC ) = 3 SG 


<=> SA = 3SG - SB - SC = 3SG - SB - (SB + BC) 
= 3 SG -2SB - BC. 


Clio lie (lien ABCD. Goi A,, B,, C,. D, la car diem ihod man: 

A t A = -2 A ( B, B,B = -2BjC, 

qc = -2qr5, qo = -2 d7a. 

Dot AB = i , AC = j, AD = k . Hay bieu dien ede vectcr A,B, , 
A ,C,, A,D, theo ba vectcr i, j, k . 


£$ Gidi 

Ta l£n loot c6: 

A^A = -2 AJB = -2( A^A + AB ) o A/i —~ m ~ AB ~~~ ' 
fyB = -2 Bq o B^A + AB = -2( B^A + AC) 


co B,A = -—(AB + 2AC) = ——(I +2j). 
qc =-2C,D 

o C,A + AC =-2(qX + AD) 
o qA = -1(AC + 2AD) = —j +2k). 

-2 DjA = qD = qA + AD o D~A = ~i AD 
Tir do, la l&n Inert c6: 


A 



A,B, = A,A - B,A = —j i + y ( i + 2 j ) = —— i + y j • 

-C^ =-|l + ±(j +2i0=~j! + j j +|k. 

. —^9 - - 2 - 1 - 

A,D; ? A, A - D,A = -- I + - k . 

3 3 
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Tong quat hod. Cho tu didn ABCD. Goi A,, B., C,. D, lh cic diem thoa man: 

A^A = t A^B, B^B =tBjC, CjC =tQD. D,D = t [),A . 

vdi t * 0, 1. Dai AB = i . AC = j, AD = k . Hay bidu didn cite vecto A,R, , 
A,C, , A,!}, Iheo ba vecto i , j, k . 

Bang phuong phdp tuong to nhu da trinh b&y Irong Icri giai trdn, chung la se 
nhan doge kd't qua: 

A^ = — i - — j. 

1 1 1-t 1-t 

A.C. = —— i + —— j-— k . 

1 1 1-t 1-t 1-t 

A.D, = —i + —— k . 

1 1 1-t 1-t 


Van de 4: XET TiNH DONG PHANG, KHONG DONG PHANG CUA HA 
VECTO 

Phuffng phap dp dung 

1. 0$’chufng mirth ba veetd a, b, c d6ng phang, ta di chumg mirth tdn 
tai c5p s 6 thde m, n, sao cho: 

c = ma + nb. (1) 

Chu y. Trong trirdng hdp bai toan yeu diu xac dinh dit>u kien cua 
tham s6' dd’ ba vecto a, b, c d6ng phang ta se xua't phat tir di4u 
ki6n (1). 

2. D@ chufng minh ba veetd a, b, c khdng d6ng phang, ta di chufng minh: 

ma + nb + pc = 6 «m = n = p = 0. 

VI dtf it Cho n'f dien ABCD. Goi M va N theo thu tit Id tiling diem cua AB 
va CD. Chung minh rang ba vecto BC, MN , AD dong phang. 

j& 5 Giai 

Tir gia thid't, ta c6: 

- AM => AM BM _ AB 
= BM ~ CN ^ DN ~ CN " DC 
=> BC, MN, AD nam trdn ba mat phang song song 
=> ba vecto BC, MN , AD d6ng phang. 



C 




Vi tlgi 2; (Hai 5/tr 9! - Sgk): Iron)’ khong gian cho AABC. 

a. Cluto,g minh rati); nett diem M thitdc null phiing (ABC’) tlti co 
ha so x, y, i ma x + y + z = I sao elm OM = xOA + yOB + zOC 
v&i moi diem O. 

b. Ngifcrc lai, neu co mot diem O trong khong gian sao cho 
OM = xOA f yOB + zOC , trong do x + y + z = I thi diem M 
thuoc mat phang (ABC). 

JgS Cadi 

a. Vt'ri diem M thuoc mat phang (ABC) thi ba vectcr AB , AC . AM dong phang, 

suy ra 3 y, z sao cho: 

AM =yAB + z AC oOM - OA = y(OB - OA ) + z(OC - OA ) 

<=> OM =<1 - y - z)OA + yOB + zOC 

Dat x = 1 - y - z (turc la x + y + z = 1) thi ta dupe: OM = xOA + yOB + zOC . 

b. Ngupc lai, ta bien d6i: 

OM = xOA + yOB + zOC = (l-y-z)OA + yOB + zOC 
o OM - OA = y( OB - OA ) + z( OC - 6A ) 

<z> AM =yAB +zAC => ba vecto AB, AC, AM d6ng phang 
=> M e (ABC). 


Yi Cho tifdien OABC. Ba diem M, N, P trong khong gian thoa man : 
OM = OA + tOB -20C. 

ON = (t + l)OA +20B + OC, 

OP = (t - 2)OB + 20C , t e R 

a. Xdc dinh t de ba vecto OM , ON , OP dong phang. 

b. Cho t = 0, hay bieu dien vecto v = 50A + 10OB-15OC 
theo ba vecto OM , ON , OP . 


& Ciidi 


a. 


De OM , ON , OP d6ng phang dieu kien la t6n tai cap so there a, P, sao cho: 

OM = a ON +POP 

«. OA + tOB -20C =a[(t + l)OA +20B + OC ] + p[(t-2)OB +20C] 

= a(t + l)OA +[2ct + P(t-2)]OB +(a + 2p)OC 


fl =a(t + l) 

« |y^2a + P(t-2) 
|-2 = a + 2p 


=>4t’ + t- 10 = 0 <=> t = 


-1 ± \{\6\ 
8 
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Vay, v6>i t = v thi OM , ON , OP dong phSng. 
8 

Vdri t = 0, ta dupe: 

OM = OA -20C, 


ON = OA + 2 OB + OC, 

OP = - 2OB +20C. 

Giai h6 phupng trinh tao boi (1), (2), (3) theo cac an OA , OB , OC 


( 1 ) 

( 2 ) 

(3) 

ta dupe: 


OA = ^ (30M + 2 ON +20P), 

OB = — (-20M +20N - 30P), 
10 


OC = (- OM + ON + OP), 

Suy ra: 

v = (30M +20N + 20P) + (-20M +20N -3OP)-3(-0M +■ ON + OP) 
= 40M + ON -40P . 

Van dc 5: CHtlNG MINH BON DI^M d6N’G PHANG 
Phuong phap dp dung 

Mu6'n eh ting minh b6'n dithn O, A, B, C d6ng phSng, ta di chiing minh 
ba veetd OA, OB, OC d6ng phSng. 

Vi dii 1: (Bai 3/tr 114 - Sbt): Cho hinh long tru ABC.A'B'C. Gpi I vd J Ian 
luat la trung diem cua BB’ vd A’C’. Diem K thupc B’C’ sao cho 
KC' = -2KB’. Chimg minh rang bon diem A, I, J, K cung thuoc mol 
mat phang. 


J&Z Giai 

Dat a = AA ', b = AB, c = AC . 

Ta l^n lupt c6: 

AI = ^AB + AB^) =A(a§ + AB + AA') 

= I(2b + a). 

AJ = I(AA’ + AC') = i(AA' + aa"'+ac) 

AK = AC' + CK = AC + AA'-KC'. 

AK = AB' + BTC = AB + A A" - KB*'. 

Til (3) va j^ ), suy ra: 3AK = AC + 2 AB + 3 AA 




<=> AK ---j(c + 2b + 3a) (5) 





Tir (I). (2) va (5), suy ra: AK - Ai + AJ j <=> AK. Al. AJ ddng phAng . 

Vay, bon diem A, I, J, K cung thuoc m6t mat phang. 

^ Shan xet: Nhu vSy, trong Ibi giai cua vi du Iren de chi'rng minh b6n diem 
A, I, J. K dong phang chung ta sir dung di£u kien da diroc ncu 
trong noi dung bai toan, do la viec chi'rng minh ba vecto 
AK. Al. Aj dong phang. Tire la cAn co: 

AK = aAi + PAJ (hoac aAi + pAJ + yAK = 6 ) 

Va de’ tim diroc dang thirc tr£n chung ta lua chon viec bic’u didn 
cac vecto AK. Al. Aj theo ba vecto co so a. b. c cua htnh hop. 

¥1i1il2: Cho tir dien A BCD; I, J theo thir tit la trung diem, cua AB, CD. 

Diem M thuoc AC sao cho MA = k,MC; N thu6c BD sao cho 
NB = k.ND. Chung minh rang bon diem I, J, M, N cung thuoc mot 
mat phang khi va chi khi k, = k,. 

Gidi 

Tnrdc tifin. ta co ngay: IJ =-^(lC+ ID). 

Tir gia thie't MA = k,MC , suy ra: 

IA - IM = k, (iC - livi) ofM=— 1 — IA--J—iC 

v ’ 1-k, 1 - k, 


A 



Tir gia thiet NB = k ; ND. suy ra: 

iB-IN = k,flD-IN) o IN = —?—IB ^—ID =-?—IA—^-ID. 

n ' I -kj I - k, 1-k, 1-k, 

De cac die’m I, J, M. N d6ng phAng di6u ki£n la: 

IM = pIN + q IJ 


o —IA-*i—IC = p| - 

1-k, 1-k, H| 


1-k, 1-k, 


IA- 


—IA-ID I + —(lC + ID) 

1 - k 2 1 -k 2 

, f P k : <0iS 


—!—+ - IC + 
1-k, 2 


1-k, 2 


--i ID = 0 


1-k, 1- 

-k 2 " 

k , 

+ a 

- 

i 

f 

o 

II 

1-k, 

2 

pk. 

_q 

= 0 

1-k, 

2 


— ^ 2 -= => k, = k 2 , dpcm. 

1-k, 1-k, 
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Van dc 6: XAC DINH DitfM M THOA MAN MOT DA NO THl C 
VECTO CHO TRl/OC 

Phucmg phdp dp dung 

1. Ta bid'n <36i d3ng thiic vectd cho trtfdc v4 dang 

OM = v, trong do diem O va vectd v da bie't. 

2. Neu mu6n dung di£m M, ta lSy O lam g6’c dtfng m6t vectd bang 
vectd v, khi do di6m ngon cua vectd nay chinh la di£m M. 

Vi Jy li Cho hinh hdp ABCD-A^QD,. 

a. Chung minh rang AC, + A,C = 2 AC. 

b. Xdc dinh vi tri cua diem O sao cho: 

OA+OB+OC+OD+OA,' + OB,‘ + OC, + OD, = ti. 

c. Clu'fng minh rang khi do vdi moi diem M trong kliong gian ta 
luon co: 

MA +MB + MC +MD +MA^ +MB, + MC, + Ml5, =8 MO. 

J&Z Giai 

a. Ta co: 

AC[ + A^C = ( AC + CCj) + (A^A + AC) = 2 AC. 

b. Goi O la giao di£m cua AC, v3 A,C, ta c6 ngay: 

OA+OB+OC+OD+OA^ + OB^+OC\ + OD^ 

= (OA + OC\) + (OB + ODj) + (OC + OAj) + (OD + o5[)= 6. 

c. Ta c6: 

MA + MB + MC + Mr5 + MA,' + MB, + MC,' + MD,' 

= (Mo+oa) + (MO + ob) + (mo+oc) + (m6+6d) 

+ (MO + OAJ + (MO + OBJ + (MO + OCJ + (MO + ODJ 
= 8MO. 

van de 7: TIM QUY TICH DI^M M THOA MAN DlflU KI$N K 

Phucmg phdp dp dung 

V6i cac bai toan quy tich ta din nhd r3ng: 

1. N@u | MA | = | MB |, vdi A, B cho trtfdc thi M thu6c m3t ph3ng 
trung true cua doan AB. 

2. | MC | = k I AB |, vdi A, B, C cho trirdc thi M thuc)c m3t c3u tarn 
Q ban kinh b3ng k.AB. 

O kJ 



3. Neu MA = k BC, vdi A, B, C cho trtfdc thi 

■ Vdi ke R diem M thudc dirdng thing qua A song song vdi BC. 

■ Vdi ke R' diem M thudc niVa dtfdng thing qua A song song 
vdi BC theo hirdng BC. 

■ Vdi ke R diem M thudc nita dtfdng thing qua A song song 
vdi BC ngtfdc hi/dng BC. 

Yi-jdji li Trong khdng gian, cho ha diem A. B, C codinh khong lining hang, 
tim lap hap cac diem M sao cho: 

I MA + MB + MC | = |2MA - MB - MC |. (I) 

J2$ Gicii 

Goi G la trong tftm AABC, ta bift’n doi dirge (I) \6 dang: 

13 MG | = 13 MA - 3 MG | <=> | MG | = I GA | 

<=> M thuoc mat cau t&m G, ban kinh GA. 


Yi-dp 2i Cho lifdien ABCD. hai diem M, N thoa man: 

MA + t MC = 0, NB + t ND = 0. 

Cluing to rang khi t thay doi thi tnmg diem I cua 
MN di chuyen Iren mol dieting lining codinh. 

Giai B i 

Goi E, F theo thii tu la trung difim cua AB va CD, ta co: } 

2IE = IA + IB = 1M + MA + IN + NB = MA + NB, 



2 IF = 1C + ID = IM + MC + IN + ND = MC + ND, 


Suyra: 2(!E +HF)= MA +tMC + NB +tND = 0 o I e EF. 

Vfty, khi t thay doi thi trung diem I cua MN di chuyen tren dirdng thing EF 
Van de 8: SIT DUNG VECTO GIAI BAITOAN DINH TiNH 
Phucmg phdp dp dung 
Ta co cac k£t qua: 

■ Neu AB = kCD, vdi k * 0 thi AB // CD hoSc A, B, C, D th3ng hang. 
Trong trudng hop AB // CD e (P) suy ra AB // (P). 

D3c bidt nd'u MA = -MB (ho3c MA + MB = 6) thi M la trung didrn 
cua AB. Trong nhidu trifdng hdp bai toan dirge phat bidu dudi 
dang "Churn^ minh ring dirdng thing a di qua trung didm cua 
mot doan thing". 

■ Ndu ABCD = 0 thi AB 1 CD. 

■ Diem G la trong t3m td didn ABCD khi: 

GA + GB + GC + GD = 0. 
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VI dy 1; (Bai 3/tr 91 - Sgk): Clio hinh Icing Irii lam gidc ABC.A'B'C'. Goi G 
va G' Ian h (0 la trong tarn cua A ABC va AA'B’C', I Id giao diem nia 
luii dieting thcing AB' va A'B. Chifng minli rcmg cdc dieting lining GI va 
CG' song song vtii nhati. 

J2$ Gidi 

Goi M. M' theo thu tir la trung diem cua AB va A'B', ta 
co nhdn xet: 

CG' = CC' + CG’ = 2M1 + CG 

= 2MI + 2GM = 2(GM + Ml) = 2 GI 
=> CG' //GI, dpem. 

Chu y: Thong thufrng dt* chudn hod chung ta thuc hien nhu sau: 

■ Dat a = A A', b = AB, c = AC . 

* Tim each bieu dien CG' va GI theo ba vector a, b, c . 

■ Tir do, suy ra: 

CG' =mGI => CG' //GI, dpem. 

Cu the, trong bdi loan ndy, ta c6: 

CG' = -(3a + b -2c) va GI = —(3a + b - 2c ) 

3 6 

=5- CG' = 2GI => CG' // GI, dpem. 

VI dy 2 t (Bai 7/tr 1 14 - Sbt): Clio hinh lap plufcmg ABCD.A'B'CD'. Goi M, 
N Ian lU0 Id cdc diem thupc AD’ va DB sao cho MA = kMD . 
Nl) = kNB (k*0,k* 1). 

a. Clu'fng minh rang MN song song vtii mat pining (A’BC). 

b. Khi MN va A’C song song vtii nhau. Chifng to rang MN vudng 
gdc vtii AD’ va DB. 

£$ Gidi 

a. Ta c6 cdc edeh trinh bay sau: 

Cach /: Dat a = A A', b = AB, c = AD. 

Sir dung edng thuc tfch v6 hucmg ldn luot co: 

ab = bc = ca = 0, a = b = c . 

Tir gia thifi't: 

MA = kMD 1 = k(MA + AD') = k(MA + AD + AA’) <=> AM (a + c) 

Chirng nSlnfi tuong tir, ta cung co AN = - 7—7 b - —c. 

k -1 k -1 
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Suy ra: 


MN AN - AM = —— b-!—c ——(a *■ c) =-^-^c + ^ (a - b) 

k - I k - i k -1' ' l-k I - k ' 1 


Lti BC.^BA 1 
I - k I - k 


O MN. BC, BA’ dong phAng . 

Ngoai ra vi M 6 AD’ va N e BD ncn MN e (A’BC). 

V&y. ta dugc MN song song voi mat phAng (A’BC). 

Cadi 2: Tir gia thiet M A = kMD’, ND - kNB (k * 0. k * 1), suy ra: 

AM DN 

-~- o AD, MN, D'B theo thti tir thudc ba mat phang song song 

MD’ NB . . . i b b b 

=> MN // (A’BCD’) => MN // (A’BC), dpcm. 
b. Dc MN va A’C song song vdi nhau dieu kifin la: 

MN = mA'C 0 --- C + — k ■ (a - b) = m(-a + b +c) 

1 -k 1-k' ’ 1 ’ 


k • k r 1 + k - - r 

o --a-b +-c = -ma + mb + me 

l-k 1-k 1 -k 


1 -k 

k iii i 1 

-= m =>-k=l+kok = —. 

l-k 2 


I + k 
l-k 


Khi do, ta difOc MN = - ~( a - b - c) va do dd: 

NW.AD’ = MN.(aa' , + AD) = -■j(a-b-c)(a + c) = 0 oMNlAD’. 

MN.DB = MN.(dA + DC) = ~j(a-b-c)(b-c) = 0 oMNIDB. 

Nhan xet. Nliir vay, trong lari giai cua vf du tr£n: 

a. O cau a), vi khong t6n tai m6t dircrng thAng trong mat 
phAng (A’BC) song song vdi MN ndn chung ta kh6ng thfi’ 
sur dung phuemg phap thdng thucmg d£ chung minh MN 
song song vdi mat phAng (A’BC). Va a day: 
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■ Trong each 1, cac em c6 the hicu nhu sau: 

Neu ba vccta a. b. c dong phAng vA: 

a. b la cap vector chi phuemg cua mat phAng (P) 
MN = kc , M e (P), N e (P) 
thi MN song song v6i mat phang (P). 

■ Trong each 2. chung ta da su dung kdt qua cua dinh li 
Ta-let trong khdng gian. Va d6 la leri giai toi ini nhat. 

b. O cau b), cac em hoc sinh c3n bid't sir dung dieu kien MN 
song song voi A’C dc’ tim gia tri cua k. tir do suy ra each 
bieu didn cho vecto MN. 

Cac em hoc sinh cung co the sir dung didu kien d6ng phAng 
cua ede didm M, N, A\ C de tim ducrc k. 

Cho hinh chop S.ABCD. Goi D,, D,, D, Ian hurt la diem doi xieng 
cua diem D’ qua A, B’ C. Chifng minh rang B Id trong tarn cua nr 
diin D|D ; D,D\ 

Giai - Ban doc tu ve hinh 
Ta co the trinh bay theo cac each sau: 

Cdch 1 : Dat a = A Ab = AB, c = AD. 

Ta c6 ngay: BD' = BA + BC + BB' = a-b + c. 

Tir gia thifit suy ra A la trung did’m cua D,D’ nftn: 

BDj + BD' = 2BA o BD| = 2BA-BD' =-a-b-c. 

LAp luAn tuong tu, ta cung co BD, = a + b - c , BD, = a + b + c . 

Tir do, suy ra: 

BD, + BD, + BD, + BD' = 0 <=> B la trong tAm tudidn D,D,D,D\ 

Cdch 2: Ta lAn luqt: 

■ Goi I la giao diem cua BD’ veri mat phAng (AB’C) thi D'l = 2IB va I la 
' trong tAm AAB’C. 

■ Goi J la giao did’m cua BD’ vdi mAt phAng (D,D : D,) thi vi D,. D 2 , D, I An 
luot la didm doi xdng cua didm D’ qua A, B’ C nen: 

(D,D : Dj) // (AB’C) => J la trong tAm AD,D 2 D V 

IJ = ID’ => D'B = — D'J => B la trong tAm td didn D,D,D 3 D’. 


cr 


Nhan xet: Nhu vAy, trpng Idi giai cua vi du tren: 

a. O cdch /, chung ta sir dung didu kidn da duoc neu trong 
n6i dung bai toan dd chimg minh B la trong tAm tir didn 
D|D : D,D'. Va d each nay chung ta lua chon viec bieu difin 


cac vecto BD,, BD : , BD,, BD' theo ba vecto co so a. b. c 
cua hinh h6p. 



b. (j each 2. chung la sir dung dinh nghTa ve trong tSm cua 
mot tu dien. 


Vi dy Cha hinh chop S.ABCD cd day Id hinh h'mh hdnh Mot mat phang 
( P) bat Id kitting di c/ua S, cat ede canh SA, SB, SC, SD I an hk/t tai 
cat diem A', B\ C\ D\ Chung minh r&ng : 


SA S£ 

SA' + SC "" SB’ SD' 

Gidi 

Gia sir AC cat BD tai O va A’C’ cat B'D’ tai O’. 
Oat: 

SA aSASB bSB’, SC = cSC\ SD - dSD\ 



SA SC SB SD , 

Kht do: -= a + c.-t--= b + d. 

SA’ SC’ SB’ SD' 


Ta Ian lirpt co: SA + SC = 2SO = SB + SD <=> SD = SA + SC - SB. 


S D‘ = -SD = ^(SA + SC - SB) = I(aS A ’ + eSC' - bSB') 

= —SA ’ + —SC - —SB 1 . . (*) 

d d d 

Va vi cac diSm A’, B', C’, D' thAng hang nfin tu (*) suy ra: 

a c b , . . SA SC SB SD 

d d d SA' SC' SB' SD' 


Xi dy 3i (Bai 4/tr 91 - Sgk): Cho hinh hop ABCD.A'B'C'D'. Goi M va N Ian 
lUtjt Id trung diem cua CD vd DD'; G va G' kin hteft Id trong tdm 
cua ede lit dien A'D'MN vd BCC'D'. Chifng minh rang dudng thang 
GG' vd mat phang (ABB'A') song song vai nhau. 

JS$ Gidi 

Trade tien, ta di chung minh mfinh d£ "Diem G la trong tarn cua td didn 
ABCD, ta ludn co MA + MB + MC + MD = 4 MG , vdi moi di£m M", that vSy: 

Goi I va J theo thd tu la trung diem cua AB va CD, su dung quy tAc ba difi’m 
bang each xen vao gida, ta lSn luot co: 

MA = MG + GA , MB = MG + GB, 

MC = MG + GC, MD = MG + GD, 

Suy ra: 

MA + MB + MC + MD =4MG +(GA + GB + GC + GD = 4MG, dpem. 
Trd lai bai toan, dat a = AB , b = AD , c = AA'. 

TnK$C tiCrv'ta ludn co: GG' = AG'-AG. (1) 
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Vi G la trong tAm tu di£n A'D'MN nfin: 

4 AG = AA' + AO' + AM + AN 

= AA' + (AA' + AD) + (AD + DM ) + (AD + DN ) 

r r 1 • r I - 

= c + c + b + b + — a + b + — c 
2 2 

= -a + 3 b + — c 
2 2 


<=> AG = — a + — b + — c. 

8 4 8 

Vi G’ la trong tAm tir di£n BCCD' nen: 

4 AG*' = AB + AC + AC* + AD' 


( 2 ) 



= AB + (AB + AD ) + (AB + AD + AA') + ( AD + A A') 
= a + a + b + a + b + c + b + c= 3a+3b+2c 


<=> AG' = — a + — b + — c. (3) 

2 4 2 

Thay (2), (3) vAo (1), ta duoc: 

/ 3 • 3 c I ' s , I - 3 - 5 - 5 - I 

242 848 88 

=> B6 ba vector GG', a vA c d6ng phAng => GG' // (ABB'A), dpcm. 

Van de 9: SIT DUNG VECTO »£ GIAIBAITOAN DINH Ll/ONG 
Phitcmg phap ap dung 
Ta co cac ket qua: 

■ AB 2 =A§\ 

■ Su dung c6ng thirc tich v6 hirdng d£ tinh goc giira hai difdng 
thang, gitJa dtfcfng thSng va mat phang, giCfa hai mat ph3ng. 

\i dy It Cho tit dien ABCD, co tat ca cdc canh hang m. Cac diem M, N theo 
tint tit la trung diem cua AB, CD. 

a. Tinh dp dai MN. 

b. Tinh goc giiia ditdng thang MN vai cdc ditcfng thang AB, CD va B r 


JS$ Gidi 

Dat a = AD , b = AB, c = AC . 

Sir dung cdng thuc tich vo huong Ian luqt co: 

a = b = c = m 2 . 


ab = be = ca = — m 2 , 
2 


a. Vi M, N la trung difi’m cua AB, CD nSn: 

MN = ^( AD + BC) = ^( AD + AC - AB) 



*0 V 
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=> MN’ = MN 3 = —(a + c-b ) 2 =~ o MN=-^-. 

4 ' '2 2 

Vay, ia dirge MN - ms ^ 

b. TalAnhrot: 

• Goc giua MN va AB, duac xac dinh: 

MN.AB = — (a + c — b)b = ^|ab + be - b | = 0 

o MN 1 AB oMNlAB. 

Vay, giua MN va AB bang 90°. 

■ Goc giira MN va CD, duac xac dinh: 

MN.CD = MN.( AD - AC) =-(a+ c-b)(a-c) =0 

MN 1 CD <x> MN1 CD. 

Vay, giua MN va CD bang 90°. 

■ Gdc giua MN va BC, duac xac dinh: 

MN.BC = MN.(AC - AB) =I(a + c-b)(c-b) =^m : 


=> cos(mN, BCU ™'* = _2 — — = — o(MN, Be) = 45°. 

V ’ MN.BC mV2 2 ' 

I III m. - 

2 

VAy, giua MN va BC bang 45°. 

^ Nhdn xet\ Nhu vay, trong lai giai cua vi du Iren: 

a. O cau a), chung la tim each bifi’u di£n vecta MN Iheo ba 
vecto ca sd a, b, c cua hlnh tur difin (trong Irudng hap nay 
no la lur didn d£u n£n co cac goc a dinh A bang 60"). 

b. O cau b), chung ta su dung ket qua: 

a.b = |a||b|.cos(a. b) o cos(a, b)= ■" 


vdi luu y s6‘ do cua goc giira hai duemg thang luon nho han 
hay bang 90°. 

Vidv2i (Bai 5/tr 114 - Sbt): Cho hlnh chop S.ABCD co cac canh bang m, 
cac goc lai A bang 60° (BAD = BAA' = A'AD = 60°). Goi P, Q la 
ede diem xac dinh bdi AP = D' A. C'Q = DC'. Chifng minh rang 
dudng thang PQ di qua trung diem cua cqnli BB\ Tinh dp dai doan 
thing PQ. 
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Giai 

DAt a = AA\ b = A B , c = AD. 

a. Sir dung cong thirc ticl vo htfdng Ian lirm co: 

ab = be = ca = -m , a = b= c= m 2 . 

2 

Goi M la trung did’m cia BB’, la co: 

MP = MB + BA + ,\P = MB + BA + D'A 
= MB + BA+ 515 +EVA 

= -—a - b-a -c =-—a-b-c. (1) 

Mai khac, ta cung co : 

MQ = MB' + BC' - CQ = MB' + ETC + DC 

= MB' + B'C' ~ DC + DD’ = -^a + c + b + a= -^a + b + c. (2) 

Tfr (1) va (2) suy ra M? = -MQ oM,P,Q thAng hang. 

VAy, duenig thAng PQ di qua (rung didm M cua canh BB’. 

b. Taco:PQ 2 =PQ = 4MQ'=4(-^a+ b + c) 2 =(3a+ 2b+2c) 

= 9a + 4b ~4c 2 + 12ab +8bc + I2ac 

= 9m 2 + 4m' + 4n 2 + 12.—m 2 + 8.—m 2 +12.—m 2 = 33m 2 . 

2 2 2 

=> PQ = mJJl. 

VAy, ta duoc PQ = m>/33. 

Vi dy 3r (Bai 2/tr 114 - Sbt>: Cho hinh hop ABCD.A'B'CD'. Cac diem M, N 
Ian Inert thude cac dating thang CA va DC” sao cho MC mMA , 
ND = mNC'. Xdc tinh m de cac dating tilling MN va BD’ song 
song vtii nhau. KU ay, tinh MN hiet ABC = ABB' = CBB' = 60° va 
BA = a, BB’ = b, EC = c. 

Giai 

Di tidn trinh bAy ta kf hidu BA = a, BB' = b, BC = c . 
a. Ta c6 ngay: 

BD' = BB' + B'C' + CD =b + c + a. 

Khi d6, dd’ MN song song vii BD’ di6u kidn 1A: 

MN = kBD = ka + kb +kc. (*) 

Tir giai thid't MC = mMA , u co: 
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Chung minh tirong tu, ta cung co: 

BN - — (BD-mBC') —L[ a + c - m(b + :)] = —!—a — b + c 

I -mi- ' 'J l-m l-m 

Khi d6: 

MN = BN - BM = —— a - — b * c - —L( c ma) 
l-m l-m 1 - m' 

_ 1 + m - m h m - 
l-m l-m l-m 

. l + m m 1 . , 1 

ludicu kicn (*) suv ra: k-=-=> m --- va k = - . 

l-m l-m 2 3 

b. Tir ket qua tren , ta duoc: 

MN = -j(a + b + cj 

MN =^|a + b + c) = ~( a + b +c + lab + 2bc + 2acj 

= — fa' + b : + c + 2ab+ 2bc + 2ac 
9 ' 

<=> MN = -7a : + b' + c + 2ab + 2bc + 2ac. 

3 

Vid|i 1> Cho ba tia Ox, Oy, Oz khong dong ptang. 

a. Dat xOy = a, yOz = p, zOx = y . Citing minh rang: 

cosa + cosp + cosy > 

b. Goi Ox,, Oy,, Oz, Ian lifat Id cic tia phdn gidc ci'ia cdc gdc 
xOy, yOZ, zOx. Cluing minh rdig neu Ox, va Oy, vuong goc 
voi nhau thi Oz, vuong gdc vcri a Ox, va Oy,. 

Je£ Giai 

LSy cac difi’m A, B, C l&n loot lhu6c cac tia Ox, O/, Oz sao cho OA = OB = OC. 
Dat OA = a, OB = b. OC = c. 

a. Tu di6u kifin Ox, Oy, Oz kh6ng dong phdng, siy ra: 

(a + b + c) >0 o a + b +c ? + 2(ab + be ca) > 0 

<=> 30A 2 + 20A 2 (cosa + cosP + cosy) > 0:=> cos a + cosP + cosy > 

b. NhSn xct rang: 

■ Vccto (OA +OB) co gia song song vdi Ox. 

• Vccto (OB+OC) c6 gi<1 song song vcri 0>. 

■ Vccto (OC +OA) co gi.l song song vdi Oi. 
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Tir gia thict Ox, va Oy, vu6ng goc vdi nhau, ta co: 

(OA + OB)(OB-HOC) = 0 « OA.OB + OB.OC + OC.OA + OH 0 

Khi do, la liin luoi co: 

(OA +0B)(0C +Oa) =OA.OB + OB.OC + OC.OA i OA* = 0 
<=> Oz, vuong goc vdi ca Ox,. 

(ob+oc)(oc+oa) =OA.OB+OB.OC+OC.OA + Oc’ =0 
<=> Oz, vuong goc vcri ca Oy,. 

bAitApti/giai 

Bai lap 1: Cho tu didn ABCD. 

a. Goi I, J theo thir tu la trung did’m cua AC, BD. Chung minh rang: 

AB + CD = AD + CB =2U. 

b. Goi E, F la hai didm thoa man EA = t EB , FC = t FD , vdri t / 0, 1. Chung 
minh rang: 

AC = t BD + (1 -1) EF . 

Bai tap 2: Trong khdng gian cho ba vcctcf a, b, c khac vecto-khdng. 

a. Neu co a - 3b + 2c = 0 ihi ba vecto a, b, c co d6ng ph«ing khdng ? 

b. Gia sir ma + nb + pc = 0, trong do m, n, p la cac so thuc. Vdi di6u kidn nao 
cua m, n, p thi ba vecto a, b, c d6ng phang. 

Bai tap 3: Cho hinh lap phucrng ABCD.EFGH co canh bang a. Ttnh AB.EG 
Bai tap 4: Cho tu difin ABCD. Goi E la trong tarn ABCD, I, I,, J, J,, K, K, theo 
thd tu la trung did’m cua AB, CD, CA, BD, AD, BC. Diem G thoa man hd thdc 
GA + GB + GC + GD = 6. Chung minh rang: 

a. i!^ + ITi + KK= 2 AG . 

b. GA +3GE = 0. 

Bai tap 5: Cho tti didn ABCD. Goi I, J, H, K, E, F Ik trung diem cua cac canh 
AB, CD, BC, AD, AC, BD. Chung minh rang: 

AB 2 + CD 2 + AC 2 + BD 2 + BC 2 + AD 2 = 4(IJ 2 + HK 2 + EF 2 . 

Bai tap 6: Cho hinh h6p ABCD.A,B,C,D,, goi I la giao diem cua AC, voi mat 
phang (BDA,). Chung minh rang: 

a. AC| + AjC = 2 AC . b. AC^ - A^C = 2 CCj. 

c. KB + KD + KA^=0. 

Bai tap 7: Cho tir didn OABC, dat: 

a = OA + OC , b = (1 - t)OA + tOB + tOC , 
c = OA + OB + t 2 OC . 

Xac dinh t.de ba vecto a , b, c d6ng phang. 
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Bai tap 8: Trong khong gian, cho b6n diem A. B, C, D trong do khong co ba 
diem nao ihang hang. O la diem ba'I ky, Chung minh rang 4 diem A. B. C. D dong 
phing khi va chi khi ton tai bon so u. P. y. q sao cho: 

JaOA+ pOB + yOC fqOD = 6 
|a + p + y + q = 0 

Bai tap 9: Cho tu didn OABC, goi A,. B,, C,. D, la cac didm thuoc AB. BC, CD, 
DA sao cho: 

AA| _ RB] _ CC, _ DD, _ ( 

A,B B,C C,D D^A 

a. Chung minh rang vcri diem O bat ky trong khong gian ta ludn co: 

OA + oii + oc + ob = o \ + oTi~ + oc\ + ob,' . 

b. Xac dinh gia Irj ciia t de bon diem A,. B,, C,. D, dong phdng. 

Bai tap 10: Cho tu dien ABCD, goi G la trong tarn AABC, dal DA = i , DB - j , 
DC = k . H.iy bidu di£n cac vectcr GA , GB , GC theo ba vecto i . j, k . 

Bai tap 11: Cho tu dien vudng OABC. vudng tai O va OA = OB = OC. Diem M 
thoa man I CM I = OA, nira dudng thdng OM lao voi tia OC mc)t goc bang 45° va 
tao voi hai tia OA, OB thanh hai goc nhon bdng nhau. Hay phan tich vecto OM 
theo ha vecto OA , OB . OC . 

Bai tap 12: Cho hinh chop S.ABC. Ltfy cac didm A,, B,, C, ldn luot thuoc cac tia SA, 
SB. SC sao cho SA = aSA,. SB = aSB,, SC = aSC,. trong do a, b, c la cac s6 thay dcii. 
Tim didu kien cua a, b, c dd mat phdng (A|B,C,) di qua trong tarn cua AABC. 

Bai tap 13: Cho td dien ABCD. Lay cac diem M, N. P. Q theo thur tu thuoc AB, 

BC, CD. DA sao cho AM = ^ AB . BN = -j BC , AQ = ^ AD . DP = kDC. Xac dinh 

k dd bon diem M, N. P, Q d6ng phAng. 

Bai tap 14: Cho hinh hop ABCD.A'B'C’D'. M6t duemg thing (A) cAt cac dudng 

thing AA", BC. C'D' lAn lirot tai M, N, P sao cho MN = 2NP . Tinh ——. 

MA 

Bai tap IS: Trong khong gian, cho ba didm A, B. C c6 dinh khong thing hang. M 
la diem di dong. 

a. Chung minh ring vecto v = 2MA + MB — 3MC li m6t vecto khong 
phu thuoc vho vi trt cua didm M. 

b. M 0 la dic’m thoa man AM„ = v va gia sir dudng thing AM 0 cit BC tai N. 
Chung minh ring NB = 3 NC . 

c. Goi (P) la mat phing di qua tarn dudng Iron ngoai tidp AABC va vudng 
goc vdi v . Chung to ring khi M di chuye’n trong mat phing (P) thi tong 
sau cd gia tri khdng doi: 

S = 2MA 2 + MB : - 3MC : . 
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HAI DIKING THANG VUONG GOC 


A. TOM TAT LI THUYfiT 

1. GOC GILfA HAI Dl/ONG THANG BAT KITRONG KHONG GIAN 

Pinh nghia 1 : G oc giua hai dating thong a, b Id goc giita 
hat dating thong a', b ’ citng di qua mot 
diem va Ian lutit song song vtii a va b. 

Chuy. 

1. D£ xac djnh goc (a, b) ta c6 thfi’ 1% diem O nim ngay trfin mot trong hai 
during thing do. 

2. N6u u , v theo thur tu la cac vecto chi phuong cua cac during thing a, b va 
(u , v) = a thi goc giua hai duemg thing a va b bing a hoac 180° - u tuy 
theo a <. 90° hoac a > 90°. 

2. hai diking thAng vu6ng g6c 

Pinh nghia 2 : Hai dating thing goi Id vudng goc vtii nhau nett goc giita cluing 
bang 90°. 

^ Nhan xet. Cho hai during thing song song. Duong thing nao vuong goc vrii 
during thing thu: nhit thi \ai6ng goc vrii during thing thur hai. 

Tuc l&: 

fa//b 

{ => c 1 b. 

[cl a 

B. PHl/ONG PHAP GIAITOAN 

Van de 1: TINH GOC GIITA HAI DlTCJNG THANG CHEO NHAU 

Phaerng phdp dp dung 

Di ti'nh goc giua hai during thing cheo iihau a va b, ta lUa chon mot 
trong hai each sau: 

Cach 7: Ta thuc hidn theo cac buric: 

Bade 1: Tim ^ocbSng vide lay mrit didm O nao do (thring thuring 
O e a hoac O e b). Qua O dung a’ va b’ theo thu tu song 
song vrii a va b. 

Khi do, goc a’va b’ la goc giua a va b. 

Bade2: Tinh goc. Su dung ty sri luring giac cua goc trong tam giac 
vuring ho3c dung dinh li ham s6' crisin trong tam giac 
thuring de’ xac dinh s6'do goc giua a’ va b\ 

M IIS/ 
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Cach 2. Ta thuc hien then cac butte: 

Bu&e 1: Tim hai vectd u , v theo thur tif la cac vectd chi phtfdng cua 
cac dirtng thflng a, b 

Bade 2: Tinh so do cua (u, v) = a sii dun^ ti'ch v6 hutting. 

Bade 3: Khi do, goc giifa hai discing thSng a va b bang a hoSc 
180° - a tuy theo a < 90° hoSc a > 90". 

Vi du ll (Bai 16/tr 117 - Sbt): Cho hinh chop S.ABCD co day la hinh thoi, 
canh ben SA = AB va SA vudng goc vdi BC. 

a. Tinh goc gii'fa hai dating thdng SD va BC. 

b. Gpi I vd J Ian I apt Id cac diem thuoc SB vd SD sao cho IJ // BD. 
Chifng minh rang goc gii'fa AC vd IJ khong phu thuoc vao vi tri 
cua I vd J. 

Gidi 

a. Tir nhan xet BC // AD. la co: 

90" = (SA. BC) = (SA. AD) => SA 1 AD. 

=> (SD, BC) = (SD, AD) = SDA.. 

Trong ASAD, la co: 

SA = AB = AD => A.SAD vu6ng c£n tai A => SDA = 45°. 

Vay, ta duoc (SD, BC) = 45°. 

b. Vi ABCD la hinh Ihoi ndn AC 1 BD, khi do vi: 

IJ // BD => (AC, IJ) = (AC, BD) = 90° - khong phu thu6c vi tri cua I, J. 



^ Khan xet Nhu vay, Irong lcri giai cua vi du Iren: 

■ D6 tim goc gifra SD va BC chung la co ngay AD // BC nen 
nhan dupe goc SDA , va so do cua no dupe xac djnh dua 
Iren he thuc lupng trong tam giac vudng. 

■ Tuctng tir vdi AC va IJ (co gia ihifit IJ // BD) chiing ta nhan 
duoc (AC, IJ) = 90° dua tren tinh chat cua hinh thoi. 


Vi dv.2x (Bai 23/tr 118 - Sbt): Cho li( dien ABCD co CD - ^ AB . Gpi I, J, K 

Ian hrert Id trung diem cua BC, AC, BD. Cho biet JK = ^ AB , tinh goc 

6 

gii'fa dating iluing CD vdi cac dating lining IJ vd AB. 


JS$ Gidi 


a. Ta lan lupt: 

■ Vpi hai dudng thang CD va IJ ta co: 
CD // IK => (CD. IJ) = (IK, IJ). 
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Rat AR = a. tronp AITK ta co ncav 



cs> AIJK vudng tai I. 

V&y, goc gifia hai duang thdng CD va IJ bang 90°. 

■ V6i hai duang thang CD va AB ta co: 

AB // IJ => (CD, AB) = (CD, IJ) = 90°. 

V i Jy 3i Cho n't (lien ABCD. Goi M, N Win liti/t Id ti ling diem cua cue canh 
BC, AD. 

a. Hay tinh cosin cua goc giCta AB va DM, hiet ABCD Id tit dien 
deli co canh hang a. 

b. Hay tinh goc gitta AB va CD, hiet AB = CD = 2a va MN = a 73 . 

j&Z Gidi 


a. Goi E la I rung diem cu .• AC, ta co: EM // AB va EM = 

Do do (AB, DM) = (MD, ME). 

Xet ADEM, ta co: 


DM = DE = ——, trung tuyen trong tarn giac ddu 


a 

2 ‘ 


DM : + EM 3 -DE : 


Vay, ta dirac cos(AB, DM) = —. 

6 

b. Goi O la trung did’m cua BD, ta co: 

ON // AB va ON = a 
OM // CD va OM = a 
do do (AB, CD) = (OM, ON). 

Goi I la trung diem MN, trong ATME vudng tai I, ta co: 

sin MOI = — = — => MOI = 60° 

OM 2 



=> MON = 2 MOI = 120° => (OM, ON) = 180° - 120 n = 60°. 
Vay, ta dirac (AB, CD) = 60° 

188 



^ Nhan xet. Nhir vAy, trong ldi giai ciia vi du Iren: 

■ 0 cau a), dci lim goc giira AB va DM chung ta lira chon 
di^m M Iren DM d6 dung dircmg lining song song vcfi AB, 
bcri M, A. B ciing thudc mal phang (ABC) va dua Iren linh 
chat dircmg Irung binh d£ dat v;Vn de Iheo each "Goi F. Id 
H ung diem cua AC". Cuoi cung. cdsin cua goc DMF duac 
tinh dira Iren dinh If ham so cdsin Irong lam giac. 

■ 6 cau b). vbi hai dircmg thing AB va CD (hai canh d6i cua 
tur didn) ncu chung ta chon cac diem diu mut de dung 
duemg thing song song vdri dircmg thing con lai se khdng 
lao duoc mol tarn giac, lure khbng the tfnh dirpe so do cua 
goc lao thanh. Va irong nhfrng triremg hop nhir vAy, chung 
ta Ihircmg chon trung diem cua doan thing noi (lire trung 
diem cua AC, AD. BC, BD) de lam diem xuAt phat. 

Khi thuc hien yeu cAu nay, cac em hoc sinh cAn luon ghi 
nhd " Goc giiia hai difdng thang khong the Id goc id". 

Vi dy It Clio hinli chop S.ABC a? SA = SB = SC = AB = AC = a va BC = a>/2 . 

Tinh goc gii'fa hai dtfcmg thong SC vd AB. 


& Gidi 

Ta co the; trinh bay Iheo hai cAch sau: 

Cdch I: Goi M, N, P Iheo thu It; la Irung diem cua SA, SB, AC. 
Khi do, la nhAn thtfy: 


. (SC. AB) = (MP, MN). 


] MP//SC 
1MN//AB 
Trong AMNP, ta co: 

MN 2 + MP 2 -NP 2 


cos NMP = 
Ta I An liroi c6: 


2MN.MP 


(D 


MN = — AB = — - vi MN la duemg trung binh, 

MP = — SC = -— vi MP la duone trung binh. 

2 2 



(3) 


Trong ASBP, Iheo djnh If dircmg trung tuyen la c6: 
SR 2 

PB-’ + PS 2 = 2NP 2 + — . 


(4) 


Nhan xet rang: 

■ Vj AABC vuong tai A (c6 AB 2 + AC 2 = BC 2 ) n£n: 

PB 2 = AB 2 + AP 2 = a 2 + — = — • (5) 

4 4 
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• Vi ASAC d&u (c6 SA = SC = AC = a) n6n PS = . 

Tliay (5), (6) vao (4), ta dugc NP = 

Thay (2), (3) va (7) vao (1), ta dugc: 


cosNMP = - — 
2 


NMP = 120°. 


Vay, goc giua hai ducmg thang SC va AB bang 180° - 120° = 60 n . 
Cach 2: Ta di tmh goc giua hai vecto SC va AB , ta co: 

SC.AB (SA + AC).AB SAAB + AC.AB 


cos(SC , AB) = 

| SC |. | AB | SCAB 

Trong do: 

■ VI ASAB d6u (co SA = SB = AB = a) nen: 


SCAB 


SA.AB = SA.AB.cos(180° - SAB ) = a.a.cosl20° = -^- . 

■ Vi AABC vu6ng tai A (co AB 2 + AC 2 = BC 2 ) nfin AC.AB = 0. 
Tir do, ta dugc: 

-— + 0 . _ 

cos(SC , AB) = -2-— =-- => (SC , AB) = 120°. 
a' 1 

Vay, goc giua hai ducmg thang SC va AB bang 180° - 120° = 60". 
Caclt 3: Ta di tinh goc gitra hai vecto SC va AB , ta co: 

-• — sc.ab sc(sb-sa) SC.SB-SC.SA 

cos( SC , AB ) = 


|SC|.| AB| SC AB SC.AB 

Trong do: 

■ Vi ASBC \aiong tai S (co SB 2 + SC 2 = BC 2 ) nen SC.SB = 0. 
• V) ASAC deu (c6 SA = SC = AC = a) nen: 

_ a 2 

SC.SA = SC.SA.cosA SC = a.a.cos60° = — . 

2 

Tir do, ta duoc: 


0 - 


cos(SC , AB) = 


■— =-— =>(SC, AB ) = 120°. 
2 


f6) 

(7) 


Vay, goc giua hai ducmg thang SC va AB bang 180° - 120° = 60°. 

^ Nhan xet. Nhu vay, trong loi giai cua vf du tren: 

■ O each 1, goc giua SC va AB duoc xac dinh dua thco knh 
nghiem da biel trong nhan xet cua vf du trude. 
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■ 0 each 2, chung ta di tmh goc gifra SC va *\B thong qua 
cac vecto chi plnrcmg cua no. Vdi each nay thong thirong 
chung ta nhfin duqc mot Idi gi;ii ngan gon hun. Tuy nhien. 
khi do cac cm hoc sinh cAn co kicn thuc tot vi vecto. 

■ 0 each 3, van vdi y tudng nhu tren. nlumg chung ta bien 
doi vecto AB SA-SB de nhAn duoc ti'ch v6 lurdng cua 
cac vector cung goc, va nhu trong chu de truofc chung ta da 
duqc bifc’t r:\ng "Doi vdi tit dien ( hope goi la hitih chop) 
SACB cluing ta thitdng chon bp vecto so so hi SA. SB. SC 
de bien dien tlio cac vecto con lai". Y tudng nay sc duqc 
thay lai trong vi' du tiep theo. 

Yi du 3; < Bai 17/tr 117- Sbt): Cho liinh hop ABCD.A’B’C’D* co cac canli 
being a, BAD = 60°, BAA’ = DAA' - 120". 

a. Tinh goc gifra cac capdirdng thang AB vdi A’D va AC’ v<ri B'D. 

h. Tinh dien licit cac liinli A'B’CD va ACC'A'. 

c. Tinh goc gifra dttctng thang AC’ va cac ditdng tlidng AB. AD. AA 

&£ Gidi 

Dat x = AB , y = AD. z - A A'. 

Sir dung c6ng thuc ti'ch vo hudng lan luqt co: 

-2 -2 , - - a : - • a 3 a' 

x = y = z =a x.y = —. y.z =-, z.x =- 

3 2 ' 2 2 


Vdi hai dudng thang AB va A’D ta c6 hai cAch: 
Cdchl. Taco: 

AB // CD => (AB. A’D) = (CD, A’D). 

Trong AA’CD, ta co: 

A'D 3 + CD 3 -A’C J 
cos A DC = - 


:a’d.cd 


( 1 ) 


Ta Ian luot co: 



A’D 2 = A’A 2 + AD 2 - 2A’A.AD.cos DAA’ = a 2 + a 2 - 2a.a.cosl20° = 3a 2 
oA’D = a73. (2) 

AT AC - AA’ = AB * \l) - AA’ = x + y - z 
<=> A’C = (x + y-z) =x’+y +z + 2x.y-2y.z-2z.x = 2a 2 


A’C -^a\/2. 


i 


(3) 
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Thay (2), (3) vao Cl) vdri Itru y CD = a, ta dirge: 
3a : + a : - 2a : 1 

2.a>/3.a 75 ’ 


cos A' DC = : 


Vay, g6c giira hai duerng thing AB va A’D co cosin bang 

73 

Cdch 2: Ta co: 

/— -—r\ AB.VD AB(aD-AA') ABAD AB A A' 

COS AB,A D -=r- = = —- ■ . -^-. (4) 

' ’ | AB |. | A' D | | AB |. | A' D | |AB|.|A’D| 

Trong do: 

A’D 2 = A’A 2 + AD’ - 2A’A.AD.cos DAA' = a 2 + a 2 - 2a.a.cos] 20 n = 3a 2 
<=> A'D = a73. (5) 


AB.AD = AB.AD.cosBAD = a.a.cos60° = — . 

2 


AB.AA' = AB.AA’.cosBAA = a.a.cosl20° =-. 

2 


( 6 ) 

(7) 


Thay (5), (6), (7) vao (4), ta dirge: 
cos(AB, A'd) = - 


a~ a' 

nU 2 + T. = . 


a.a73 73 


Vay, gdc giira hai duerng thing AB va A’D co cosin bang —j=. 

v 3 

■ Vdi hai dufmg thing AC’ va B’D ta co hai each: 

Cdch I: Ta co: 

AC = x + y + z, 

BT) = AD - AB 1 = AD - AB - AA~’ = y - x - z. 

AC , .B r D = (x + y + z)(y-x-z) = y 2 -(x + z[ = y‘ - I x‘ + z' ■» 2x./| =0 


o ACIB’D. 

Vay, goc gifra hai duerng thing AC’ va B’D bang 90 n . 

Cdch 2: Trong hmh binh hanh AB’C’D, ta co: 

AD = a, 

AB’ = AB f AA’= x +z o AB' = (x + z) = x" +z’ + 2xz = a : <=>AB’ = a, 

AD.AB' = y(x + z) = y.x + y.z = 0 <=> DAB' = 90". 

Tir do, suy ra AB'C'D la hinh vu6ng, nfin goc giira hai duerng thing AC’ va 
B’D bang 90°. 
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Vdi hinh hinh hanh A’B’CD, ta c6: 


S.\! 'i = A'D.A'B'.sinDA'B' = a73.a., I- I = a 2 72. 


Y'te 

Vdi hinh hinh hanh ACC'A', ta c6: 

S AfVA = AC.GC’.sin ACC’. 

Trong do: 

AC = AB + AD = x + \ <=> AC = |x + yJ =x + y +2xy = 3a 2 
<=> AC = a73. 

AC" = |x + y 4- z) = 2a 2 <=> AC’ = a72. 

A —, AC : + CC ,2 -AC 2 3a 2 +a 2 -2a 2 I 
cos ACC =- 


2AC.CC 


2.a73.a ~~ 73 


sin ACC’ = >/l -cos 2 ACC' = 4=. 

73 


76 


Thay (9), (10) vao (8), ta dirac S ACCA = a73.a.—^ = a 2 72. 


( 8 ) 


(9) 


( 10 ) 


Vdi hai dudng thing AC’ v& AB, ta co: 

AC'.AB =(x + y + z)x = \ + x.y + x.z = a 2 

=> cos f AC', A§) = * 2 * = -C-=-L o (AC'.AB) = 45". 

’ |ac| |ab| a72.a 4l 1 ' 

Vay. goc giua hai duong thing AC’ va AB hang 45". 

Vdi hai dudng thing AC va AD, ta co: 

AC'.AD = (x + y + z)y = y" + x.y + y.z = a 2 

=> cos (AC\ Afj) = - - 4 =- o (AC. AD) = 45". 

' |ac||ad| a 72 .a 72 V 

Vay, goc giua hai ducmg thing AC va AD bing 45°. 

Vdi hai dudng thing AC va AA’, ta co: 

AC'.AA' = (x + y + z)z = z" + x.z + y.z = 0 <=> AC'l AA'. 

Vay. goc giua hai dudng thing AC’ va AA’ bing 90°. 

^ Nhqn xet: Nhu vay, trong Idi giai cua vf du tren de tfnh goc giua hai 
dudng thing chung ta da linh hoat sir dung kien thirc vd vecto 
dd’ tilth dd dai doan thing cung vdi sd do goc giua chung. 
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V i d y 6 : (Bai 20/lr 118 - Sbl): Clio tifdien ABCD. I Ay cac diem M, N Win It mt 
thupc ccic ducmg thdng BC vd AD sao clio MB = kMC vd NA k ND 
vdi k Id so time khac 0 cho nude. Dal a Id gdc gii'fa hoi vectet MN vd 
BA , P la gdc gii'fa hai vector MN vd CD . Tim moi lien he gii'fa AB vd 
CD dea = p = 45°. 


Gidi 

Kc MP//AB, la co: 

PA MB MB 
PC _ MC ~ MC 

Suy ra: 

(MN, BA) = (MN, MP) = NMP = a. 


_ k = _NA = NA oPN//CD 
ND ND 


MN. CD = MN. PN) = MNP = |1 


Trong AMNP, ta co: a = P = 45° <=> 
■ Ta co: 

PM CP nK< CP An 

-=-=> PM =-.AB; 

AB CA CA 

Vdi di&u kien PM = PN, suy ra: 


j PM - PN 
I MPN - 90" 



PN AP 
CD " CA 


■ PN =—.CD: 
CA 


CP AD AP AB PA MB MB . i, 

-AB .CD o = — = = --=r = -k oAB= I k I CD. 

CA CA CD PC MC MC 


■ Vdi di6u kidn MPN = 90", ta co ngay AB 1 CD. 

Vfty, vdi AB 1 CD vA AB = | k | CD thoa man di£u kien dan hai. 


V» d v 7: (BAi 24/tr 118 - Sbt): Clio tit dien ABCD co BC = AD = a, 
AC = BD = b, AB = CD = c. Dot a Id gdc gii'fa BC vd AD. [5 Id gdc 
gii'fa AC vd BD. y Id gdc gii'fa AB vd CD. Clufng miiili rang trong 
ba so hang a 2 cosa, b 2 cosP, c 2 cosy co mot so hang bang tong hai so 
hang edn lai. 

£$ Gidi 

Dal a = AD , b = AC, c = AB . 

• Vdi hai ducmg thAng BC va AD ta co: 

AD.BC = AD. (AC - AB) = AD.AC-AD.AB 

= ^(AD : + AC 2 -DC 2 )-^(AD 2 +AB : -DB : ) 
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- —(AC 2 t DB : - AB : - DC 2 ) = ^(2b : -2c : ) = b -c 

=> cos( AD. BC) -- 7 ^- <=> avcosa = | b : - c 2 i. 

' ' a" 

• Tircmg tu. vdi hai dirimg lhang AC' va BD. AB va CD ta c6. 

b 2 .cos(3 = I c 2 - a 2 1. c 2 .cosy = I a 2 - b 2 1. 

Khi do. khong mat tmh t6ng quilt, gia sir a > b > c, ta diroc: 

a 2 .cosa = b 2 - c 2 , b 2 .cosP = a 2 - c 2 . c 2 .cosy = a 2 - b 2 
Vb trong tnrdng hop nay, ta co: 

b 2 .cosp = a 2 .cosa + c 2 .cosy. 

c ®’° > Chu y: Vt du tiep theo minh hoa viec sir dung tmh chat so do goc trong 
khong gian de xac dinh dac tfnh cua thiet di£n. 

Xi cly It: Clio hinh chop S.ABCD co day A BCD Id hinli binh hdnh vdi AB = a, 
AD = 2a, SAB Id tarn giac vudng ccm tqi A, M Id diem Iren can It 
AD (M khdc A vb D). Mat pltang (a) qua M song song vdi null 
phdng (SAB) cbt BC, SC, SD Ian hfo'i tqi N, P, Q. 

a. Chung minh rang MNPQ Id hinh lhang vudng. 

b. Dal AM = x. Tinh dien ticli cua MNPQ theo a va x. 

Gidi 

a. Ta co: 

[(a)//(SAB) 

<(a)n(SAD) = MQ =>MQ//SA. (1) 

|(SAB)n(SAD) = SA 
[(a)//(SAB) 

|(a)o(ABCD) = MN =>MN//AB. (2) 

|(SAB)n(ABCD) = AB 

Tir (1) va (2) suy ra NMQ = 90°. 

Mat khac, ba mat phfmg (ABCD), (SCD) va (a) cfit nhau theo ba giao tuyen 
MN, CD, PQ co: 

MN // CD MN // PQ MNPQ la hinh thang vuong. 

b. Ta co: 

S n1 n, v =^(MN + PQ).MQ. (3) 

Ta co ngay MN = AB = a. (4) 
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Trong ASAD, ta c6: 

MQ DM AD-AM 2a-x 2a-x 

SA DA DA 2a 2 

Trong ASCD, ta co: 

PQ SQ AM x _ x 

CD SD AD 2a 2 ' 

Thay (4), (5), (6) vao (3), ta duoc: 

_ 1 . x. 2a-x 1 ,. , 

S NWPQ = -(a+ -)-y- =-(4a--x-). 


(5) 

( 6 ) 


Vi dy 9: (Bai 18/lr 117 - Sbt): Clio tit dien ABCD trong do goc giRa dtfdng 
thdng AB va CD bang a. Goi M la diem bat Id thudc cqnli AC, dal 
AM = x (0 < x < AC). Xet mat pining (P) di qua diem M vd song 
song vcfi AB, CD. 


b. Xdc dinh vi tri cua M de dien tich thiet dien cua liinli ti'f dien 
ABCD vcri mat phang (P) dal gid tri Ion nhdt. 

c. Chtrng minh r&ng chu vi cua thiet dien neu tren khong phu 
thudc vao x khi AB = CD. 


Giai 

a. Ta thirc hien: 

■ Dung MN I I CD va MQ I I AB. 

• Dung NP// AB. 

Khi do MNPQ la thiet dien ciin dung va no la htnh 
blnh hanh co: 

(MQ, MN) = (AB, CD) = a => sin QMN = sin a . 
Ta c6 ngay: 

S M npq = MQ.MN. sin QMN . 

Thuc hiSn lan lucrt: 


■ Trong AABC, ta co: 

MQ CM AC - AM 
AB ’ AC ~ AC 


=> MQ 


AB 

AC 


(AC-x).. 


D 



( 2 ) 


■ Trong AACD, ta co: 

MN AM ,,,, CD 

-=- => MN =-.x.. 

CD AC AC 


Thay (2), (3) vao (1), ta duoc: 

„ AB.CD . . 

S v,vpo =—-rr-(AC-x)x.sma. 


AC 2 


Nh5n xet rSng: 
(AC-x)x = 


AC 2 


AC 


. AC 2 


3) 
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Tirdo. suyra MaxS MNP( , = A B '^ . sina * AB.CD.sina dal diroc khi 
° AC'- 4 4 

x - —- , hie M la irung diem cua AC. 

b. Goi p la nua chu vi cua thiet dien, la co: 

p = MQ + MN = —(AC-x) + — .x = CD ~ AB .x + AB. 

AC AC AC 

Tir do, suy ra chu vi cua ihifi't di6n khong phu thupc vao x khi: 

—— - - - 0 oAB = CD. 

AC 


\'hdn xet: Nhu vay, Irong loi giai cua vi du Iren: 

■ O cau a), chung la gap iai dang loan "Xdc dinh thiet dien di 
qua mol diem vd song song vdi hai dudng thang cheo nhan 
( lio tritdc". Va dien fich cua thiet dien (la hinh binh hanh) 
nay dupe ti'nh theo edng thuc sin, con gia tri Ion nhai cua 
no dupe lim ihiVy bring vi tc sir dung kicn thite vd tam ihirc 
bi)c hai. 

■ O cAu b), chung ta chi cAn thiet lAp c6ng (hue tfnh chu vi 
(nira chu vi p = f(x)), r6i bang vide nhom theo bAc cua x va 
cho cac he sd lien quan bring 0 chung ta se nhan dupe didu 
kidti dd p khong phu thuoc vao x - Day Id dang loan quen 
tlutdc Irong dai so. 


Van de 2: CHUNG MINH HAI DUONG THANG VUONG GOC VOINHAU 

Phuang pluip dp dung 

Dd chung minh dtfdng thSng a (v6i vtcp a) vudng goc vdi dudng 
thang b (vdi vtcp b), ta lua chon theo hudng: 

Huang 1: Chung minh (a, b) = 90", trong nhidu trudng hdp chung 
ta sU dung tich v6 hudng. 

Huang 2. Su dung ket qua ve lien hd giua quan he song song va 
quan hd vudng goc cua hai dudng thSng. 


Vi du 1: (Bai 22/tr 118 - Sbt): Cho hai lam giac can ABC va DBC co chung 
cqnh day BC vd nam trong hai mat phdng khde nhan. 

a. Cluing minh rang AD vudng goc vdi BC. 

b. Goi M va N Id ede diem ldn It fat thude cac dtfdng thang AB vd 
BD sao cho MA = kMB vd ND = kNB . Tinh goc gida hai dudng 
thang MN vd BC. 
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A 


£$ Gidi 

a. Goi I la trung difini cua BC, ta co: 

BC 1IA. BC 1 ID , 

AD.BC = =(lD-IA)BC = ID.BC -IA.BC = 0 
o AD 1 BC, dpcm. 

b. Tirgiathiet MA=kMB va ND = kNB , suy ra: 

MN // AD => (MN. BC) = (AD. BC) = 90°. 



^ Chu y : Khi co th6m ki£n thi'rc ve ducmg thang vuong g6c vdi mat piling 
chung ta se co mdt cdch giai khac dd thirc hifin cftu a), cu the: 

Vi cac AABC, ADBC c&n tai A va D nfin: 

i <=> BC _L (1AD) => BC 1 AD, dpcm. 

BC1DI 1 


BE = BF 
OE = OF 


Vi dq 2» Cho hinh tif dien den ABCD canh bdng a. Goi O Id tarn ditdng trdn 
ngoai tiep ABCD. Chitng minh rang AO vuong gdc vdi CD. 

J&> Gidi 

Qua O dung dudng tiling song song vdi CD, cat BC. BD thco thd nr tai E va F, 
M lit tmng did’m cua CD suy ra: 

(AO, CD) = AOF. 

Ta co: 

[EF//CD 
|bc = bd = 

[mc=md 

Xet hai tarn giac AABE va AABF, ta co: 

|be = bf 

i ABchung => AABE = AABF => AE = AF 

[/\BE = ABF = 60° 

AAEF can tai A => AO 1EF AOF = 90° oAOl CD. 

Vi dy 3t Cho hinh lie dien ABCD. Chitng minh rang: 

a. ABCD + AC.DB + AD.BC = 0. Tit do, suy ra rang neu Hi dien 
ABCD co AB 1CD va AC 1 DB thi AD 1 BC . 

b. (Bai 10/tr 96 - Sgk): Neu AB.AC = AC.AD - AD.AB thi AB 1 CD. 
AC -L BD, AD _L BC. Dieu ngnoc lot co dung khdng ? 

c. (Bai 9/tr 96 - Sgk): Neu AD = BD = CD v& ADB « BDC = CDA 
thi AD 1 BC, BD 1 AC, CD 1 AB. 
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(iiiii 

a. T.i Win hroi co: 

ABC!) = AB.( AD- AC) = AB.AD - AB AC . (I) 

AC. DB = AC.(AD-AB) = AC.AD-AC.AB. (2) 

AD. BC = AD.(AB-AC) = AD.AB - AD.AC . (3) 

Cong ihco vc (I), (2) va (3), ta dirac: 

ABCD 4 AC.DB + AD.BC = 0. dpcm. 

Khi do, vch dieu kien AB 1CD va AC 1 DB thi: 

AB.CD =0 va AC.DB = 0=> AD.BC o AD1BC. 

b. Ta co: 

AB.CD = AB.(AD-AC) = AB.AD-AB.AC =0 
« AB 1 CD oABl CD. 

Chdng minh tirong tir, ta cung nhan dune AC 1 BD. AD 1 BC. 

V) cac phep bicn ddi trdn la tuang duang nen didu nguac lai cung dung. 

c. Ta co: 

AD.BC = AD.(CD-BD) = AD.CD - AD.BD 
= AD 2 .cosCDA -AD : .cosADB =0 
o AD 1 BC. dpcm. 

Chi'rng minh tuang tu, ta cung nhAn duoc BD 1 AC. CD 1 AB. 

¥J dji 4i Cho liinh tt'fdien ABCD co AB = AC = AD va BAC = 60°, BAD = 60 n , 
CAD = 90". Chi'fng minh rang: 

a. AB 1 CD. 

b. Neil I va J kin ltf<rt la irung diem ciia AB va CD thi IJ _L AB va 
IJ 1 CD. 


A 

Gidi /1\ 

a. Taco: f / / \ 

AB.CD = AB.( AD - AC’) = AB.AD-AB.AC /'{ \ 

= AB 2 .cos60° - AB\cos60° = 0 B 4.>C 

<=> AB 1 CD, dpcm. 

b. Tit gia thiet. suy ra AABC. AABD deu. q 

Ta lan lirat co: 


• AACD = ABCD (c.c.c) => JA = JB => AJAB cAn tai J => IJ 1 AB. 

• AABD = AABC (c.c.c) => ID = IC => AICD cAn tai I => IJ 1 CD. 










c 


YidyJi; Trong khdng gian cho hai tam gidc deu ABC' vd ABC co cluing canh 
AB va ndm trong hai mat phang khac nliau. Goi M, N', P, Q Win hurt 
Id trung diem cua cdc canh AC, CB. BC. C'A. Chfoig minh rang: 

a. ABICC. 

b. Tugidc MNPQ Id htnh cliff nhdt. 

es Gicii 

a. Goi a la canh cua tam gidc dfiu, ta c6: 

AB.CC' = AB.(AC - AC') = AB. AC - AB. AC 
= a 2 .cos60° - a 2 .cos60° = 0 
<=> AB X CC', dpcm. 

Nhan xet rang: 


b. 


MN = - AB va PQ = - AB : 
2 2 


• MN = PQ. 


QMN = ( MN. MQ) = ( AB. CC’) = 90°, 
Tir (1) va (2) suy ra MNPQ la hinh chu nhat. 



Vi dy 6: Cho hinh chop S.ABCD day ABCD Id hinh hinh hdnh. SAB va SAD 
la cdc tam gidc vudng tai A. 

a. Chtfng minh rdng SA vudng goc vdi BC vd CD. 

b. Chifng minh rdng SA vudng goc vdi AC vd BD. 


Giai 

a. Ta co: 

JBC//AD 
{AD ISA' 

JCD//AB 

|abisa‘ 

b. Tr6n tia SA lay di6m S’ sao cho AS = AS’, ta co: 

AB, AD deu la trung true cua SS' 

=* BS = BS' va DS = DS’ => ASBD = AS’BD (c.c.c) 


> BC 1 SA. 


> CD 1 SA. 



=> OS = OS’ =i> AOSS’ efin tai O => OA X SS' o AC X SA. 

Trong (CSS’) ke Ox song song vdi SS’ va cat SC, S’C tlieo thu tu tai E, F vala 
trung dilm cua m6i duerng, ta co ngay: 

EF //SA. 

Mat khac, vi: 

ASBC = AS’BC (c.c.c) => BE = BF => ABEF can tai B 
=> OB X EF o BD X SA. 


Chii y: Dc nghi c^c em hoc sinh de xua’t mot each giai khac de chtiig 
minh SA vuong goc vdi BD. 
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'll d|i 7s Trong khdng gian cho hai h'tnh vudng ABCD v<> ABCD 1 co cluing 
unit AB vd nam Irong hai mat phang khac nhau. Ian hurt co tarn 
O vd O'. Chung minh rdng AB X OO' vd lit giac CDD’C Id hinh 
chi'rnhdi. 


& nidi 

a. (ii;i sir hinh vu6ng co canh bang a, ta co: 

A BOO' = AB.(AO'-AO) = AB. AO’- AB. AO 

= a. .cos45 n - a. Ejl .cos45° = 0 
2 2 

<=> AB X OO', dpcm. 

b. Nh.in xct rang: 

CD = AB va CD' = AB => CD = CD', 

DCC' = ( DC, CC*') = (AB, OO*’) = 90°, 

Tif (1) va (2) suy ra CDD'C’ la hinh chu nhat. 



\i du 8; iBdi 8/tr 95 - Sgk): 

a. Clio vecta n khac 6 vd hai recta a. b khdng ciutg phifctng. 
Chitng ntinh rang neu vecta n vudng goc vdi cd hai vecta a vd 
b thi ha vecta n , a vd b khdng dong phang. 

b. Chintg ntinh rang ba vecta ciing vitong goc vdi vecta n khac 0 
thi dong phang. Tit do suy ra, cac dudng tlidng ciing vuong goc 
vdi mdt duifng thang thi ciing song song vdi mot mat phdng. 

Gidi 

a. Gia sir trai lai, ba vector n, a va b dong phang. Tuc la t6n tai hai sd' x va y 
sao cho: 

n = x a + yb=^ n.n = x a . n + yb.n => n 2 = 0 => |n | = 0 
di£u do mftu thuAn voi gia thiet. 

Vay, ba vdctcr n , a va b khdng dong phang. 

b. Vdi ba vecta a , b, c ciing vuong g6c vdi vector n . 

Khi do, ne'u a v& b khdng ciing phircmg thi n , a va b khdng ddng phang, 
turc la t6n tai ha sd' x, y, z sao cho: 

c = xn + ya + zb^>c.n = xn.n + ya.n + zb. n 
=> 0 = x n 2 => x = 0. 

Tuc la, ta co bidu didn: 

c = ya + zb => ba vecta a, b, c ddng phang. 

Tit do suy ra. cac dudng thang ciing vudng gdc vdi mdt dudng thang thi ciing 
song song voi mot mat phang. 
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Vi dji Bi Cho S la diin tich AABC. Chung minh rdng : 
s = Vab j .ac j -(AB.AC) j . 

Giai 

Vori AABC, ta c6: 

S = — AB.AC.sinA = — IABI.| AC I .sinA. 

2 2 

Mat khac, la c6: 

sinA=x/TwX = . ■' !»'< ■ v " 1 ( AHAC,- 

]j AB| ,| AC| J | AB|.| AC| 

TCr do: 

S. 1 | ABI.IACI. J* 8 ’g' .1 yAB' AC iAB AtV . 

2 | AB|. |AC | 2 V 

BAI TAP TlTGIAI 

Bai tAp 1: M6i khAng djnh sau c6 dung kh6ng ? 

a. Hai dirong tilling ciing vuftng goc voi du6ng thAng thur ba thi song song voi nhau. 

b. Hai dUcmg thAng cung vuong goc voi dutmg thang thu ba Ihi vuong goc 
voi nhau. 

Bai lap 2: Cho tu difen ABCD. Goi M. N lAn luot la Irung diem cua cac canh BC. 
AD. Hay tinh goc giua AB va CD, bife't AB = CD = 2a va MN = a V2 . 

Bai tAp 3: Cho tu difen ABCD. Goi I, J, H, K lAn luot la trung diem cua B(’, AC, 
AD, BD. Hay tfnh goc giua hai ducnig thing AB vii CD trong m6i trucmg hop sau: 

a. Tu giac IJHK la hinh thoi co ducmg cheo IH - IJ-J3. 

b. Tu giac IJHK la hinh chu nhAt. 

Bai tap 4: Cho hinh h6p chu nhAt ABCD.A^CjD, co AB = a, BC = b va AA, = c. 

a. Hay tinh g6c giua AD, vA B,C. 

b. Hay tinh goc giua AB va A,C. 

Bai tap 5: Cho tti difen ABCD co AB = a, CD = b. Doan IJ n6'i trung dife’m I cua 
AB va trung dife’m J cua CD. Gia su AB vu6ng g6c vdi CD. (a) la mat phAng qua 
M trfen doan IJ va song song voi AB va CD. 

a. Tim giao tuyfe'n cua a vdi mAt phing (ICD). 

b. Xac dinh thiet difen cua ABCD voi mat phAng a. Chung minh thifet dien la 
hinh chu nhat. 

c. Tinh difen tich thifet difen, bife’t IJ = 3IM. 
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Bai lap 6: Cho tu dien ABCD c6 Iftt ca cac canh hang nhau. Goi M. N Ian lucti lii 
tnmg diem cua AB. CD. Lay cac did’m I, .1. K lAn lupt thuoc cac dudng thane BC. AC. 
AD sao cho III -K.IC . JA = kJC , KA - kKD Irong do k la so khac kh6ng cho Inroc 
Cluing minh rang: 

a. MNlIJvaMNIJK. 
h. AB 1 CD. 

Bai lap 7: Trong mat phang (a) cho AABC vuong tai A, B = 60". AB = a. Goi O 
la trung diem cua BC. Lay diem S a ngoai (a), sao cho SB = a va SB vuong goc 
vr'ri OA. Goi M la mdt diem tren canh AB, mat phang (P) qua M va song song vdi 
SB va OA, cSl BC, SC, SA liln lupt lai N, P, Q. Dal x = BM. vdi 0 < x < a. 

a. Chung minh MNPQ la hinh lhang vuong 

b. Tinh Ihco a va x dien Ii'ch cua hinh lhang nay. 

c. Tinh x de dien ti'ch nay Ion nhS't. 

Bai lap 8: Cho hinh chop S.ABCD day ABCD la hinh binh hanh. SAB va SAD 
la cac lam giac vudng lai A. 

a. Chung minh r^ng SA vuong goc voi BC va CD. 

b. Chung minh rang SA vuong goc voi AC va BD. 

Bai tap 9: Cho hinh hop ABCD.A^jC’iD, co lAt ca cac can! d<£u bang nhau. 

a. Chung minh ding AC vudng goc voi B, D,. 

b. Chung minh ding AB, vudng goc vdi CD,. 

c. Chung minh ding AD, vuong goc vdi CB,. 

Bai lap 10: Cho hinh tu didn dchi ABCD. Chung minh ding :<1<c cdp canh ddi cua 
td dien vuong goc vdi nhau. 

Bai tap 11: Chung minh ding neu dudng thang (d) vuong goc v-di hai dudng thang 
c;lt nhau a vj'i b nAm Irong mAl phAng (a) thi no vuong gdc vdfi moi dudng lhAng 
nSm irong (a). 

Bai tap 12: Cho hinh chop S.ABCD co day la hinh binh hanh rmat bdn SAB la lam 

giac vuong lai A. Vdi diem M bai ki thuoc canh AD (M khac / v a D), xel mat phang 

(P) di qua diem M va song song vdi SA. CD. 

a. Thiel dien cua hinh chop S.ABCD khi cAt bdi mat phmg; (P) la hinh gi ? 

b. Tfnh dien ti'ch cua thifit di6n theo a va b, biS't AB = i, ,'SA = b, M la irung 

didm ciia AD. 
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CHIJ Bi: 3 THANG VUONG GOC Vdl 

mAt phAng 


a. t6mtAtlithuy£'t 


1. DINH NGHlA Dl/dJNG THANG VU6NG GOC VOI MAT PHANG 

Dinh Ii m» dan : Neu difdng thing (d) vudng gdc vdi hai difdng thing cat nluui 
(a) va (b) nam trong mat phing (P) thi no vudng gdc vdi moi 
difdng thing nam trong (P). 


Nhu vay: 

|(a) cat(b) 

[(d) 1 (a) va (d)l(b) 


> Vc c (a) luon c6 (d) ± (c). 


I 


Dinh nghla 1 : Mot difdng thang goi Id vudng goc vdi mol mat phdng khi no vudng 
goc vdi moi difdng thing chifa trong mat phing do. 

Dinh li 1 : Neu difdng thing (d) vudng goc vdi hai dtfdng thing ceil nhau (a) vd (b) 
nam trong mat phdng (P) thi difdng thang (d) vudng goc vdi mat phdng 

(P). 

Nhir vay: 


(a)cat(b) 

(d) 1(a) vh (d)l(b) 


=> (d) 1 (a, b). 


2. cActinhchAt 

Ti'nh chat 1 : Qua mot diem O cho trade co duy nhdt mot mat phing (P) vudng 
gdc vdi mot difdng thang (d) cho trade. 

Cdcli dinig: Ta Ian lircrt thuc hicn: 

■ Qua O dung dircrng thang (d’)//(d). 

■ La'y hai mat phang phan biet (Q) va (R) cung di 
qua (d‘). Trong (Q) dung duemg thang (a) qua O 
va vuong goc vdi (d’). Trong (R) dung duemg 
thang (b) qua O va vuong goc vdi (d’) 

Khi do, mat phang (a, b) chrnh la mat phang can dung. 

Ti'nh chat 2 : Qua mot diem O cho trade co duy nhdt mot difdng lining d vudng 
gdc vdi mot mat phing (P) cho trade. 
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CiU'h diCng: Ta Ian lirpt thuc hien: 

• L<i\ dircmg thang (a) nSm trong (P). 

• Dung mat phAng (Q) qua O vu6ng goc vdi (a) 
ciit (Pi then giao tuyen (b). 

■ Trong (Q) dung dircmg thang (d) qua O va vuong 
goc vdi (b) 

Kin do. duemg th;lng (d) chinh la duemg thang din dung, 
liiti toan: Qio tirdien ABCD. Tim diem O each dcu bon dinh cua tirdien. 

Gitii 

Goi (d) la duemg thang di qua tarn I duemg tron ngoai tiep AABC va vuong 
goc vdi (ABC). Mat phang trung true cua doan AD cat (d) tai O thi O each d£u 
bon dinh cua ttf dien, that vay trude ti£n ta co ngay: 

OA=OD. (1) 

Mat khac: 

AOIA = AOIB = AOIC (e.g.e) => OA = OB = OC. (2) 

Tir(l) va(2), suyra: OA = OB = OC = OD 
Tire la, diem O each deu bdn dinh cua tir dien. 

3. Ll£N H$ GILfA QUAN Hfc SONG SONG VA QUAN H$ VUONG GOC CUA Dl/tfNC 

n iAng va mat phAng 

Tinh eh;Vt 3 : 

a. Clio liai dudng thong song song. Mat phdng ndo vuong goc vdi dudng 
thang nay thi cung vuong goc vefi dudng thang kia. 

b. Hai dining thang plain biet cung vuong goc vdi mot mat phdng thi song 
song vdi nhau. 

Tinh chat 4 : 

a. Clio hai mat phdng song song. Dudng thang ndo vudng goc vdi mat phdng 
nay thi cung vudng goc vdi mat phdng kia. 

b. Hai mat phdng plain biet cung vudng goc vdi mot dudng tlaing thi song 
song vdi nhau. 

Tinh chat 5 : 

a. Cho dudng thang a va mat phdng (P) song song vdi nhau. Dudng thdng 
ndo vudng goc vdi (P) thi cung vudng goc vdi a. 

b. Heii mot dudng thdng va mot mat phdng (khong dura dudng thdng do) 
cung vuong goc vdi mot dudng thdng thi song song vdi nhau. 

4. DINH U BA Dlf&NG VUONG GOC 

Dinh nghia 2 ( Phep chieu vudng goc): Phep chieu song 
song trong do phuerng chieu vudng goc vdi 
mat chieu goi Id phep chieu vudng goc. 
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t3r Chu y: Ph(5p chieu vu6ng gdc c6 day du c.1c tihh chat cua phep chieu 
song song. 

Dinh li 2 (Dinh li bci throng vuong gdc): Cho dirdng 
thang a co hinh chieu Iren mat phang (P) 
la dirdng lining a'. Khi ay, mol dirdng 
thong b mini trong (P) vuong goc vdi a 
khi va chi khi no vuong goc vdi a'. 

Turc la: 

aibc(P)«a’lb. 

5. GOC GltfADlfdNG THANG VA MAT PHANG 

Dinh nghia 3 : Goc gii'ra dirdng thong a va mol 
phang (P) Id goc giila dirdng tluing a 
va hinh chieu a' cua no Iren (P), ki 
hifiu la (a, (P)) hay ((P), a). 

Dac bidt: 

■ Khi a thuoc (P) hoac a song song voi (P) thi (a, (P)) = 0°. 

■ Khi a vu6ng goc vdi (P) thi (a, (P)) = 90°. 

Nhir vay, ta Iu6n co 0 < (a, (P)) < 90°. 

b. phi/ongphApgiaitoAn 

Van de 1: CHlTSti MINH Dl/ONG THANG VUONG GOC V()I MAT 
PHANG - MAT PHANG TRUNG TRUC. 

CHUN(; MINH HAI DUONG THANG VUONG GOC VOI NHAU 

Phi tong phdp dp dung 

1. De chirng minh dirdng th3ng a vuong goc vdi mSt phHng (P), ta co 
the lira chon m6t trong cac each sau: 

Cach I: Chirng minh a vudng goc veti hai dirdng thing c3t nhau 
chira trong (P). 

Cach 2: Chirng minh a song song vdi dirdng thing b vuong goc 
vdi (P). 

2. D6 chirng minh mit phing (P) la mit phing trung true cua doan 
AB ta di chung minh (P) vudng goc vdi AB tai trung diem 1 cua AB 

3. Dd chirng miirli hai dudng thing a, b vudng goc vdi nhau, ta cd thd’ 
lira chon mdt trong cac each sau: 

Cach I: Chung minh dudng thing a vudng goc vdi mdt mat phing 
chira dudng thing b. 



206 



Cach 2: Sir dung dinh li ba difcfng vuong goc. 

Cdch Neu hai dirdng thing ay c3t nhau thi c6 the ap dung cac 
phurdng phap da hoc trong hinh hoc phSng. 

Vi du I: Cho Id dien ABCD co hai mat ABC va BCD Id hai lam gidc can co 
cluing canlt day BC. Gin I hi ti ling diem cua earth BC. 

a. Chi'mg mirth rang BC vuong goc vdi mat phdng (AD!). 

b. Goi AH 1a dudng can ctia tarn gidc ADI. chung mirth rang AH 
vuong gdc vdi mat phdng (BCD). 

Gidt 

a. Vi AABC va ABCD can theo thi'r tu lai A va D nen: . 

r A 

■; => BC ± (ADI), dpcnv 

[bc 1DI / i\ 

b Vdi AH 13 dircrng cao cua AADI, suy ra AH 1 DI. (I) / /! \ 

Mat khac tir a), ta co: g /... 

BC -L (ADI) => BC 1 AH. (2) N. 

TCr(l) va (2). suy ra AH 1 (BCD). Z) 

^ Shari xet Nhu v3y, vf du tr£n da minh hoa each 1 trong vide churng tninh 
dircrng lhAng vuong goc veri mat phang. Va leri giai cua c3u b) 
phu thuoc vao ket qua trong a). 

Vi du 2: Cho tu dien SABC co earth SA vuong gdc vdi mat phdng (ABC) va 
co tarn gidc ABC vuong lai B. Trong mdt phdng (SAB) Ice AM 
vuong gdc vdi SB lai M. Tten canlt SC lay diem N sao cho 

SM SN t 

— = — . Chung math rang : 

SB SC 

a. BC 1 (SAB) va AM 1 (SBC). S 

b. MN 1 (SAB), tir do suy ra SB 1 AN. V\N 

Gidi 

a. Ta I (in luot co: Asr \ /C 

| B( 1 SA =i> BC 1 (SAB). 


b. Tirgiathiet: 

SM SN 


« AM 1 (SBC). 


• MN // BC ^ MN 1 (SAB) => MN 1 SB 


=> SB J- (AMN) => SB i. AN. dpem. 
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C»“ 


Nhan xet. Nhir vay, trong cau h) cua vi du trcn da minh hoa each 2 tie 
chirng minh dirong thang vu6ng goc vtVi mat phAng. 


\LdyJli (Bai 18/tr 103 - Sgk): Cho limit chop S.ABC co SA 1 (ABC), ah 
tam giac ABC va SBC khong vudng. Goi H va K Ian han la trice 
tdm cua cac AABC va ASBC. Chung minh rang: 
a. AH, SK, BC dong quy. b. SC _L mp(BHK). 
c. HK 1 mp(SBC). 


Gidi 


a. Goi {E) = AH n BC, ta co: 


j BC 1AE 
[BC1SA 


=> BC 1 (SAE) => BC 1SE 


=> SE la direfng cao cua A SBC => K e SE. 
vay. ba dircmg thang AH, SK, BC d6ng quy tai E. 
b. Ta c6: 


fBHIAC 
(BH ISA 


=> BH 1 (SAC) =* BH 1 SC. 



C 


( 1 ) 


Mat khde, ta c6 BK 1 SC. (2, 

TCr (l) vA (2), suy ra SC 1 (BHK). (*» 

c. Ttr(*),suyraSC±HK. (3) 

Mat khde, tvr a), suy ra BC 1 HK. (4) 


Tir (3) vd (4), suy ra HK 1 (SBC). 


Ki_dp_4i 


(Bai 17/tr 103 - Sgk): Cho tudien OABC co OA, OB, OC ddi mot 
vudng gdc vdi nhau. Goi H Id hinh chieu vudng cua diem O Iren 
mat pining (ABC). 


a. 

b. 

c. 

d. 


Chl'mg minh rang BC 1 (OAH), CA 1 (OBH), AB X (OCH). 
Chi'cng minh rang H Id true tdm cua AABC. 


Chi'cng minh rang —+ —Ur 
6 OH OA 2 OB 2 


1 

OC 2 


Chi'cng minh rang cac gdc cua tam giac ABC deu nhon. 


Gidi 

a. TCr gia thid't: 

OH 1 (ABC) => OH 1 BC. 
Ta co: 


JOAIOB 

[OA IOC 


<=> OA 1 (OBC) =* OA 1 BC. 


(1 

(2 
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b. 


c. 


d. 


TO < 1) va (2) suy ra BC 1 (OAH). 

Chung minh tuong lu la nhan dirorc CA 1 (OBH), AB _L (OCH). 

TO kct qu;i c&u a), la co: 

BC 1 (OAH) => BC 1 AH. (3) 

AC 1 (OBH) => AC 1 BH. (4) 

TO (3) va (4) suy ra H la true tarn cua AABC. 

Gia sir AH c<it BC tai K, suy ra OK 1 BC. 

■ Trong AOBC vu6ng tai O, ta co: 

1 1 1 
OK' ~ OB : OC 2 ' 

• Trong AOAK vuong tai O, la co: 

-L = —L + —!— = —L + —L^-J_ d 

OH*’ OA :+ OK : OA 2 + OB 2+ OC 2 ’ PCm 
Gia sir OA = a, OB = b, OC = c. 

Xct AABC vuong tai O, ta co: 

AB 2 = OA 2 + OB : = a 2 + b 2 , 

BC' 2 = OB 2 + OC 2 = b 2 + c 2 , 

AC 2 = OA 2 + OC 2 = a 2 + c 2 . 

r—-- AB : + AC : -BC : a 2 + b 2 +a 2 +c 2 -(b 2 +c 2 ) _ 

2AB.AC 2\J& 2 +b 2 ,\Ja 2 +c 2 

=> goc BAC nhon. 

Chung minh tuong tu, la duqc cac goc BCA va ACB deu nhon. 

Vfty, cac g6c cua tarn giac ABC dSu nhon. 



Vi d|Lat Hinh chop S.ABCD co day ABCD Id hinh vuong canh a, canh 
SA = a va vuong goc v&i mat phang (ABCD). 

a. Chung minh rang cac mat ben cua hinh chop Id nhutig tarn giac 
vuong. 

b. Mat phang (a) di cpia A va vuong goc voi canh SC Ian heat cdt 
SB, SC, SD tai B', C\ D\ Clumg minh B’D’ song song vcri BD 
va AB’ vuong goc voi SB. 

Giai 

a. Ta co ngay, cac tarn giac SAB va SAD vu6ng tai A. 

Tirgia thift: 

SA 1 (ABCD) => SA 1 BC. (1) 

Mat khac, ta co: 

AB 1 BC, vi ABCD la hinh vudng. (2) 

Tir (1) va (2) suy ra: 

BC is (SAB) => BC 1 SB => ASBC vu6ng tai B. 

1 / 
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Chung minh tuong tu ta duqc ASDC vuong tai D. 
Tir gia thiet va kdt hop vdi ket qua c£u a), ta dirqc: 


o AH X (SBC) => AH 1 SC. 


Chung minh tucmg tu ta duqc AK X SC. 

Nhu vay, vi AH, AI, AK cung vu6ng goc vdi SC ndn ba duong thang AH, AI, 
AK cung chua trong mat phang qua A va vuong goc vdi SC. 
c. Nhan xet rAng: 

ASAB = ASAD (c.g.c) =* SB’ = SD'. 

Trong ASBD, ta co: 

^ = ^=>BD//BD. 

SB SD 

Taco: 

SC 1 (a)=> SC 1 AB'. (3) 

Tu kdt qua trong a) la: 

BCX (SAB) => BC X AB'. (4) 

Tir (3) va (4) suy ra: 

AB' 1 (SBC) => AB' 1 SB. 


Vf dy 6i Cho hinh chop S.ABCD co Jay ABCD la hinh vuong him 0, SA 
vuong goc vdi mat pining (ABCD). Goi H, I. K Ian U«ft Id liinli 
chieu vuong goc cua diem A Iren SB, SC, SD. 

b. Chifng minh rang BC _L (SAB), CD X (SAD). 

c. Chifng minh rdng (SAC) Id mat pliang irung true cua Joan BD. 

d. Chifng minh rdng AH. AK rung vuong goc vi'ri SC. Tif do suy ra 
ba ditdng thdng AH, AI, AK cung chtfa trong mot mat phdng. 

c. Chifng minh rdng (SAC) Id mat pliang Irung true cua Joan I IK 
Tit do suy ra HK X AT. 

f. Tlnh dien tich tit gidc AHIK, biet SA = AB = a. 

Giai 

a. Tir gia thiet: 

SA X (ABCD) => SA X BC. (I) 

Mat khac, ta co: 

AB X BC, vi ABCD la hinh vudng. (2) 

Tir (1) va (2) suy ra BC X (SAB). 

Chung minh tirong tu ta duqc CD X (SAD). 

b. Tir gia thiet: 

SA X (ABCD) => SA X BD. (3) 

Mat kh£c, ta co: 
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AC 1 BD. v'i ABCD la hinh vuong. (4) 

Tu (3) va (4) suy ra: 

BD J. (SAC) tai (rung diem O cua BD. 

Vay, (SAC) la mat (rung true cua doan BD. 

c. Tu gi<i thiet va ket hop vdi ket qua cau a), ta dupe: 
I AH A SB 

o AH 1 (SBC) => AH 1 SC 

I AH 1 BC 


Chung minh tuang tu ta dupe AK 1 SC. 

Nhu vfty. vi AH. AI. AK cung vuong goc veri SC nen ba dudng thAng AH. AF, AK 
cung chua trong mat phAng qua A va vuong goc vdi SC. 

d. Gia su HK cat AI tai E. 

NhAn xet rang: 

ASAB = ASAD (c.g.c) => SH = SK. 

Trong ASBD, ta co: 

— = — => HK // BD va E la trung diem cua HK. 

SB SD 

Ket hap vdi ket qua d cau a), suy ra: 

HK 1 (SAC) tai trung diem E cua HK. 

VAy. (SAC) la mat phang trung true cua doan HK. 

Tir kfi’t qua HK _L (SAC) suy ra HK 1 AI. 

e. Ta co: 


■ = —AI.HK. 


> AI = 


a -v/6 

~ 7 ~ 


Trong do: 

• Trong ASAC vu6ng tai A, ta duoc: 

I _ I I I I 

AI 3 ” SA : + AC 3 a 3 2a 3 

■ Trong ASBD, ta dupe: 

SH SK 1 1It ,,, , , aV2 

— = — = — => HK la duang trung binh => HK =- 

SB SD 2 w 2 

„ I a-s/6 a\f2 a 3 >/3 

Thay (6), (7) vao (5), ta dupe; S AH1K = = —— • 


(5) 

( 6 ) 

(7) 


Van dc 2: THI$T DI$N QUA MOT Dl£M CHO TRUtfC VA VUONG 
GOC VO I MOT DU&NG THANG CHO IRlJOC 

Phitcmg phap dp dung 

De tim thiet dien cua khdi da dien (S) vdi mSt phSng (P), (P) qua 
diem M cho trtfdc va vuong goc vdi mdt dudng thSng (d) cho trude, ta 
lira chon mot trong hai each sau: 

Cdck l: Dung m3t phSng (P) nhu sau: 
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• Dung hai dudng thing cit nhau cung vu6ng goc vdi d. 
trong do co it nha't mot dudng thing qua M. 

• Mat phing xac dinh bdi hai dudng tiling tren chinh la cx. 

• Xac dinh thi£t dien theo phUdng phap da hoc. 

Cach 2: Neu co hai dudng thing cit nhau hay cheo nhau a, b cung 
vuong goc vdi d thi: 

(P) // a hay chua a 
(P) // b hay chua b 

VI dp li Cho Itilth chop S.ABCD co ABCD la hinh vuong canlt hang a, 
SA = a-Jl va vuong goc vdi (ABCD). Goi AH la dirdng cao cuu ASAB. 

. . SH 

a. Tinli ti so — va do ddi AH. 

SB 

b. Goi (a) Id mat piling qua A va vuong goc vdi SB. (a) ait hinh 
chop S.ABCD theo thief dien Id hinli gi 7 Tinli dien tich < tia 
thi it dien. 


Giai 

a. Trong ASAB vu6ng tai S, ta co: 

SH _ SH.SB SA 2 (a>/2) : 2 

SB _ SB 2 ~ AB : +SA 2 ~a 2 +(a>/2) 2 _ 3 ' 

1 _ 1 [ 1 1 ! _ 3 c>AH= aV6 

AH 2 SA 2 AB 2 (a-y/2) 2 a 2 2a : 3 

b. Dimg thifi't didn: 


■ Trong (SBC) dung Hx 1 SB va cat SC tai I. 

■ N6'i D vai I, ta duqc thiet dien la tti giac AHID 
Nhan xet rang: 

f BC 1 AB 

\ => BC 1 (SAB) => BC 1 SB. 


Trong mat phang (SBC), ta co: 

[ BC 1 SB (HI//BC//AD 



> AHID la hinh thang vuong tai A va H 


Trong ASBC, ta c6: 

111 _ SH _ 2 _ H[ _ 2a 
BC SB 3 3 

Tir do: 

Sah,d = (AD + HI).AH = (a + ^ 


5a 2 n/6 
~1X 
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Vi dv 2s (Bai 19/tr 103 - Sgk): Clio hinh chop S.ABC to ABC la lam gidc itiu 
canh a vd SA = SB = SC = b. Goi G la trong lorn A ABC. 

a. Chung minh rciitg SG X (ABC). Tilth SG. 

b. Xet mat pining (P) tli qua A va vuong goc vt'ri dtfdng lining SC. 
Tint hi; ihifc lien he gitla a va b di (P) cat SC tai diem C, mini 
giita S vd C. Khi do. hay tilth dien tich thiet dien cita hinh chop 
S.ABC khi ciit bdi mat pitting (P). 

J2$ Gidi jk 

a. Goi M In (rung di£m BC, ta co: / \ 

j BC i AM AJX \ 

\ => BC 1. (SAM) => BC 1 SG. 


Gnmg minh nrcmg ur, ta cung nhan diroc 
AB1SG => SGI (ABC). 

Trong AGSA vuong tai G, ta co: 

n * * faV3l 


SG 2 = SA : - GA : = b : - 


= b : - — => SG = 


06 diem C, nAm gifra S va C didu kidn la ASAC (cAn tai S) nhon 


o A SC < 90° <=> cos ASC >0o 


SA 2 + SC 2 - AC 2 


<=> 2b 2 - a 2 > 0 <=> a 2 > 2b 2 <=> a > b -Jl. 


ASAC = ASBC (c.c.c) => SC ± B,C => SC 1 (ABC,) 
A ABC, cAn tai C, chinh la thidt dien. 


AC, = SA.sin ASC = SA VI - cos' ASC = b JI - 


Yi iUl.3: Clio hinh tif dien S.ABC co ABC la tarn gidc deu canh hang a. 

SA = a va vuong goc vdi mat pitting (ABC). Goi M Id mot diem tity 
y li en canh AC, (cl) la mat pining qua M va vuong goc vdi AC. 
a. Tity theo vi tri cita diem M tren canh AC, co nhan xet gi ve 
tliiet dien tqo bdi (a) vdi tut dien S.ABC. 
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b. Dot CM = x, vdi 0 < x < a. Tilth dien licit S cua thiei dien Iren 
then a va x va xac din It x de dien tick nay co gid tri Idn nhai. 
Tiit/t dien lick l(fn nhdt do. 


JSS Gidi 

a. Goi E la trung difi’m cua AC, ta co ngay: 

BE 1 AC. 

Do do, c^n xet hai trucmg hop khac nhau ve vi tri cua diem M tren canh AC va 
trong do ta sir dung: 

SA _L (ABQ => SA 1 AC. b 
n/ 



MEM C 


Tracing help I : Voi M thuoc doan CE, ta thuc hien: 

■ Trong (ABC) dimg Mx // BE va cat BC tai N (ta 
duoc MN ± AC). 

■ Trong (SAC) dimg My // SA va cat SC tai P (ta 
duoc MP _L AC). 

Nhu vay, trong trucmg hop nay ta duoc thiet dien la 
AMNP vu6ng tai M. 

Tracing hap 2: V6i M thuoc doan AE (trir dic’m E). 

■ Trong (ABC) dimg Mx // BE va cat AC tai N (ta 
duoc MN 1 AC). 

■ Trong (SAC) dimg My // SA va cat SC tai P (ta 
duoc MP 1 AC). 

■ Trong (SAB) dimg Nz // SA va cat SB tai Q (ta 
duoc NQ 1 AC). 

Nhu vfty, trong trucmg hop nay ta duoc thiet dien la hinh thang vuong MNQP 
(vuong tai M va N). 
b. Ta xet hai trucmg herp cua did’m M 

Tradng hap /: Vdi M thu6c doan CE, ta co 0 < x < — va diftn ti'ch AMNP la: 



Samnp= ^MN.MP. 

Trong ABCE, ta cc>: 

MN _ CM _ x 
BE CE ~ a 
2 


'I) 
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MN = x S - 


2 ) 



Trong ASAC. ta co: 

MP CM x 

-— =- - => MP = x - Cach tilth tluhilnit. 

SA CA a 

Thay (2), (3) vao (1), la dupe: 

Samnp = ]- x >/3 .x = —~ 


( 3 ) 


Ta co ngay: (Sav 5 nh)m jx — 


>6 


a'v/3 , . ... a 

-. dal duefe khi x = — . 

8 2 


Truong hop 2: Voi M thupc doan AE, ta co — < x < a va dien tt'ch MNQP la: 


Smnqp= - (MP + NQ).MN. 

Trong AABE, la co: 

MN AM a-x .... /r. 

BE AE a 

2 

Vi ASAC vuong c&n tai A nfin APMC vuong can tai N, do do: 

MP = CE = x - Cach tinh thuliai. 

Trong ASAB, ta c6: 

a 

NQ BN MF. x-; > ... _ 

—— =---=-^ => NQ = 2x - a. 

SA BA EA a 


(4) 


(5) 


( 6 ) 


(7) 


Thay (5), (6), (7) vao (4), ta dupe: 

1 

2 


S MNyP = ^ (x + 2x - a). (a - x) = (3x - a)(a - x). 


Ta bien d6i tiep: 


3>/3 


4ax a' 


W- 2 l X ' 3 + 3 I 

^2 ^ 2 ^ 

Suy ra (S M nqi-)m« = dat dupe khi x — . 

o 5 


^ 3n/3 


J = T 

[9 l 3 J 


2 >/3 


Tom lai, ta dupe: S ld = 
a 2 yfi 


x : 73 

2 


vdi 0 < x < — 
2 


v/3 

—(3x-a)(a-x) voi -<x<a 


Va (S ld ) M „ = dat dupe khi x = — 

O J 


A0 
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Van de 3: TAP HOP HINH CHI&J CUA MOT BI^M CO DINH TRftN 
MOT DirONC; THANG di DONG 


Phuang plidp dp dung 

Vdi ydu diu " Tim tip hop hinh chieu 
vudng goc M cua diem cddjnh A trdn dirdng 
tiling (d) di dong trong mitphing (P) cd djnh 
va ludn qua mot diem cddjnh O", ta thirc hicn 
theo cac birdc sau: 

Bifdc 1: Dung AH 1 (P) (H e (P)), theo 
dinh H ba dirdng vuong goc ta co 
HM 1 (d). 



Bitoc 2: Trong mat phang (P), vi HMO = 90° nen M thuoc dirdng 
tron dirdng kinh OH chtra trong (P). 


Vi dp It (Bai 33/tr 120 - Sbt): Cho hinh chop S.ABCD co day ABCD Id 
hinh vudng tdm O. SA = a. 

a. Gqi D, Id tiling diem cua SD. C'hifng minh ring AD, 1 (SCD). 

b. Goi O la tdm cua hinh vudng ABCD, M Id diem thay dd'i Iren 
SD. Chung minh rang hinh chieu vudng goc ciia O n en duimg 
thing CM thuoc duimg tron codinh. 

JSS Giai 

a. Nhan xet rang: 


Mat khac, ta cung c6 SD 1 AD,, v'i ASAD, cfln tai A. 

Tir do, suy ra AD, X (SCD). 
b. Nhan tha’y dirdng thang CM n8m trong mat phang (SCD) co dinh va di qua 
diem C c6’ dinh. 

Ke OH // AD,, thi H la trung did’m cua CD, (suy ra H co dinh) va OH X (SCD). 
Goi K la hinh chifiu vudng goc cua O tren dirdng thang CM. suy ra: 

CM X HK, theo djnh If ba dirdng vudng goc 

=> CKH = 90° => K thudc dirdng tron dirdng kfnh OH chura trong (SCD). 
Khi S di ddng trdn tia Ax thi M thudc nira dirdng tron dirdng kfnh BH trong 
nda mat phang (SAB) bd AB. 


fCDX AB 
[CDXSA 



^ Nhan xet: Nhu vay, trong vf du tren cau a) duac de xuat de goi y cho vice 
thirc hidn bude 1 cua cau b). 



VI dv 2: Chn hinh vudng ABCD tarn O; S Id mot diem di dong hen tin Ax 
vudng goc vtii mat pining (ABCD). 

a. Tim tap lu/p hinh chieu vudng goc cua O h en dating thdng SB. 

b. Tim tap hop chan dating cao ve h'f dinh D h ong ASDC. 


Ciiai 

a. Nhin lhay dudng thing SB nam Irong mat phing 
(SAB) cd dinh vh di qua diem B co dinh. 

Ha OH X AB, tir gia thiet: 

SA X (ABCD) => SA 1 OH => OH 1 (SAB). 

Goi M la hinh chieu vudng goc cua O tren dudng 
thing SB, suy ra: 

SB 1 MH. thco dinh If ba dudng vuong goc 
=> BMH = 90* => M thude dudng tron dudng kfnh BH chua trong (SAB). 
Khi S di dOng tren lia Ax thi M thude nira dudng iron dudng kfnh BH trong 
nira mat phing (SAB) bd AB. 

h. Nhan th&y dudng thing SC nam trong mat ph&ng (SAC) cd dinh va di qua 
di6m C cd dinh. 

Ta co: 



fDOl AC 
[DO ISA 


=> DO X (SAC). 


Goi N la hinh chieu vuong goc cua D tren dudng thing SC, suy ra: 


ON X SC. theo djnh If ba dudng vudng goc 


=> ONC = 90" => N thuoc dudng tron dudng kfnh OC chira trong (SAC). 
Khi S di ddng trdn tia Ax thi N thude nua dudng tron dudng kfnh OC trong 
nira mat phing (SAC) bd AC. 


Vi Jy 3i Chn hinh lhang ABCD vudng tai A va B, cd AD = 2a, AB = BC = a. 

Tren lia Ax vudng goc i 'di mat phdng (ABCD) lay mot diem S. Goi 
C\ D' Win laot Id hinh chieu vudng goc cua A tren SC va SD. 
Chihig minh rang: 

a. SBC = SCD = 90°. 

b. AD’, AC' va AB cimg nam hen mot mat phdng. 

c. Chihig minh rang dating thdng C’D' hum luon di qua mot diem 
" co dinh khi S di ddng tren tia Ax. 
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Gidi 

a. Tac6: 


BC -L AB 

o BC 1 (SAB) => BC 1 SB => SBC = 90°. 

BC 1SA 


Goi M la (rung di6’m cua AD, ta c6 nhim xet rftng ABCM la hinh vudng, suy ra 
1 S 

CM = a = — AD => AACD vudng tai C. 

Khi dd: 

f CD 1 AC 
1 CD 1 SA 


o CD 1 (SAC) 


=> CD X SC => SCD = 90° 

b. Dua vao ket qua trong a), ta co: 

CD 1 (SAC) => CD 1 AC' => AC' 1 (SCD) => AC 1 SD 
Mat khac, ta co: 
f AB 1 SA 



I AB 1 AD 


o AB 1 (SAD) => AB 1 SD 


VAy, ta dirge AB, AC', AD' ciing vu6ng goc vdi SD do do chimg thude mat 
phAng qua A va vudng goc vdi SD. 

c. Gia sir AB cat CD tai K - cd' djnh. 

Thco djnh If ve giao tuydn thi K thude C'D'. 

VAy, dircmg thAng C'D’ ludn lu6n di qua didm co dinh K khi S di ddng trftn tia Ax. 


Van dc 4: TIM TAP HOP HINH CHlfij VUONG GOC CUA MOT 
DIEM CO DINH TRftN MOT MAT PHANG DI D()NG 

Phucmg phap dp dung 

Vdi ydu cdu " Tim tap help hirih chid'u vuong goc H cua mot didm cd' 
dinh A tren mStphSng (P) di dong ludn chda mot dining thSng (d) cd 
dinh", ta thifc hidn theo cac birdc sau: 

Bade 1: Xac dinh mat phSng (Q) qua A 
vudng goc vdi d. Tim a = (P) D (Q) 

Bade 2: Goi H la hinh chidu vudng goc cua A 
len a, thi H cung la hinh chieu vudng 
goc cua A tren (P). 

Bade 3: Goi E la giao didm cua d vdi (Q). Trong mat phSng (Q), ta 
cd AHE = 90 n nOn H thuoc dudng tron dtfdng kinh AE. 
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Yidw li Clio hinh chop S.ABCD co day ABCD Id hinh ihoi him O canh a, 
ARC = 60", SA = a vd vudnggoc vdi null pining (ABCD). Goi M Id 
mol diem Iren < anil SB. 

a. Klii M Id ti ling diem ciia canli SB, null dien licit nia thiet dien 
nia hinh < hop S.ABCD vd7 nidi phony (ADM). 

b. Khi M ih dong Iren canh SB. Tim lap lu/p hinh chieii vudng gdc 
nia S Iren null pliang (ADM). 


J2$ Gidi 
a. Ta co: 

f AD e (ADM)va BC e (SRC) 

AD//BC =>Mx//AD//BC 

((ADM)o(SBC) = Mx 
va Mx cat SC tai N. 

Khi do, ta nhan dime thifi’t dien AMND la hinh thang. 
Trong hinh thang AMND ha AK J. MN, ta dime: 

1 



,= — (AD + MN).AK 


( 1 ) 


M K N 


Trong do: 

■ Trong ASBC co MN la duemg trung b'inh nen: 


MN = - BC = 


( 2 ) 



Trong ASAB vu6ng tai A co AM la trung tuyfin thuoc canh huyfin nen: 

AM = - SB = - n/sA : ■+• AB : = ^ 

2 2 2 

Trong ASAC vuftng tai A co AN la trung tuyen thude canh huy£n nen: 

AN s 1 SC * ^ x/sA 2 + AC 2 = . 

Trong AAMN eftn tai A, ta co: 


(3) 


(4) 


aV7 


, -—— — ia‘ a' ay/ 

ak= Vam--mk =^| T -_ = — 


(5) 


Thay (2), (5) vao (1), ta dupe: 


= t a + - 


a>/7 _ 3a : >/7 
4 16 
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b. Nhan thay mat phAng (ADM) chua dircmg thang AD co dinh. Ta di dung mat 
phang qua S va vu6ng goc vdi AD bang nhan xet: ^ 

AKIMNoAKI AD 

Khi do: 

(SAK) 1 AD va (SAK) n (ADM) = AK. 

Trong (SAK) ha SH -L AK thi H cung la hinh chieu 
vuong goc cua S trfin (ADM). 

Trong (SAK), ta co: SH 1 AH o SHA = 90° 
nen H thuoc ducmg Iron ducmg ki'nh SA trong mat phAng (SAK). 

Han che qul tich - De nglu ban doc tif lam. 

Van de 5: GOC GlOA MOT DlTONG THANG VA MOT MAT PHANG 

Phifcmg phap dp dung 

D£ tinh goc giira dirdng thSng a va mAt phAng (P), ta thirc hien theo 
cac btfdc: 

Bade 1: Tim giao diem O cua a vdi (P). 

Btfdc 2: Chon diem Aeava dtfng AH _L (P), 
vdi H e (P). 

Khi do AOH = (a, (P)) 

Btfdc 3: Tinh s6' do cua AOH dtfa tren cac he thtfc ltfdng giac. 



Vi dy li (Bai 16/tr 103 - Sgk): Cho hinh tie dien A BCD co AB, BC, CD ddi 
mol vuong goc va AB = a, BC = b, CD = c. 

a. Tinh dt) ddi AD. 

b. Chi ra diem each deu A, B, C, D. 

c. Tinh goc giira dieting thang AD \ d mat pitting (BCD), goc giiea 
dieting tliang AD va mat phang (ABC) 

JSS Gidi 

a. Ta co: 

CD 1 AB < - >CD1(AB Q r ^ CD1AC 
CD 1 BC 

=> AACD vuftng tai C 

=> AD 2 = AC 2 + CD 2 = AB 2 + BC 2 + CD 2 = a 2 + b 2 

=> AD = Va 2 + b 2 +c 2 . 

b. Goi O la trung didm cua AD. 

■ VI AACD vudng tai C nen OA = OC = OD. (1) 

■ Ta co: J CD 1 AB AB 1 (BCD) => AB 1BD => AABD vu6ng tai B 

I BC i AB 



=>OA = OB = OD. 

Vay, di^m O each deu A, B, C, D. 


( 2 ) 
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c. Ta Win lirgt co 

■ Vdi goc gifra AD va mat ph.ing (BCD), !a co: 

I AB 1 BD 

<=> AB 1 (BCD) => (AD, (BCD)) = ADB. 

AB 1 CD 

_ in o 

Trong AABD. ta co: sin ADB =-= _ . 

AD yj a’’ + b 2 + C : 

Vcri goc gifra AD va mat phAng (ABC), ta co: 

IAC1CD — 

c* CD ± (ABC) => (AD, (ABC)) = DAC. 

[ AB 1 CD 

— CD 

Trong AACD, ta co: sin DAC = — = 


AD Va ! + b 2 +c 2 




Chii y. Tit dien tren dirge goi vdi ten "tit dien true tarn ". Chung ta se co vf 
du tiep theo se trinh bay cu the tfnh ch;Vt cua laoi tir dien nay. 

VI do 2: Cho liinh chop S.ABC day ABC Id tom giac vuong tai A, BC = a, 

SA = SB = SC = —. 

2 

a. Tinli khodng each lit S tai mat pliang (ABC). 

b. Tinlt goc giTta dudng thong SA va mat pliang (ABC). 

Gidi 

a. Goi O la trung diem cua BC, suy ra O la tAm dirdng tron ngoai tiep AABC. 

Ngoai ra, theo gia thi&’t ta co SA = SB = SC ndn SO 
la true duerng tron cua ba AABC, suy ra: 

SO 1 (ABC) va SO = d(S, (ABC)). 

Trong ASAO vu6ng tai O. ta co: 


I 


OA = -^ BC = ^ . trung tuyd'n thu6c c.anh huyen 
is/3 



SO 2 = SA 2 - OA 2 = 

=>SO=^. 

2 

b. V) SO ± (ABC) nen OA la h'rnh chieu vuong g<5c cua SA trdn (ABC), do do: 
(SA, (ABC)) = SAG. 

a 

Trong ASAO vu6ng tai O, ta co: cosSAO = = — . 

SA as/3 3 


VAy, ta dirge cos(SA, (ABC)) = —■. 
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Vi dy 3: 1. Cho tit diin ABCD cd AB 1 CD, AC J. BD. Chitng niinh /ring 
AD 1 BC. Vay, cac cgnh ddi diin cua tit diin do vudng goc vdi 
nhau. Tit diin nhuthi'goi hi tifdien true him. 

2. Chitng niinh cac niinh de sau day la titang ditang: 

a. ABCD Id tit diin true him. 

b. Chan ditdng cao ha tit mot dinh ti ling vdi true him cua mat 
doi diin. 

c. AB 2 + CD 2 = AC 2 + BD 2 = AD 2 + BC 2 . 

3. Chitng niinh rang bon ditdng cao ciia tifdien true lam dong </uy 
tai mot diem. Diem do goi la trite him ciia tifdien noi tren. 

Giai 

Ta lan lucft c6: 


AB. CD = AB.(AD - AC) = AB.AD - AB AC , 

AC. DB = AC.(AD-AB) 

= AC AD - AC. AB , 

AD. BC = AD.(AB - AC) 

= AD.AB-AD.AC. 

Cong theo v6' (1), (2) va (3), ta diroc: 

0 = AB.CD + AC.DB + AD.BC = AD.BC <=> AD . 

Chung minh (a) va (b) tuerng duong. 

Vdi giii thiet (a), goi A' la hinh chieu vuong goc cua A len mat phSng (BC D), 

[ BC 1 AD 
co: < 

BC 1 AA' 


( 2 ) 


(3) 



• BC 1 (A'AD) => BC 1 A'D. 


Chung minh tuerng tu, ta cung co BD J_ A'C. 

Tir do, suy ra A' la true tam ABCD. 

V6i gia thiet (b), goi A' la hinh chifiu vu6ng goc cua A len mat phang (BCD), 

ta cd: | => BC J_ (A'AD) => BC J. AD. 

[BC 1 AA' 

Chung minh tuerng tu, ta cung c6 AB J. CD, AC X BD. 

2. Chung minh (a) va (c) tuerng duong. 

Vdi gia thiet (a), ta co: 

0= AB.CD = AB.(AD-AC) = AB.AD - AB AC 
AB.AD = AB AC 

«.Ai 2 +AD 2 -2AB.AD + A^ = AB 2 + AC* -2AB.AC + AD* 

» .(AD - AB) 2 + AC 2 = .(AB - AC) 2 + AD 2 
BD 2 + AC 2 = BC 2 + AD 2 . 
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Oiling minh tirong tu, ta cung nhan duoc AB ' + CD : = AC : + BD\ 

Vi c;ic phep bien doi tren la tirong duong ncn dieu nguoc lai van dung 
3. Oiling minh (a) va (d) tirong dircmg - Ban Joe ti/gidi. 


Vi il\i is (Bai 7/ir 121 - Sgk): Mol tri dien ditrre goi Id grin deu neii eric cqnh 
doi bring nhan lring doi mol. V tri tic dien A BCD, chring to cue linh 
chat son la tirong dtfcfng: 

a. Tri dien ABCD Id grin deu. 

b- Cdc doqn thong noi tning diem crip cqnh doi dien doi mot 
vuong goc \Tri nhan. 

c. Cac trong til yen (doqn noi dinh vrii Hong trim ciia mat doi dien) 
bring nhan. 

d. Tong cdc goc tqi mrii dinh bring 180". 

Giai 

Goi I, J then thi’r nr la tning diem ciia AB va CD. 

a. Cluing minh (a) va (b) tirong duong. 

Tir gia thict AC = BD. AD = BC. suy ra: 

■ \ABC = ABAD=>IC=ID=>IJ±CD. (I) 

• \ACD = ABDC=>JA=JB=>IJ±AB. (2) 

Tir (I) v;3 (2) suy ra IJ chinh la doan vudng goc chung ciia AB va CD. 

Di6n ngiroc lai van diing - Ban doc tir chring minh dita tren cong thitc ve 
during ti ling tiiyen. 

b. Cluing minh (a) va (c) tirong duong. 

Tir gia thict AC = BD, AD = BC, suy ra: 

AACD = ,\BDC (c.c.c) =3> JA = JB => JA, = JB, 

=5> AAA,J = ABB,J (c.g.c) => AA, = BB,. 

Di6u ngiroc lai vftn dung - Ban doc tvt chimg minh dita 
tren lain giric bang nhan. 

c. Chihig minh (a) va (d) tirong duong. 




Tir gia thiet AC = BD, AD = BC. AB = CD, suy ra: 
A ABC = ACDA = ABAD = ADCB 

Suy ra: 

BAC = CDB, (1) 

CAD = DBC , (2) 

DAB = BCD, (2) 

Cong theo ve (1), (2). (3), ta dirge: 



BAC + CAD + DAB = CDB + DBC + BCD = 180 n . 
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Dicu ngiroc lai van dung, hcri ta trai cac mat ABC, A CD, ADB ten mat phang 
(BCD) ta duoc hinh khai trid'n cua lu didn ABCD nhfin BC, CD, DB la ba du<emg 
trung binh cua tam giac do. Tit do, suy ra: 

AC = BD, AD = BC, AB = CD. 


BAI TAP Tl’ GIAI 

Bai tap I: Chung to rang nfeu mdt ducmg thAng vudng goc vdi hai canh cua mot 
tam giac thi no vu6ng goc vdi canh thur ba. 

Bai tap 2: Cho hai ducmg thang a, b va mat phang (P). Cac mftnh d 6 sau dUng 
hay sai? 

a. Nfifu a // (P) va b X (P) thi b X a. 

b. Ndu a//(P) vabla thi b 1 (P). 

c. Ndu a // (P) va a // b thi b // (P). 

Bai tap 3: Tim tap hop cAc die’m each d£u ba dinh cua AABC. 

Bai tap 4: Goi I la mdt did’m bat ki d trong ducmg tron (O), tam O, ban kfnh b;\ng 
R. CD la day cung cua ducmg tron (O) qua I. Trcn ducmg thang vuong goc vdi mat 
phang chira ducmg tron (O) tai I ta lay diem S vdi OS = R. Goi E la diem doi tam 
cua D trcn ducmg tron (O). 

a. Chimg minh rang ASDE vuong tai S 

b. Chung minh rang SD X CE. 

c. Chung minh rang ASCD vudng. 

Bai tap 5: Cho hinh chop S.ABCD c6 d£y la hinh thoi ABCD tam O va c<$ SA = 
' SB = SC = SD. Chung minh rang: 

a. Dudng thang SO vudng goc vdi mat phang (ABCD). 

b. Ducmg thang AC vudng goc vdi mat phang (SBD) va dudng thang BD 
vudng goc vdi mat phang (SAC). 

Bai tap 6: Trdn mat phang (a) cho hinh binh hanh ABCD tAm O. Goi S la mot diem 
nam ngoai mat phang (a) sao cho SA = SC , SB = SD. Chimg minh rang: 

a. SO X (a). 

b. Ndu trong mat phang (SAB) ke SH vudng goc vdi AB tai H thi AB vudng 
goc vdi mat phang (SOH). 

Bai tap 7: Cho hinh chop S.ABCD co day la hinh thoi ABCD va cd canh SA 
vudng goc vdi mat phang (ABCD). Goi I va K la hai diem lln Iuut |Ay tren hai 
SI SK 

canh SB va SD sao cho — = —. Chung minh: 

SB SD 

a. BD vudng goc vdi SC. 

b. IK vudng goc vdi mat phang (SAC). 

Bai tap 8: Cho hinh chop S.ABCD, day la hinh vudng canh bang a. mat bdn SAB 
la tam giac deu; SCD la tam giac vudng can dinh S. Goi I, J lan lucft lit trung diem 
cua AB va CD. 

a. Tilth cac canh cua ASIJ va chung minh rang SI X (SCD), SJ X (SAB). 

b. Goi II la hinh chieu vudng goc cua S tren IJ. Chung minh rAng SH X AC 
v&tfnh do dai SH. 
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i Goi M la mot did'm thuoc dudng thAng CD sao cho BM 1 SA. Tmh AM 
theo a, 

Bai lap 9: Hinh chop S.ABCD co day ABCD la hinh vudng canh a, canh SA = a 
va vuong gdc vcri mal phAng (ABCD). 

a. Chung minh rang cac mat bdn cua hinh chop la nhfrng tam giac vuong. 

b. Tir A kc AB, _L SB. AD, J_ SD. Chirng to rang mal phang (AB,D,) J_ SC. 
Goi C, la giao difi’m cua SC vdi (AB,D,). Cluing to rAng tir giac AB,C,D, 
c6 hai dudng cheo vuong gdc vdi nhau va tmh didn tfch cua tu giac do. 

Bui lap 10: Cho hinh vudng ABCD canh bang a. Tren dudng thAng vuong gdc vdi 
mat phdng (ABCD) tai A I Ay didm S sao cho SA = a%/2 . Goi (a) la mat phAng qua 
A va vudng gdc vdi SC, (a) cAt SB. SC, SD lAn luqt tai M. N, P. 

a. Clu'mg minh rAng AM 1 SB, AP1 SD va. 

SM.SB = SN.SC = SP.SD = SA 2 . 

b. Chirng minh rAng tir giac AMNP noi tid'p duqc va co hai dudng cheo 
vudng gdc vdi nhau. 

c. Goi O la giao diem cua AC va BD; K la giao diem cua AN va MP. Chung 
minh rAng ba diem S, K, O thAng hang. 

d. Tmh diftn lich tu giac AMNP. 

B.ii lAp 11: Cho hlnh chop S.ABCD cd day la hlnh binh hanh va SA = SC, SB = SD. 
Gpi O la giao diem cua AC va BD. 

a. Chirng minh rAng SO _L (ABCD). 

b. Goi (cl) la giao tuyd'n cua mat phAng (SAB) va mat phAng (SCD), (d,) la 
giao tuyen cua mat phAng (SBC) va mat phang (SAD). 

Chirng minh rAng SO ± (d’d,). 

Biii tap 12: Cho hai hinh chu nhAt ABCD va ABEF nAm trong hai mat phAng khAc 
nhau sao cho hai dudng cheo AC va BF vuong gdc. Goi CH va FK lan luqt la hai 
dudng cao cua hai tam giac BCE va ADF. Chung minh rAng: 

a. ACH va BFK la cac tam giac vudng. 

b. BF 1 AH, AC 1 BK. 

Biii tap 13: Trong mat phAng (a) cho gdc vuong xOy, (d) IA dudng thAng cd dinh 
trong (a), (d) cAt Ox, Oy lAn luqt tai A va B. Goi Oz IA tia vudng gdc vdi (a). S 1A 
mot did’m trfin Oz. Goi AE, BF la dudng cao cua ASAB. 

a. Cho gdc xOy cd djnh, S di ddng trdn ta Oz. Tim tAp hqp cac didm E vA F. 

b. Cho S cd dinh, gdc xOy quay quanh O. Chung minh rAng true tAm cua 
ASAB cd djnh. Tim tAp hqp cac diem E va F. 

BAi tap 14: Trong mat phAng (a) cho dudng tron (C), dudng kfnh AB, SA vudng 
gdc vdi (a). Goi M IA mot diem di dong tren (C), H IA hinh chieu vudng gdc cua 
dietn A tren mat phiing (SBM). Tim tap hqp cac diem H. 
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cm' 4 


hai mAt phAng vu6ng goc 


A. TOM tAt LI THUYfiT 


1. GOCGIlfAHAI mAtphAng 

Dinh nuhia 1 : Goc giila liai mat phang Id goc giila hai 
dieting thang Ian heat vuong goc vtii hai mat 
phang do. 

Dae biel : Khi (P) va (Q) trung nhau hoac song song vdi 
nhau thi (a, b) = 0°. 



Nhan xet: Vdi hai mat phAng (P) va (Q) cAt nhau theo giao tuyen (d), de ttnh 
goc giua chung, ta chi vice xet m6t mat phAng (R) vuong goc vdi 
(d) Ian lirot cAt (P) va (Q) theo cAc giao tuyen a va b. Lite do goc 
giua (P) va (Q) bang goc giua hai duemg thAng a va b. 


Bai toan: Cho hinh chop S.ABC cd SA _L (ABC). Goi cp Id goc hop htii (ABC) 
voi (SBC). Cluing minh rang: 


Saabc ~ Sasbc cos( P- 

Giai 

Ke duemg cao AH ciia AABC, ta dupe: 

SH 1 BC, theo dinh If ba duemg vu6ng goc 
va SHA = (p. 

Ta co: 



S AAB( = ^AH.BC = ^SH.BC.cosep = S ASBC .cos(p. dpem. 

Dinh li 1 : Neit S la dien tich ciia mdt da gidc 7C trong mat phang (P) vd S' Id dien 
tich hinh chieu 7C‘ ciia Ttlren mat phang (P) thi S' = S.cosep, trong do 
<p Id goc giila hai mat phang (P) va (P ). 

2. HAI MAT PHANG VU6NG GOC 


Dinh ngliia : Hai mat phang goi Id vudng goc vtii nhan nett goc giila cluing hang 90". 


Dinh li 2 (Dien kien de hai mat phang vuong goc): Hai 
mat phang goi Id vudng goc vtii nhau nett mot 
trong hai mat phang do chtfa mot dieting 
thang vuong goc vtii mat phang kia. 

Nhu vAy: 

(P) _L (,Q) <=> 3a e (P): a ± (Q). 
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He qua 1 

a Neu hai mat plumg (P) va (Q) vuting got vtii nlinu va A la mot diem ndm 
Iren (P) thi dieting than# a di qua A va vuting ,i >dc vtii (Q) sc ndm Irong (P). 
b Neu hai mat pitting (P) va (Q) vuting goc vtii i ilia it thi but cti dieting tilting 
a ntio thutic mat pining (P). rating gdr vtii giao tiiyeh ctia (P) va (Q) se 
rating goc vtii mat pitting (Q). 

He gun 2 Hai mat pitting cat itliau rung rating goc vtii mat plidng thtibci thi giao 
tuyen ctia cluing rating goc vai mat pitting thti ba. 

He qua 3 : Qua dieting tilting a kitting voting goc voi mat pitting (P) cti day illicit 
nipt nnit pitting (Q) voting goc voi mat plidng (P). 

3. HINH LANG TRU DLfNG. HlNH H0P CHtf NHAT. HlNH LAP PHl/ONG 

Dinh nghia 3 Mot liinh Icing tin dope gpi Id hinh Icing tru dung neu cac can It ben 
ctia no vuting goc voi cac mat day. 

Nh&n xet rang cac mat ben eda liinlt Icing tru dung la nhitng hinh chfe nhat va 
deti rating goc vtii day. 



Lang tru Lang tru dung Lang tru den 

Ta co cac tnrcmg herp: 

1. Mot hinh lung tru dintg cti day Id mot mien da gicic den dupe gpi Id long 
tru den. Nhir v£ly, lang tru ddu co cac mat bftn la nhfmg hinh chir nhat bang 
nhau. 

2. Mot hinh lang tru citing co day Id hinh binh Itdnh dupe gpi Id hinh hop 
dung. Nhir vfty, hinh h6p dirng co b6'n m<it ben la nhfmg hinh chir nhat va 
hai day lh hinh blnh hinh. 

3. Mot hinh Icing tru dirng co day Id hinh chit illicit dupe gpi 1a hinh Itpp chti 
nhat. Nhir vay, hinh hop chtf nhat co sau mat d6u la nhung hinh chu nhat. 

4. Hinh hop to tat ca cac mat deu Id hinh vuting gpi la hinh lap phtiong. 

4. HiNH CHOP d£u VA HlNH CHOP CUT d£u 

Hinh nghia 4 . Mot hinh chop dupe gpi Id hinh chop deu neu day ctia no la mien 
da gicic deu vci chan dieting cao ctia hinh chop triing vtii tarn ctia 
da gicic deu do. 
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Nhan xet ring cac earth ben cua hinh chop den 
thi bang nhan va cac mat ben cua no Id nhitng tam 
gidc can bang nhan. 

Doan thang n6'i dinh cua hinh chop vdi trung 
diem cua mot canh day bft’t ki goi la trung doan cua 
hinh chop deu. 

Dinh nghia 5 : Mot hinh chop cut dupe cat ra ti( mot hinh chop deu duoc goi Id 
hinh chop cut deu. 

Khi do: 

■ Hai day la hai da giac deu va dong dang. 

• Ditcmg n6’i t&m OO, cua hai day goi la duong 

cao cua hinh chop cut deu. 

■ Cac mat ben cua hinh chop cut deu la nhung 
hinh thang c&n va bang nhau. 

■ Doan thang noi trung diem cua hai canh day thuoc mot mat ben goi la 
trung doan cua hinh chop cut deu. 

b. phiTOngphApgiaitoAn 

Van de 1: CHtTNG MINH HAI MAT PHANG VUONG GOC. 

CHCJNG MINH DUONG THANG VU6NG GOC VO I MAT 
PHANG. 

Phuong phdp dp dung 

1. Dt* chtfng minh hai m5t phSng vudng goc v6i nhau ta di chuiig 
minh m5t ph3ng nay chua m6t dudng th5ng vu6ng goc vdi mat 
ph3ng'kia. 

2. De chumg minh dtfdng thSng vuong goc v6i mat phSng ngoai 
nhtfng each da bifit, ta con co them hai each sau: 

Cdch 1: Sir dung k§t qua cua djnh li 1. 

Cach 2: Sir dung k£t qua cua dinh li 3. 

VI Jy li Cho hinh chop S.ABCD to day ABCD Id mot hinh thoi co canh a 
vd co SA = SB = SC = a. Cluing minh rang: 

a. Mat pltang (ABCD) vuong goc vefi mat phetng (SBD). 

b. Tam gidc SBD la tam gidc vuong. 

JSS Gidi 

a. Goi O la giao diem cua hai duong cheo AC va BD, ta co: 

BD1AC. (1) 

Vi ASAC can tai S nen: 

SO XAC. (2) 

A 
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Tir (1) va (2). suy ra AC 1 (SBD) (ABCD) 1 (SBD). 
b. Tu gia thi£t, la co: 

ASAC = ABAC = ADAC =>SO = OB = OD^SO= - BD. 

2 


Trong ASBD (rung luydn SO Ihoa man SO = — BD ncn no la lam giac vuong 


tai S. 


Vi dv2: ( ho hinh iif dien ABCD cd hai mat (ABC), (ABD) chug vuong goc 
vtii mat plidng (DBC). Ve cdc dieting can BE, DF cua ABCD va 
(lifting cao DK cua AACD. 

a. Chung ntinh icing AB1 (BCD). 

b. Chung minh icing (ABE) X (ADC) va (DFK) X (ADC). 

c. Goi O va H Icin lif(/t lei trite tain ciia ABCD va AACD. Chung 
minh icing OH J_ (ACD). 


JS$ Gidi 

a. Ta co: 

[(ABC)n(ABD) = AB 

=> AB X (BCD). 

[(ABC) 1 (BCD) va (ABD) 1 (BCD) 

b. Ta co: 

(CD 1 BE 

1 CD i AB ^ (ABE) 1 CD G (ACD) =* (ABE) 1 < ADC >- 
Ta co: 

(DF 1 BC 

=> DF X (ABC) => DF X AC. 

[DF 1 AB 

Mat khac, la lai co DK X AC. 

Tir(l) va (2) suy ra: 

(DFK) X AC e (ACD) => (DFK) X (ADC). 

c. TCr ket qua trong b) l&: 

(ABE) X CD => AE X CD => AE n DK * H. 

Ta co: 

f(ABE)n(DFK) = OH 

=> OH X (ACD) 

((ABD) X (ACD) va (DFK) X(ACD) 



vi dp 3t (Bai 25/tr 112 - Sgk): Cho hai mat plidng vuong goc (P) va (Q) co 
giao tuyen A. Lay A, B cung thuoc A va lay C e (P), D e (Q) sao 
cho AC X AB, BD X AB va AB = AC = BD. Xdc dinh thiet dien 
cua tu dien ABCD khi cal btii mat plidng (a) di qua diem A va 
Vtifing goc vtii CD. Tinh dien tich thiet dien khi AC = AB = BD = a. 
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£<> Gidi 

D6’ xac dinh thid't difin, ta thuc hi£n: 
• Trong (ACD) ke AK ± CD. 

■ Trong (BCD) ke HK 1 CD 
Suy ra, thiet difin la AAHK. 

Ta co: 

fBDIAC 

> BD 1 (ABC) 


IBD 1 AB 
=> AH 1 HK : 


Do do: 


BD 1 AH : 
AAHK vuong tai H 



s Aahk =-ah.hk. 


Ta co AH = 


a>/2 


V) hai tarn giac CKH vh CBD dong dang n£n: 


HK 

DB 


CK 

CB 


> HK = 


DB.CK 

CB 


Ay/E 

6 


Thay (2), (3) vao (1), la duoc: 

1 a>/2 ay[E _ a 2 V3 
W=-. — •- —■ 


(1) 

( 2 ) 

(3) 


VIiMl i; Cho AACD va ABCD nam trong hai mat pining vuong goc vm 
nhau, AC = AD = BC = BD = a va CD = 2x. Goi I, J theo thif lit Id 
trung diem ciia AB va CD. 

a. Chung minh rang IJ vuong goc vcfi AB va CD. 

b. 77/j/i AB vd IJ theo a va x. 

c. Xac dinh x sao cho (ABC) J. (ABD). 

J&Z Gidi 


a. Xet AACD va ABCD, la co: 

CD chung 

AC = AD = BC = BD 

Suy ra: 

AJ = BJ <=> AJAB can tai J => IJ ± AB. 
Xet ACAB va ADAB, ta co: 

AB chung 

AC = AD = BC = BD 

Suy ra: 

AICD can tai I => IJ 1 CD. 



D 




b. 


Trong AAJC vuong tai J, la co: 

AJ 2 = AC : - CJ 2 = a 2 - x 2 => AJ = \/a 3 - x 
Nhan xet ring: 

[(ACD) ± (BCD) 


'(ACD)r (BCD) CD => AJ 1 (BCD) => AJ X BJ. 
AJ X C’D 


Trong AAJB vu6ng can tai J, ta co: 

AB = AJ V2 = V2(a : -x : ) va IJ = — 
c. Nhan xet rang: 

UABC)n(ABD) = AB 
{DI X AB 



Do do, dc (ABC) X (ABD) dieu kien la: 

DI X (ABC) => DI X Cl <=> A1CD vuong tai dinh I 

<=> IJ = - CD « ^ - (a -— K ~ 1 =i.2xoa = x^. 

2 2 2 

VAy. vdi a = x \J} thi hai mat phAng (ABC) va (ABD) vuong goc voi nhau. 


Van dc 2: GOC GI0A HAI MAT PHANG 

Phifcmg phdp dp dung 

Do tinh goc giira hai mat phSng (P) va (Q), ta ltfa chon m6t trong 
hai each sau: 

Cdcli I: (Sir dung dinh nghia ): Ta thtfc hien thco cac htfdc: 

Bitdc 1: Chon diem O, ttf do ha OE, OF theo thtf ttf 
vudng goc vdi (P) va (Q). 

Bitdc 2: Tinh so do cua goc EOF. 

Bitdc 3: Khi do: 

" ((P)/ (Q)) = EOF, nfiu EOF < 90°. 

■ ((P), (Q)) = 180° - EOF, neu EOF > 90°. 

Cdch 2: Ta thtfc hi6n theo cac btfdc: 

Bitdc 1: Tim giao tuyen (d) cua (P) va (Q). 

Bitdc 2: Chon did’m O tren (d), ttf do: 

■ Trong (P) dtfng Ox 1 (d). 

■ Trong (Q) dtfng Oy X (d). 

Bitdc 3: Tinh s6' do cua goc xOy. 

Bitdc 4: Khi do: 
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■ ((P)/ (Q)) = xOy, neu xOy < 90°. 

■ ((P), (Q)) = 180° - xOy, neu xOy > 90°. 


Yi du 1: (Bai 4/tr 120 - Sgk): Cho A ABC vuong tai A co canh huyen BC 
thuoc mat phang (P). Goi p, y la got hap bai hai dieting fining AB, 
AC vtii (P). Goi a la goc hap btii (ABC) vtii (P). ChiOtg ninth rang: 
sin 2 a = sin’p + sin 2 y. 

Giai 

Ke AH vu6ng goc vdi mat phang (P), ta diroc: 

ABH = p. ACH = y. 

Ke HI vu6ng goc voi mat phang BC, suy ra: 

BC 1 AI, theo dinh If ba dtfimg vuong goc 
Trong AABC vuong tai A, ta co: 



1 _ 1 1 
IA : ~ AB 2 AC 2 


AH 2 AH 2 AH 2 . , . , 

——r =—t + —sura = SHrB+SHry. 
!A 2 AB 2 AC 2 


Nhdn xet: Nhu vAy, vf du trfin da minh hoa each 2 dc xac djnh goc gifra 
hai mat phang d6ng thcri 6n lai kifi'n thirc v6 goc gifia dirctng 
thang va mat phang. Vf du ti£p theo se co ti'nh lira chon phong 
phu hem. 


Hdti2t Cho hinh chop S.ABCD co day ABCD Id naa luc gidc den ndi tiep 
dating trdn dating kinh AB = 2a, SA = a>/3 va vuong goc vtii mat 
phang (ABCD). 

a. Tinh goc giaa hai nuit phang (SAD) va (SBC). 

b. Tinh goc giaa hai nuit phang (SBC) va (SCD). 


Gidi 

a. Ta co th£ lira chon m6t trong hai each trinh bay sau: 

Cdch /: (Dimg goc dua tren giao tuyftn): Gia sir: 

AD n BC = E => (SAD) n (SBC) = SE. 

NhAn xet rang: 

AD 1 BD, vi ABCD la nua luc giac d£u 
SA _L BD, gia thiet 

Suy ra: 

BD 1 (SAD) => BD 1 SE 
Ha DF X SE tai F, suy ra: 

(BDF) i. SE 

Nhir vay, ta diroc mdt goc phdng giira hai mat phang (SAD) va (SfcC) lit BF5 . 




Vi AABE dcu nen AE = AB = 2a va vi ACDE ddu nfin DE = CD = a. 

Trong ASAE viidng tai S, ta c6: 

SE 2 = SA 2 + AE 2 = (av/3) 3 + (2a) 2 = 7a 2 => SE = 3^7 . 

Hai tam giac vuong SAE va DFE co chung goc E nen chung dong dang, suy ra: 
DF Di: ^ Dp _ SA.DE _ a\/3.a _ asfl\ 

SA SE ~ SE _ a\fl ~ 7 

Trong AABD vu6ng tai A, ta co: 

BD = AB.sin BAD = 2a.cos60° = afi. 


Trong ABDF vuOng tai D, ta co: 

tanBFD = = \[l => BFD nhon. 

DE av/zT 

7 

Vay, ta duoc tan((SAD), (SBC)) = -Jl . 

Cach 2\ Nhan xet Wing: 

AD 1 BD, vi ABCD IA nua luc giAc ddu 
SA 1 BD, gia thifi't 

Suy ra BD 1 (SAD). \\) 

Trong (SAC) ha AJ 1 SC tai J, ta co: 

BC1 AC, vi ABCD la nua luc giac d6u n6i tid'p 
BC1 SA, gia thiet 

Suy ra: 

BC 1 (SAC) => BC 1 AJ => AJ 1 (SBC). (2) 

Trong (SAC) ha OK _L SC tai K, suy ra OK // AJ. (3) 

Tir (1). (2) vk (3) suy ra ((SAD), (SBC)) = (BD, AJ) = (BD, OK) = KOB. 
Trong nua luc giac dcu ABCD, ta co: 
oc= 2a^ = aV3 
3 2 3 

OB - +1 _ 2a> ^ 

2 3' 2 3 

Trong ASAC vu6ng tai S, ta co: 

SC 2 = SA 2 + AC 2 = SA 2 + (AB 2 - BC 2 ) 

= (aV3) + (4a 2 - a 2 ) = 6a 2 => SC= a>/6 . 



Hai tam giac vu6ng SAC va OKC co chung goc nhon C nen chung d6ng 
dang, suy ra: 


°1U°c=>ok = 

sc 


SA.OC 

SC 



a>/6 


a\[6 

6 
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Trong AKOB vu6ng tai K, la c6: 

aj6 

—- rtf 

cos KOB = 


OK 6 _ 


OB 


2aV3 

3 


ji 

Vay, ta duoc cos((SAD), (SBC)) = —. 

4 

b. Trong (SAC) ha AJ -L SC iai J. ta co: 

BC i. AC, vi ABCD la nua luc giac dcu noi tiep 
BC J. SA, gia thid’l 

Suy ra: 

BC 1 (SAC) => BC 1 AJ => AJ 1 (SBC). 

Ha AH 1 CD tai H, suy ra: 
fCDlAH 

> CD 1 (SAH) 


(4) 



(CD ISA 

=> (SCD) 1 (SAH) va (SCD) 1 (SAH) = SH. 
Ha AI1 SH tai I, suy ra AI1 (SCD). 

Tir (4) va (5) suy ra ((SCD), (SBC)) = IAJ . 

Trong ASAH vu6ng tai A, ta c6 AH = va: 


(5) 


1 


1 


1 


1 


AI 2 SA 2 AH 2 (aV3) 2 (a>/3/2) ; 
Trong ASAC vu6ng tai A, ta co: 

AC = SA = av/3 => AJ = - SC = 

2 2 

Trong AAIJ vudng tai I, ta co: 

aTTs 

AI _ 5 _ VTO 


= —- => AI = 
3a 2 


av 15 
5 


a>/6 

~2~ 


cos IAJ = 


AJ 


at/6 

~T 


Vay, ta duoc cos((SCD), (SBQ) = 


t/i0 


Chu y: Th6ng thu^mg, khi gap dang toan yfiu c5u tim gia trj dinh luong 
dc hai mat phlng tao vdi nhau m6t goc a chung ta se thirc hien 
theo cac budc: 

Bade I: Xac djnh g6c giua hai mat phang. 

Buffc 2: Thiet lap moi quan he giua a va gia trj dinh lumig can 
tim dua theo cac he thde luong. 




Vi (1 m 3; (Bai 3/tr 120 - Sgk): Clio hinli chop S.ABCD cd day ABCD Id liinli 
vudng canh a, SA 1 (ABCD). Hai diem M vd N Ian lircrt limy doi 
wen liai canh CB vd CD, dot CM = x, CN = y. Tim lie thitc lien lie 
gitia x vd y de\ 

a. Hai mat phony’ (SAM) vd (SAN) too vdi nhau goc 45°. 

b. Hai mat phang (SAM) vd (SAN) vitong goc vdi nhau. 

Givi S 

Tacd ngay: /IVw 

| AM ISA /|VV\ 

| AN i SA => ((SAM), (SAN)) = MAN . / | \ 

I (SAM) r, (SAN) = SA 

Troig AAMN, ta co: B M C 

AM’ = AB 2 - BM 2 = a 2 - (a - x) 2 = 2ax - x 2 , 

AN 2 = AD 2 - DN 2 = a 2 - (a - y) 2 = 2ay - y 2 , 

MN : = CM 2 + CN 2 = x 2 + y 2 , " 

-r ~- AM 2 + AN 2 -MN 2 _ a(x + y)-(x 2 +y 2 ) 


Dfi(SAM) va (SAN) tao vdi nhau goc 45° didu kiftn li): 

a(x + y)-(x 2 +y 2 ) a-v/2 - 2 -> , , 

■ p — _ 2 _ r =- => 2a 2 = 2a(x + y) - xy. 

yj( 2ax-x 2 )(2ay-y 2 ) 2 

Dc (SAM) va (SAN) vudng goc vdi nhau dieu kien la: 

a(x + y) ~(x~ + y 2 ) = 0 a(x + y) = x * + y i. 


Vidia lt (Bai 27/tr 112 - Sgk): Cho liai AACD vd ABCD nam tren hai mat 
phang vudng goc vdi nhau vd AC = AD = BC = BD = a, CD = 2x. 
Goi I, J Ian I trot la trung dient cua AB vd CD. 

a. Tinh AB, IJ then a vd x. 

b. Vcri gid tri ndo cua x thi hai mat pliang (ABC) vd (ABD) vudng 

goc vdi nhau ? A 

jS$ Gdi 

a. Tt cd ngay: J jl\ 

AJ ; = AC 2 - CJ 2 = a 3 - x 2 => AJ = BJ = Va 2 - x 2 . C^p^ 

Tnng AJAB vuong can tai J, ta cd: \ 1 / 


AB =r^jV2 = >/2(a 2 -x 2 ). IJ = ^ AB = 
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b. Ta co: 

■ A ABC can tai C nfin AB 1 It. 

■ AABD can tai D n£n AB J. ID. 

Suy ra CID la mot trong bon goc tao bcri hai mat phAng (ABO va (ABD). 
TCr do, de: 

(ABC) 1 (ABD) => CTD = 90° => IC 2 + ID 2 = CD 2 
<=> 2IC 2 = CD 2 » 2(AC 2 - IA 2 ) = CD 2 

2 - - - — 1 = 4x 2 <=> 3x 2 = a 2 o x = . 

2 J 3 



VAy, voi x = 


aV3 

3 


thoa man dieu kien dAu bai. 


(D 

( 2 ) 


V i du 5s 


Cho hinh chop S. ABCD co day ABCD Id mot Itinh thoi ten i I ennh 
a va co goc A = 60°, canh SC = va SC vuong goc vdi mat 


phang (ABCD). 

a. Clutng minh mat phang (SBD) vuong goc veri mat pining (SAC). 

b. Trong tarn gidc SCA ke IK vuong goc veri SA tai K. Hay tilth dp 
ddi IK. 

c. Chung minh goc BKD = 90° va tit do suy ra mat pining (SAB) 
vuong goc veri mat phang (SAD). 


J&5 Gidi 
a. Ta co: 

BD1 AC ^ fiD ± AC ^ B[) ± 
[BD1SC 


b. Trong AABD co A = 60° nen n6 la tarn giac ddu, do do: 
BD = a, 



Vi hai tarn giac AKI va ACS d6ng dang, 


I is-11. 
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IK A1 
SC ~ SA 


> IK = 


SC.AI 


SA 





c. Trong \KBD trung tuycn KI lima man: 

KI = - BD => AKBD vu6ng tai K =t> I3KD = 90“ 

Ta co: 

fSAlBD „ fSAiKB 

=> SA 1 (KBD) => \ 

I SAUK [SA1KD 

=* ((SAB), (SAD)) = (KB, KD) = 90° (SAB) 1 (SAD). 

Yi-du fii (Bai 24/tr 111 - Sgk): Clio hinli chop S.ABCD co day ABCD Id liinli 
vuong earth a va SA i. (ABCD). SA = x. Xcic dinh x de hai mat phdng 
(SBC) va (SCD) too vefi nhatt gdc 60". 

£% Gidi 

Ta co the trinh bay theo cac each sau: 

Cach I: Trong ASBC, ha BM _LSC. ta co: 

ASAB = ASAD (c.g.c) => SB = SD 
=> ASBC = ASDC (c.c.c) => BM = DM va SC 1 DM 

Suy ra BMDla mot trong bon goc ma hai mat phang 
(SBC) va (SCD) tao ra. 

Khi do. goi O la tarn cua hlnh vuong ABCD thi de: 

((SBC), (SCD)) = 60° => BMD = 120° => BMO = 60 f 



cs> tan BMO = tan60° <=> -^5- = V3 . 

OM 

Ta co ngay: 

OB = - BD = — . 

2 2 

Trong ASAC ha AH vubng goc veri SC, ta co: 
1 1 1 ... a xVI 


(I) 


( 2 ) 


1 1 

AH 2 AS 2 AC 2 


• AH = 


'flu 


2a z + x* 


Trong AAHC co OM la diremg trung binh, suy ra: 


OM = - AH = 
2 


axVI 


2>/2a 2 +x 2 


(3) 


Thay (2), (3) vao (1), ta duoc: 


& 


= V3 => 2a 2 + x 2 = 3x 2 => x = a. 


Vay, vafi'x = a thoa man dieu kifin d;'iu bai. 
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Ctich 2: Ta I An lirot: 

■ Ha AE 1 SB. ta co: 
fBCl AB 


[BC1SA 

■ Ha AF ± SD, ta co: 

JCD1AD 
[CD1SA ^ 

Tirdo, ta co: 

((SBC). (SCD)) = (AE. AF). 

Trong ASAB, ta co: 

1 1 1 ax 

AE' AS- AB' 

Vi ASAB = ASAD nan AE = AF vh: 

EF SE SE.SB SA 
SB 


BC1 (SAB) => BC 1 AE => AE 1 (SBC). 


CD 1 (SAD) => CD _L AF => AF X (SCD). 

S 



EF = 


SA 2 


BD SB SB 2 SB 2 ' SA 2 + AB 2 
Khi do, trong AAEF, ta co: 

EF 2 = AE 2 + AF 2 - 2AE.AF.cosEAF 


.BD = - 


a >/2 


2 aV 


2 a 2 x 2 , - 2 x 2 , . > , , 

—-- cos60 <=> —- 7 = 1 c=* 2 x = x'+ a" 


(x 2 + a 2 ) a + * a +x 
=> x = a. 

vay, vdi x = a thoa man difiu kidn dtiu bai. 


Van de 3: XAC DINH MAT PHANG (Q) CHITA DlT(JNG THAng a Va 
VIJONG GOC V()I MAT PHANG (P) (a KH 6 NG VUONG 

goc v(n (P)> - thi£t di£n 

Pliifctng plitip tip dimg 

Ta thirc hidn theo cac birdc: 

Bi/dc 1: Chon mdt didm A tren a sao cho qua 
A co thd dirng diTcfc dirdng thSng b 
vudng goc vdi (P) mot each d£ nh«ft. 

Bit&c 2: Khi do, mSt ph3ng (a, b) chinh la m3t 
ph3ng (Q) din dirng. 



Chu y: Niu co dirdng thing (d) 1 (P) thi (Q) // (d) hay (Q) clura (d) 




Vlip-li Clio hinh chop S.ABCD, day ABCD Id h'mh vitong tdm O vd ccmli a. 
SA = a vd vuong gdc vci nidi plidng (ABCD). 

a. Gpi (a) Id mat pining qua O, trung diem M aia SD vd vuong gdc 
viti (ABCD). Hay xdc dinh mat phang (a), mat phang (a) cat hinh 
chop S.ABCD theo thiet dien Id hinh gi ? Tinh dien tick thiet dien. 

b. Gpi (p> Id mat phdng qua A. trung diem E cua CD va vuong gdc 
vdi (SBC). Hay xdc dinh mat phdng (P), mat phdng (p) cat hinh 
chop S.ABCD theo thiet dien Id hinh gi ! Tinh dien tich thiet dien. 

Gidi 

a Ta Idn lircrt thuc hidn: 

■ Xdc dinh mat phang (a): Trong (SAD) dung Mx // SA 
va cat AD tai Q la trung diem cua AD, ta co: 

MQ 1 (ABCD) => MQ e (a). 

Vay (a) la mat phdng (OMQ). 

• Xdc dinh thiet dien: Keo dai QO cat BC tai P la 
trung difim cua BC, ta co: 
f PQ 6 (a) va CD e (SCD) 

| PQ//CD => My // CD // PQ 

[(a)n(SCD) = My 

Va My cdt SC tai N la trung diem cua SC. 

V;)y, mat phdng (a) cdt hinh chop S.ABCD theo thiet dien la hinh thang vudng 
MNPQ. 

■ Tinh dien tich thiet dien: Ta c6: 



Smn,^=^(MN + PQ).MQ 


Trong do: 


I a 

MN = — CD = — , vi MN la dirdng trung binh cua A SCD, 


MQ = — SA = ^ , vi MQ la dircrng trung binh cua ASAD, 


Smnpq- 2 [ a + 2 j - 2 - 8 • /H 

b. Ta ldn luot thuc hidn: / j 

■ Xdc dinli mat phdng (P): Trong (SAB) ha AH 1 SB / ^ 
va H la trung di£m cua AB, ta co: p i 

I BC 1AB BC ± AB) ^ BC L AH 
BC J.S A 


23 ‘ 






. AH 1 (SBC) =>AHe (p). 


Nhu vay: 

fAH 1SB 

{ahibc 
V ay (p) la mat phAng (AHE). 

Xdc dinh thiet diin : Kco dai AE cAt BC tai K, n6i HK cAt SC tai F. 

VSy, mat phAng (P) cAt hlnh chop S.ABCD theo thiet dien IA tii giac AEFH 
Tilth dien lich thiet dien : Ta co: 

^AEFH = ^AHAK — ^AEKF 


= - AH.KH - - KE.KF.sin EKF = - AH.KH - 


KE.KF^l. 

AK 


Trong ASAB, ta co: 

AH = isB=^ 
2 2 

Trong AADE, ta co: 


AE = >/AD : + DE J = —. 
Trong ARAB, la co: 



CE = - AB => KE = AE = — va AK = 2AE = a = aV? . 
2 2 

Trong AHAK vuftng tai H, ta c6: 

KH = n/aK ! - AH 2 =^H. 

2 

Trong ASBK, ta co SC va SH la hai dirong trung tuyen, do do: 

KF= -KH = a>/2. 

3 

Tu do, ta dupe: 


_ 1 a>/2 3a>/2 _ a>/5 i _ - £1 


ax/2 

2 

a>/5 


Van dc 4: HINH LANG TRU DlTNG 

Phuang phdp dp dung 

1. N3m vung djnh nghTa va cac tinh chat cua hinh 13ng tru dung de 
ve hinh va chung minli mdt s6' tinh chat khac. 

2. Vi£c xac dinh thi£‘t di£n cua hinh I5ng tru dung cAt bdi mot m3t 
ph3ng dtfdc thirc hi£n dira tren nhung phddng phap da biet. 


O if l 
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Vi dvl: (Bai 22/tr 111 - Sgk): Cho hinlt hop ABCD.A’B'C'D' co AB = a, 

BC = h, CC' = c. Neil AC = BD' = B'D = Va : + h 2 + c 2 rhi hhih 
lipp do co phai la liinh hop cliff illicit khong ? Vi sao ? 

Guii 

Khi do ABCD.A'B'C'D' la hinh hop chff nhAt, bdi ta co: 

A’C 2 + BD'‘ + B'D 2 + AC 2 = 4(a 2 + b 2 + c 2 ) 

=> (a 2 + b 2 + c 2 ) + (a 2 + b 2 + c 2 ) + (a 2 + b 2 + c 2 ) + AC' 2 = 4(a 2 + b 2 + c 2 ) 

=> AC 2 = a 2 + b 2 + c 2 => AC = Va 2 + b 2 + c 2 . 

Khi do, hlnh hdp ABCD.A'B'C'D' co bon dirdng cheo bang nhau nfin no la 
hinh hop chfr nh&t. 


V« dy 2s (Bai 23/tr 111 - Sgk): Cho hinh lap phi fang ABCD.A'B'C’D' co 
canli hang a. 

a. Chitng minlt rdng AC' vuong goc vdi (A'BD) va (BCD'). 

b. Cat hinh lap phifcfng bdi mat phang trung true ciia AC. Chifng 
minli thiet dien tao thanh la mot luc gidc den. Tinh dien tich 
thiet dien do. 


J& Gidi 


A'BIAB' 


=> A’B 1 (AB'CD) => A'B 1 AC. (1) 

/R.r . (Y 

[A'BIAD 

! /i . . 

f BD 1 AC 

/ / . / 

( => BD 1 (AA'C'C) => BD ± AC. (2) 

/ / / 

1 BD 1 AA' 

z / \ 


Tir (1) va (2), suy ra AC' 1 (A'BD). M 

Chirng minh tircmg tir, ta cung co AC 1 (B CD'). 

Goi M, N. P lAn luot la trung di6m cua AB, B’C' va DD', suy ra: 

(MNP) song song vdi cac mat phang (AB'D') va (BDC). 

Ta nhSn xet: 


[(AB'D')//(MNP) 

|(AB'D , )n(A'B’C'D') = B'D' 

[(MNP) n(A'B'CD') = Nx 

Suy ra Nx song song vdi B'D' va cat C'D' tai F la trung difi’m cua C'D'. 


(C'BD)//(MNP) 

(C' BD) n (ABCD) = BD 
(MNP) o(ABCD) = My 


Suy ra My song song vdi BD va c&t AD tai Q la trung diem cua AD. 
Keo dai FN cAt A’B' tai G, noi GM c&t BB’ tai E. 
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VAy, thidt didn cua h'inh lAp phuong vai mat phAng (MNP) la luc giac MENFPQ va 
cung chmh la mat phAng trung tore cua AC. 

Dua theo tinh chit duang trung binh ta thiy ngay MENFFQ la luc giac deu co 

d6 dai canh bing . 

Khi do: 


^MENFFQ ~ 

Vidv3i 


•^}.s 


3a 2 V3 


Cho hinh long tru difng ABC.A,B,C,, day la tarn giac deu canh a, 
AA, = a%/2 . Goi M, N Ian luat la trung diem ede canh AB va A|C,. 

a. Xdc dinh thiet dien cua lang tru vai mat plidng (a) qua MN va 
vudng goc vai (BCC,B,). Thiet dien Id hinh gi ? 

b. Tinh dien tich thiet dien. 

J&S Giai 

a. Goi E, E, theo thu tu la trung didm cua BC va 8,0,, ta co ngay: 

AE1BC => AE1 (BCC,B,). 

ac i d r- _.ac i /Drr d \ Bi A 


AE = A,E,. 

P V 


Do do: 


q 

■ Dung Mx // AE cit BC tai Q la trung did’m cua BE. 

/ 

/ 

■ Dung Ny//A,E, cit B,C, tai Pla trung die’m cua E,C,. g 

/ 

Jm 

Vi MQ // NP ndn M, N, P, Q d6ng phing, do vAy 

x 


MNPQ chmh la thidt dien cin dung. 

EV 



Nhan xet ring: < 

MQ = i AE = -i A,E, = NP => MNPQ la hinh binh hanh. 

MQ1(BCC,B,) => MQ 1 PQ. 

VAy, thidt didn MNPQ la hinh chunhAt. 

Ta co: 

Smn« J = MQ.NP. 

Trong AABC, ta c6: 

AE = vi AABC ddu va co canh bane a. 

2 

Trong AABE, ta co: 

MQ =^— AE = . vi MQ la duang trung binh. 




Trong AECC,, la c6: 

PQ = EC, = >/eC 3 + C,C : = —. 

Tir do, ta diroc: 

aVJ av5 _ a’Vf5 


Vf du 1: Cho hinh long tru dung ABC.A,B,C| co day ABC vudng can tai A. 

Doan noi trung diem M cua AB va trnng diem N cua B,C, to do 
ddi bang a, MN hap vai day goc a va mat ben (BCC,B,) goc p. 

a. Tinh cac can It day va cqnh ben cua lang tru theo a va a. 

b. Chung minh rang cosa = \f2s\n p. 


Gidi 

a. Goi H la trung di£m BC, ta co: 

NH // BB, => NH ± (ABC) 

Suy ra MH la hinh chieu vuong goc cua MN tren (ABC). 
Do do: 


(MN, (ABC)) = NMH = a . 
Ngoai ra: 


| AH 1 BC 
(AH IBB, 


=> AH i. (BCC,B,). 


Goi E la trung did’rn BH, suy ra: 

ME // AH => ME 1 (BCC,B,) 

Suy ra NE la hinh chiS'u vu6ng goc cua MN trdn (BCC,B,), 
(MN, (BCC.B,)) = MNE = p. 



do do: 


Trong AMNH vuong tai H, ta co: 

MH = MN.cos NMH = a.cosa. 

NH = MN.sin NMH = a.sina => AA, = a.sina. 
Trong A ABC c&n tai A, vi MH la ducmg trung hinh n6n: 
AB = AC = 2MH = 2a.cosa. 

BC = VAB : + AC 2 = 2 -Jl a.cosa. 


AH = — BC = -Jl a.cosa. 

2 

b. Trong AMNE vuong tai E, ta co: 


, inp , ME _ 2 

A P 


- \/2a.c 


cosa rr . n 

= —=- o cosa = v2.sinp. 
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van dc 5: HINH CHOP D^U - HINH CHOP CUT Df-U 

Phucrng pi nip dp dung 

1. Nam vufng dinh nghia va cac h'nh chat cua hinh chop deu va hinh 
chop cut deu de vc hinh va chifng minh mAt so tinh chclt khac. 

2. Viec xac dinh thiet dien cua hinh chop deu va hinh chop cut deu 
cSt bcfi m6t mat phang dime thitc hien difa tren nhu“ng phifOng 
phap da bi£'t. 

Vi dy 1: Clio hinli chop n'f giac clen S.ABCD. Mot mat phang (a) cat cac 

canh SA, SB, SC, SD cua hinh chop theo tliututai A,, B„ C,, D, 

a. Xet dac diem cua tiigiac A,B,C,D, khi A,B, hoac A,C, hoac cd 
hai ditdng thang do song song vdi mat phang (ABCD). 

, 4 I I I 1 

b. Chung ninth rang - +-=- + -. 

SA, SC, SB, SD, 


JS$ Gidi 



■ Vdi A,B, // (ABCD) thi: 

A,B, // AB//CD => A,B, //C,D, va A,D, = B,C, 

Do d6, tugiiic A,B,C,D, la hinh thang cftn. 

■ Vdi A,C, // (ABCD) thi A,C, // AC. 

Mat khiic, ta lai cd: 

I At 1BD AC x (SBD) =» AC IB ,D, => A ,C .1 B ,D t . 
(AC ISO 

Do do, tu giac A,B,C,D, cd hai dudng chco vuong goc vdi nhau. 

■ Vdi A,B, // (ABCD) va A,C, // (ABCD) thi 

(AjBjCjD,) // (ABCD) 

Do do, tur giac A,B|C|D, la hinh vudng. 
b. Ban doc ttf lam 

Huang dan: Thi/c hien phep tinh dien tich ASA,C, va ASB,D, 
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Yi dyi 2; Clio hinli chop h'f gidc den S.ABCD co canh day bang a, tarn O. 

Goi M va N Ian lifcrt Id h ung diem ciia cue canli SA vd BC. Biel 
rang gdc gii'fa MN vd (ABCD) bang 60". 

a. Tinh MN vd SO. 

b. Tinh gdc gii'fa MN vd mat phdng (SBD). 


Giai 

a. Goi H la trung dic'm cua OA, suy ra: 

Mi l // SO ^ Mi l 1 (ABCD) 

Suy ra NH la hinh chieu vuong goc cua MN tr 6 n (ABCD), do do: 

(MN, (ABCD)) = MNH =60". 

Trong AHNC. la co: 

NH : = CN’ + CH : - 2CN.CH.cos NCH 

= (lY + f 2^ T\ . 2X0* ,cos45° = 1251 


l 4 J 


■ NH = 


a n/T 6 



Trong AHMN vuong tai H, ta co: 

aJTo 

Nil _ 4 

cos60° 
a sf\0 


MN = 


cos MNH 
MH = NH.tan MNH = 


aj\0 

2 

,tan60" = 


SO = 2MH = 


a>/30 

4 4 

Trong AOSA, ta co MH la dudng trung binh nftn: 
a>/30 
2 

b. Gia su: 

ANnBD = K=> (SAN) n (SBD) = SK 
Gia su: 

MN n SK = J => MN n (SBD) = J. 

Goi I la trung difi’m OB, ta co: 

fNUBD 

NI // OC => => NI1 (SBD) 

Nil SO 

Suy ra IJ la hinh chieu vu 6 ng goc cua MN tren (SBD), do do (MN, (SBD)) = NIJ . 

Trong AOBC co NI ia dirong trung binh nen NI = - OC = ^2.. 

2 4 

KA 

Trong AABC co trung tuye’n AN va BO ndn K la trong tftm, suy ra = 2. 
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Dua vao hinh bdn, thco dinh If Mfilelaus, ta diroc: 
KA JN SM _ [ ^ -i JN 1 
KN ' JM ' SA ' JM ' 2 " 

JN , ... 1 .... aVTo 

JM 2 4 

Trong ANIJ vu 6 ng tai I, la c 6 : 

'aV2 

. —. NI 4 y/S 

sin NIJ = — = —= — . 

JN a-v/To 5 

4 ' 

Vay. ta diroc sin(MN, (SBD)) = . 



Van de 6: PHEP CHILLI VUONG GOC VA tlNG DUNG 
Phuang phap dp dung 

1. Tif cdng thurc dien tich hinh chidu: 

S’ = S.costp, 

neu bi@t hai trong ha dai lifting S, S’, (p ta tinh diftic dai lifting con lai. 
D3c biet dua vao cdng thifc nay ta co the tinh gdc giua hai mat phang 
ma khdng cSn difng goc phang. 

2. Tir dinh li hinh chid'u cua mdt goc vudng: 

11 Hinh chid'u vudng goc cua mdt goc vudng la mot goc 
vudng khi va chi khi goc vudng dem chieu co it nhat mdt 
canh song song vdi mdt chieu hay ndm trong mdt chieu " 
ta co thd chifng minh dirdc dirdng thing vudng goc vdi difdng 
thang hay dirdng thang song song vdi mSt phang. 

cy ’ Chu y: CAn Uni y ddii hai tinh chat sau cua phep chid’u vudng goc: 

1. Ndu doan thang A,B, la hinh chieu vudng gdc cua doan AB tren mat phAng 
(a) thi A,B, < AB. DAu ding thi'rc xay ra khi va chi khi AB // (a) hay AB c («). 

2. Phep chid'u vudng gdc bao toan ti sd' cua hai doan thing cdng phucfng. 

Vi dy lr (Bai 27/tr 112 - Sgk): Cho AABC va mat phang (Pj. Biei goc giifa 
mp(P) va mp(ABC) la cp, hinh chieu ciia AABC tren mat phang (P) 
Id AA'B'C. Cluing minh rdng S ABC = S ABt ..cos<p. 

JS% Giai 

Xet hai tnxdng hop: 

Trttdng hopd \Gia sir BC nim trong mat phing (P). 

/ 



Kc dirdng cao AH cun AABC, suy ra: 

AH 1 BC. 

Ta co: 

S ABC = A'H.BC = i AH.BC.costp 

= S ABC .cos«p, dpcm. 

Trurnig hap 2: Gia sir BC khdng nam trong mat phAng (P). 
Dvnig mat phAng (a) qua B va song song vdi (P). 

• Goi A,. C, theo thur tu la hinh chieu cua A, C len (a). 
■ D la giao dicfm cua AC vdri (a). 

Ta co: 

^A|BD = S AB D COS( P' 

^C'lBD = ^cbd- cos< P' 

Trir thco ve (1) vA (2), ta duoc: 

SaiHc, = (Sard - S^^costp 
o S ABC = S ABC .cos<p, dpcm. 




Vi dj» 2: (Bai 5/tr 120 - Sgk): Cho tu (lien OABC co OA, OB, OC doi mol 
vuong goc vai nhau va OA = a, OB = b, OC = c. Goi H la hinh 
chieu cua O Iren mat phdng (ABC). Tilth dien licit lam giac HAB, 
HBC, HCA. 

& Gidi 
Ta c6: 

Sahab = Saoab CosO#H = ^OA ObVi- sin 2 Od?H 

= 1 oA.ObJ|--^-, (I) 

2 V OC' 2 

trong do: 


OA = 

a, OB = b, 


1 

1 1 1 nu2 a 2 b 2 c 2 

— 1 1 —S (Hi* — 

( 2 ) 

OH 2 

T ' , * , - ? Wll _ , t y 

OA* OB’ OC- b 2 c 2 + a 2 c 2 + a 2 b 2 

1 


(3) 

OC ' 2 

OA 2 OB 2 a 2 + b 2 



Thay (2), (3) vao (1), ta duqc: 


Sahab “ ^ a -b- 


a 2 b 2 c 2 


I - 


bV+aV+aV 


aV 


a p 

a 2 + b 2 


2 -Tb 2 


; + aV+aV 
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Chung minh tircmg tu, la nhAn duoc: 

u2„2 

SiHBC = 


bV 


2-<Jb 2 c 2 + a 2 c 2 +a 2 b 2 


2>/b 2 c 2 + a 2 c 2 + aV 


V i d p 3 i (Bai 6 /tr 120 - Sgk): Cho hinh lartg tru ddng ABC.A'B'C' co day 
ABC la lam giac vudng tai di’nh C, CA = a, CB = b; mat ben 
ABB'A' Id hinh vuong. Goi (P) la mat phdng di qua C \ a vuong got 
vdi AB'. 

a. Xdc dinh thiet dien cua liinh long tru da cho khi cat bai (P) 
Thiel dien la hinh gi ? 

b. Tinli dien licit thiet dien itdi tren. 

JSZ Gidi 

a. Dc xdc dinh thiet difin, ta tlurc hicn: 

■ Ke CH vuong goc voi AB (suy ra CH 1 AB ). 

■ Ke HK vu 6 ng goc vdi AB'. 

Khi d 6 , ta duoc thifit didn IA ACHK. 

b. Vi ACHK vu 6 ng tai H nfin: 

S Ac hk=^HC.HK. 

Trong AABC, ta c 6 : 

—L = _L _L 

CH 2 CA 2 CB 2 
AC 2 = AH.AB => AH = 



CH = 
AC 


ab 


Va 2 + b J 
2 „2 


( 2 ) 


AB va 2 + b 2 

NhAn xet rang: 

HK _L AB' => HK // A'B => AAHK vudng cAn tai A 
a 2 >/2 


=> HK = AH>/2 = 


a 2 + b 2 


(3) 


Thay (2), (3) vao (1), ta duoc: 


1 


ab 


2 ^ 


a b 


2 -y/a 2 + b 2 Va 2 + b 2 V2(a 2 +b 2 ) 

H dp 4: (Bai 9/tr 126 - Sgk): Cho AABC vuong tai A, AB = a, BC = 2a. 

Hai tia Bx va Cy ettng vudng goc vdi mat phdng (ABC) va mint ve 
mot phia doi vdi mat phdng do. Tren Bx, Cy Ian hart lay ede diem 
B', C sao cho BB' = a, CC = m. 

. a. Vdi gid tri nao cua m thi AB’C Id tarn giac vuong ? 





b. Khi A ABC" vuong tai B’, ke AH 1 BC. Cluing minh ring BCH la 
lam giac vuong. Tinh goc giira hoi mat phdng (ABC) va (ABC). 

£$ Giai 

a Kc B'D // BC. suy ra: 

B'D = BC = 2a va C'D = | m - a I. 

Vcjri AAB'C, ta lAn lirort c 6 ; 

AB ' 2 = AB 2 + BB ' 2 = a 2 + a 2 = 2a 2 . 

AC ' 2 = AC 2 + CC ' 2 = BC 2 - AB 2 + CC 2 
= 4a 2 - a 2 + m 2 = 3a 2 + m 2 , 

B'C 2 = B'D 2 + C'D 2 = 4a 2 + (m - a) 2 , 

Khi do de AAB'C ta co cac trirdng hop: 

■ AAB'C' vudng tai A, di 6 u ki£n la: 

B'C 2 = AC ' 2 + AB ' 2 o 4a 2 + (m - a ) 2 = 3a 2 + nr + 2a 2 : 

■ AAB'C' vuong tai B'. diSu kien la: 

AC 2 = B'C 2 + AB ' 2 <=> 3a 2 + m 2 = 4a 2 + (m - a ) 2 + 2a 2 => m = 2a. 

• AAB'C' vudng tai C, di£u kien la: 

AB ' 2 = AC 2 + B'C 2 o 2a 2 = 3a 2 + m 2 + 4a 2 + (m - a ) 2 
o m ! - am + 3a 2 = 0 (*) 

PhiTOIig trinh (*) fin m c 6 biet so A = a 2 - 12a 2 = -11 a 2 < 0 nen vo nghicm. 

VAy, vdi m = 0 hoiic m = 2a thoa man dieu kifin dAu bai. 
b. Trong AABC, ta co: 

AB 2 a 
BC “ 2’ 

3a 


> m = 0. 


BH = 


CH = BC - BH = 2a - - = — . 

2 2 

Vdi AHB'C, ta I An luot co: 

HB' 2 = HB 2 + BB' 2 = — 


5a 2 


9a 2 


25a 2 


HC' 2 = HC 2 + CC' 2 = — + 4a 2 = 

4 4 

B'C' 2 = 4a 2 + (2a - a) 2 = 5a 2 , 

Suy ra: 

HC 2 = B'C' 2 + HB' 2 => AHB'C' vuong tai B'. 
Goi a = ((ABC), (AB'C)), la co: 

1 


, _ Saabc 
S AAB'C 1 


_ 2 


ABAC 


AB.BC 


V30 

10 
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BAI TAP TIT GIAI 

Bai lap 1: Cho hai mat phAng (a), (p) cAt nhau vA mdt diem M khong thuoc (a) 
vA khdng thuoc (P). Chung minh rAng qua diem M co mdt va chi mdt mat phAng 
(P) vu6ng goc vdi (a) vA (P). Nd'u (a) song song vdi (P) thi kd't qua trdn se thay 
dc)i nhu thd' nao ? 

Bai tap 2: Cho hinh chop S.ABCD co day ABCD la hinh thoi canh bAng a va 
SA = SB = SC = a. 

a. Chung minh rAng (SBD) 1 (ABCD). 

b. Chung minh rAng ASBD vu6ng. 

Bai tap 3: Cho hinh chop tarn giAc ddu S.ABC co SH la ducrng cao. Chung minh 
SA 1 BC va SB 1 AC. 

Bai tap 4: Hinh hdp ABCD.A'B’C'D' la hinh hdp gi neu thoa man mot iroig cAc 
didu kien sau: 

a. Tu didn AB'CD’ c6 cAc canh dd’i bang nhau. 

b. Tu didn AB'CD' co cAc canh dd'i vudng g6c. 

c. Tu dien AB'CD' la tu didn deu. 

Bai tap 5: Trong mAt phAng (a) cho A ABC vu6ng a B. Mot doan thAng AD 
vu6ng goc vdi (a) tai A. Chung minh rAng: 

b. Goc ABD IA goc giua hai mat phAng (ABC) vA (DBC). 

c. MAt phAng (ABD) vudng goc vdi mat phAng (BCD). 

d. HK // BC vdi H vA K lAn luot IA giao diem cua DB vA DC vdi mat ->hang 
(P) di qua A vA vudng goc vdi DB. 

Bai tap 6: Cho hinh lAng tru dung ABC.A,B,C, cd dAy ABC la tarn gic'c deu 
canh a, AA, = a. Tinh goc giua hai mAt phAng (ABC,) vA (BCA,). 

Bai tap 7: Cho hinh td didn ABCD cd AB = BC = a, AC = b, DB = DC = x, 
AD = y. Tim he thdc lien he giua a. b, x, y de : 

a. (ABC) 1 (BCD). 

b. (ABC) 1 (ACD). 

Bai tap 8: Cho A ABC d£u canh a. Goi D IA did’m ddi xung vdi A qua BC Trftn 
dudng thAng vudng goc vdi mat phAng (ABC) tai D lA’y did’m S sa? cho 

SD = . Chung minh rAng: 

a. (SAB) 1 (SAC). b. (SBC) 1 (SAD). 

Bai tap 9: Cho hinh chop S.ABCD, dAy ABCD la hinh vudng canh a, SA vuidng 
goc vdi mat phAng (ABCD), M vA N IA hai diem lAn lupt nAm tren cAc canh BC, 
CD. Dat BM = x, DN = y. Tim hd thiic lien he giua a, x, y de hai mat phAng 
(SAM) va (SMN) vudng goc vdi nhau. 

Bai tap 10: Cho hinh chdp tu giAc deu S.ABCD cd cAc canh ben vA cAc caih day 
deu bAng a. Qoi O IA tAm cua hinh vudng ABCD. 

c||P r 



a. Ti'nh do dai doan thang SO. 

b Goi M la trung diem cua doan thang SC. Chung minh hai mat phAng 
(MBD) va (SAC) vudng goc vdi nhau. 

c Ti'nh do dai doan OM va ti'nh goc gifra hai mat phAng (MBD) va (ABCD). 
Bai tap 11: Cho hinh chop S.ABC, day ABC la tani giac vudng can tai B, AB = a, 
SA -aV3 vuong goc vdi mat phang (ABC). Goi E va F lAn luot la tmng did’m cua 
SC vii SB, M lii mdt did’m tren canh AB. dat AM = x, vdi 0 < x < a. Goi (a) la mat 
phang chua EM va vuong goc vdi mat phang (SAB). 

a. Hay xac djnh ro mat phlng (a), mat phAng (a) cAt hinh chop S.ABCD 
theo thief dien la hinh gi ? 

b. Chung minh rang FM = Va' - ax + x ; . Ti'nh dien tich thie't dien theo a va x. 


c, Goi K la hinh chid'u vudng goc cua S tren (a). Tim tap hop cac didm K khi 
M di dong tren canh AB. 

Bai tap 12: Cho hinh chop S.ABCD. day ABCD la hinh vuong tarn O va canh a, 
SA = a va vudng goc vdi mat phang (ABCD). 

a Goi (a) la mat phAng qua O. trung didm M cua SD va vudng goc vdi 
(ABCD). Hay xac dinh mat phang (a), mat phAng (a) cAt hinh chop 
S.ABCD theo thie't didn la hinh gi ? Ti'nh didn ti'ch thict dien. 
b. Goi (|i) la mat phAng qua A. trung diem E cua CD va vudng goc vdi 
(SBC). Hay xac djnh mat phAng (P). mat phAng (P) cAt hinh chop S.ABCD 
theo thie't dien la hinh gi? Ti'nh dien tfch thie't dien. 


Bai tap 13: Cho hinh chop tarn giac deu S.ABC cd canh ben bAng 


aV3 

2 


vA canh 


day a. Goi (a) IA mat phAng qua A, song song vdi BC vA vudng goc vdi mat phang 
(SBC'). 

a. Hay xac dinh mat phang (a). Mat phAng (a) cAt hinh chop theo thid't dien 
la hinh gi ? 

h. Ti'nh didn ti'ch thid't dien. 

Biii tap 14: Cho hinh chop luc giac ddu S.ABCDEF co canh bdn bAng 2a vA canh 
day a. 

a. Chi'rng minh rAng (SBE) ± (SDF). 

b. Goi (a) IA mat phAng qua A, song song vdi BC va vudng goc vdi mat 
phAng (SBC). Hay xAc dinh mat phAng (a). Mat phAng (a) cAt hinh chop 
theo thiet didn la hinh gi ? Ti'nh dien ti'ch thie't dien. 


Bai tap 15: Cho hinh chop S.ABC cd SA = a vA vudng goc vdi mat phAng (ABC), 
SB = 2a, SC *■ aJl , BSC = 90°. 
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a. Ti'nh goc cp giua hai mat phing (ABC) va (SBC). 

b. Ti'nh dien tich AABC. 

Bai tap 16: Cho AABC co dinh A nam trong mat phang (a), hai dinh B, C co hinh 
chid'u tren (a) lin luot la B, vi C, sao cho AAB,C, la tam giac dcu canh a. Gia su 

CC, = a va BB, = ^. Goi I la giao diem cua BC va B,C,. 

a. Chung minh ding IA 1 AC. 

b. Ti'nh didn tich AABC r6i suy ra gia tri cua goc <p giua hai mat phang (ti) va 
(ABQ. 

Bai tap 17: Cho hinh h6p chu nhit ABCD.A,B,C|D,. Mol mat phang (a) cat AA,, 
BB,, CC,, DD, lin luot tai A’, B\ C, D'. Dat AA' = a, BB' = b, CC’ = c, DD' = d. 
Chung minh ding: 

a. Tir giac A'B’CD' la hinh binh hanh vi a + c = b + d. 

b. Dicu kien cin va dii de A’B'C'D' la hinh thoi la a = c hay b = d. 

c. N6u a = b thi A’B’CD' la hinh chu nhit. Mcnh d6 dao co dung khong ? 

Bai tap 18: Cho ba tia Ox, Oy, Oz khdng dong phing va xOy = 90°, x6z = yO/. = 60°. 
Tfnh goc giua hai mat phang (xOz) va (yOz). 

Bai tap 19: Cho tur difin OABC co ba mat OAB, OAC, OBC la nhung tam giac 
vuong tai dinh O. Goi (a), (fi), (y) lin luot la goc giua mat phing (ABC) vdi cac 
mat ph^ng (OAB), (OAC), (OBC). Chung minh ring: 
cos 2 a + cos 2 p + cos 2 y = 1. 

Bai tap 20: Cho tam dien Sxyz c6 Sx, Sy, Sz d6i m6t vuong goc. Liy cac diem A, 
B, C trSn Sx, Sy, Sz. Goi H la true tim cua AABC. 

a. Chung minh ring SH J_ (ABC). 

b. Chung minh ring (S SBC ) 2 = S ABC . Sn^-, Tir d6, suy ra: 

(^abc) 2 = (S SAB ) 2 + (S SBC )'+ (Sjca) 2 . 
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CHI HE 5 


Khoang cAch 


A. TOM TAT LI THUY£'t 

1. KHOANG CACH Tl/ M0T Dl£M D&N MOT MAT PhAng, DfiN M6T DUONG THANG 
Dinh nghia 1 Khaim# each n't diem M den mat plaing (P) (den ditan# than# d) 

Id khoang each giifa hai diem M vd H, Iron# do H Id hinh chieit 
vttdng #oc cita diem M tren mat plain# (P) (tren ditan# than# d). 

2. KHOANG CACH GIlfA DUtTNG ThAnG VA MAT PhAng SONG SONG , Gltf A HAI 
mAt phAng SONG SONG 

Dinh nghia 2 : Khoang each giifa difdng than# a vd mat plain# (P) song .son# vdi 
a Id khoang each tit mot diem ndo do ciia a den mat plain# (P). 
Dinh nghia 3 : Khoang each gifta hai mat plain# son# son# Id khoang each tit mot 
diem bat ki cua mat plain# nay den mat plain# kia. 

3. KHOANG CACH GILfA HAI DLf&NG ThAnG CHEO NHAU 

Dinh U : Clio hai difdng than# cheo nlian a vd b, I non cd day nlnit nail ditdn# 
than# d cat cd a vd b, vd vudn# #oc viri mdi ditdn# than# ay. Difdng 
than# d dtfctc goi Id difdng vudn# goc chun# cua a vd b. 

Dinh nghia 4 : Kliodn# each giifa hai ditdng lining clieo nhau Id do ddi doan 
vn dug goc cluing cua hai difdng I hang do. 


b. phltong phAp giai toAn 


Van de 1: KHOANG CACH Til MOT DIEM T()I MOT DUONG THANG 

Plutong plidp dp dung q 

Di} rinh khoang each tir diem O tdi difdng thing 
(d), ta thirc hidn theo car bifdc sau: 

bade I. Trong mSt phing (O, d) ha OH 1 (d) vdi U _(d) 

H £ (d). H 

Bitdc 2: Thirc hien vide xac dinh do dai OH difa tren he thifc lifdng 
trong tam giac, tir giac va difdng tron. 

Chit y: 

1. Neu t6n tai difdng ihing a qua O va song song 

vdi (d) thi: -Ti-(d) 

d(0, d) = d(A, d), vdi A e (d). 

2. Neil AO O (d) = I thi: 

d(O.d) _OI 
d(A,d) ~ AI 


a O 


K 
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VI dy 1: Clio hinh lap phifcmg ABCD.A’B'C’D' canh a. Chung minh rung 
car khoang each tit cac diem B, C, D, A'. B‘, D’ den dudng cheo 
AC' deu bang nhau. Tinh khoang each do. 


J2$ Giai 

Nhan xet r?mg: 

ABAC = ACA'A = ADAC’ = AA'AC = AB'CA = ADC'A 
v& cung co chung day AC' nen khoang each tCr cac diem 
B, C, D, A', B', D' den dudng cheo AC' deu bang nhau. 

Ha CH vudng goc vdi AC, ta duoc: 


■ CH = 


aV6 



Nhan xet : Nhu vfly, dd tinh khoang each tu mot diem tdi mot dudng thang 
trong vf du trdn chung ta chi c<in sir dung cAng thuc ve dudng 
cao cua mot tarn giac vuAng da c6 san cac thuoc tinh. Do do, vi 
du trdn chi mang tinh minh hoa, bdi trong hfiu het cac trudng 
hop chung ta c.1n tim cac gi3 tri trung gian dua tren kicn thuc 
vd hinh hoc phang. 


VI dy 2i Clio hinh chop S.ABCD co day ABCD Id hinh vudng canh a, him 
O, SA = a vd vudng goc vdi mat pliang (ABCD). Goi I, M then tint 
tula trung diem cua SC, AB. 

a. Chitng minh rang OI -L (ABCD). 

b. Tinh khoang each tit I den dudng thang CM, tit do suy ra 
khoang each tit S tdi CM. 

J&Z Giai 

a. Trong ASAC, ta co: 

OI la dudng trung binh => OI // SA => OI 1 (ABCD). 

b. Goi H la hinh chid'u vuAng goc cua I Idn CM, ta co: 

C 1 1 => CM 1 (IOH) => CM 1 OH. 

CM 1 OI 

Trong AABC cd K la trong tain, ta co: a 




Trong AOCK vuAng tai O, ta co: 
III 1 


I 


20 


a 






Trong AOIH vudng tai O, fa co: 


IH : = Of- + OH 2 = - + 
2 



= _ =>|H = 
10 


av^30 

10 


Vay, khoiing each fir I tdi CM bang 


a>/30 

10 


VI SI n CM = C nfin: 


J(S.CM) 

d(I.C'M) 


— = 2 => d(S, CM) = 2d(T, CM) = 2IH = . 

1C 5 


^ A 'hart xet Nhu vAy, trong ldi giai cua vi du tren: 

■ Vdi gia tri fmng gian OB (la tha’y ngay OB = ^ BD) nhung lai 

vict dirdi dang OB = AC vdi muc dich giup cac cm hoc sinh 

on lai "link chat duemg (rung tuye'n cua mol torn giac vudng". 

■ Vdi gia fri trung gian OB chung fa edn sir dung tilth chat 
trong tarn cua lam giac. 

■ Y tudng tinh khoang each fir S tori CM da dirge ndu Irong 
phan clni y cua biii lodn va cac ein hoc sinh eSn ghi nhd no, 
hoi de tang do kh6, bai loan thtrcmg dirge phat bie’u dirdi 
dang bo bdt die’ni I. 

Vi dfi3; Clio liinli chop S.ABC to SA = 2a va vudng gdc vdi mat pitting (ABC), 
A ABC vudng tai C vdi AB = 2a, BAC = 30 n . Goi M Id mot diem di dong 
tren canh AC, H la hinli chieit vudng gdc cua S tren BM. 

a. Chung minh rang AH _L BM 

b. Dal AM = x, vdi 0 < x < V3 . Tinh khoang each tic S den BM 
theo a va x. Tim cac gia tri cua x de khoang each nay co gia tri 
nhd illicit, Urn illicit. 


Jg$ Giai 

a. VI SA 1 (ABC) nen AH la hinh chieu vuong goc 
cua SH tren (ABC), do do: 

AH 1 BM, theo djnh li ba dtrdng vudng gdc. 

b. Ta thAy ngay khoang each tCr S dfi'n BM chfnh la SH 
va trong ASAH ta co: 

SH’ = SA 2 + AH 2 . (1) 

Trong A ABC vudng tai C co BAC = 30° ndn: 

BC - — = a va AC = AB.cosBAC = 2a.cos30° = aV3 . 

■ 
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Trong ABCM vuong tai C, ta c6: 

BM 2 = BC 2 + CM 2 = BC 2 + (AC - AM) 2 
= a 2 + (aV3 -x) 2 = x 2 -2-\/3ax + 4a 2 
<=> BM = sjx 2 -2-Jlax + 4a 2 . 

NhAn xet rang AAMH va ACMB la hai lam giac vu6ng co AMH =CMB n£n 
chung dong dang, suy ra: 

AH 
BC 


AM ... AM.BC 

- => AH =- = 

BM BM 


Vx 2 -2-\/3ax + 4a 2 

Thay (2) va SA = 2a vao (1), ta dirge: 

x 2 a 2 5x 2 a 2 -8-\/3a'x + I6a d 


( 2 ) 


SH 2 = 4a 2 + 


x 2 -2>/3ax + 4a 2 x 2 -ijiax + 4a 2 


«SH = 


5x 2 a 2 -8>/3a 3 x + I6a 4 


x : -2n/3; 


ax + 4a’ 


Tir he thiic (1) vdi SA = 2a kh6ng doi, ta co nhAn xct: 

■ SH dat gia tri 1dm nha't khi: 

AH Ma , «• AM Mix oM=Cox = aV3 . 

■ SH dat gia tri nho nhSt khi: 

AH^ o AM m „, oM = Aox=0. 


Van dc 2: KHOANG CACH TlF MOT DI^M TO I MOT MAT PHANG 

Phtfcmg phap dp dung 

D£? tinh khoang each tir diem O ttVi mat 
phang (P), ta there hien theo cac biroc sau: 

Biicfcl: De dung OH vc<i H la hinh chieu 
vu6ng goc eua O l6n (P), ta thtfc hidn: 

• Lay dircfng thang a nam trong (P). 

• Dung mat phang (Q) qua O vudng goc veri a cat (P) 
theo giao tuyftn b (din chon a sao cho mat phang (Q) dd 
dvmg). 

• Trong (Q), ha OH 1 b tai H. 

Biidc 2: OH la khoang each tir O den (P). 

Tinh do dai eua dean OH la khoang each tir O den (P) 
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^ Chuy: 

1 Trong budc 1, in rot khi chon a va dimg mat phang (P) ncn xet xeni a va (P) da co 
sail hen liinh ve dura. Neil co. cluing la se giam thicu duoc phep dung hinli. 

2. Ncu da co san dudng thang d vu 
ihi chi can dimg Ox // d la dirpe Ox 1 

3. Nfiii OA // (a) ihl: 

d(0, (a)) = d(A, (cx)). 

4 Ncu OA cal (a) tai I thi: 

d(Q.(q)) _ Ol 
d(A,(a)) AI 

5. Sir dung tmh chftt ciia true dirdng I 
Dinh nghia : During vuong got vdi mat pliang dura dudng Iron lai lam ciia dudng 
li on gpi la true ciia dudng iron do. 

Ta co the dimg tmh chat ciia true dudng Iron dfi: 
a. Chung minh dirdng thAng vuong goc vdi mat phang 
h. Tmh khoang each tir mOt difim dfi’n mol milt phang. 

Cii the vdi trvdng hop: 

■ Nfiii O la tAm dudng iron ngoai tifip AABC va M la mot diem each dfiu ba 
diem A. B, C thi dirdng lhang MO la true ciia dirdng tron ngoai liep 
AABC. Khi do MO 1 (ABC) va MO = d(M. (ABC)). 

■ Neii MA = MB = MC vA NA = NB = NC trong do A, B, C la ba diem khdng 
lhang hang thi dudng Ihftng MN la true ciia dudng Iron qua ba diem A. B. C. 
Khi do MN 1 (ABC) lai tAm O ciia dudng iron qua ba dic’m A, B, C. 

V» dy I t Cho nr dien den A BCD co earth hang a. Goi P. Q iheo Our tit Id 
trung diem ciia BC va BD. 

a. Tinh khoang each lit A ten mat pining (BCD). 

b. Tinh khoang each lit A tdi during lhang PQ. 

Giai 

a Goi H IA hinli chi fill vudng gdc cua A Ifin (BCD), chung ta da bict rAng H 



chinh la trong tAm ABCD, do do: 

d(A, (BCD)) = AH = VAB : -BH 2 



b. Gia sir PQ cAt BM lai I thi I la trung diem ciia PQ. ta co: 
AAPQ cAn lai A => AI 1 PQ. 


Do do: 



d(A, PQ) = AI = 7 aP j -IP 2 
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^ Nlirin xet. Nhu vay, irong loi giai cua vf du Iren vific khai lhac dupe li'nh 
chd't cua mot tur dien deu (hope hlnh chop ddu) chiing la xac 
dinh dupe ngay hinh chidu vuong goc cua A tren (BCD). Va de 
li'nh dp dai cua AH chung la chi c&n sir dung dinh li Pilago 
cung dp dai dircrng Irung tuyen cua mpl lam giac deu. 

O vi du tiep theo. chung la cung se dd dang dir doan dupe doan 
vuPng goc nhung ci»n phai chimg minh. 


\i da2; Hinh chop S.ABCD cd clay la hinh thoi trim O canh a va co goc 
BAD = 60°. Dtfctng ilidin; SO vuong goc vefi mat pliang (ABCD) va 
3a 

SO = —. Goi E la tning diem cua BC, F Id ti ling diem cua BE. 

4 

a. Cluhig minh null phang (SOF) vuong goc vefi mat pining (SBC). 

b. Tilth cac khoang each lir O va A den mat phang (SBC). 


£$ Giai 

a. Vdri gia thiPt, la co: 


AOBE ddu => OF J_ BC. (1) 

Mpl khac, ta ciing co: 

SO 1 (ABCD) => SO 1 BC. (2) 

Tir(l) va(2) suy ra: 

BC 1 (SOF) => (SBC) 1 (SOF). 

Trong ASOF ha OH vuong goc vPi SF. suy ra: 

OH 1 (SBC) => OH = d(0, (SBC)). 

Trong ASOF vuPng tai O, la co: 

1 _ I _l_ 

OH 2 OS 2 OF 
Vi AO n (SBC) = C nPn: 
d(0,(SBC)) 


, — T =>OH=—. 

/-At- 2 r»n 2 8 



d(A,(SBC)) 


— = - => d(A. (SBC)) = 2d(0, (SBC)) = 20H = 
AC 2 


Cho hinh chop S.ABC co ASB = 90°, BSC = 60°, ASC = 120° va 
SA = SB = SC = a. Goi I Id trung diem cua canh AC. 

a. Cluing minh rang SI -L (ABC). 

b. Tilth khoang each tif S den mat phang (ABC). 

J2$ Giai 

a. Trong ASAB vuPng cfln tai S. ta c6: 

AB = SAn/ 2 = a-v/2 . 

Trong ASBC eftn tai S co BSC = 60° nen la lam giac 
ddu, suy ra BC = a. 
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Trong ASAC c&n tai S, la co: 

SAC = 30", 

AC : = SA 2 + SC : - 2SA.SC.cos ASC = 3a 2 <» AC = 3n /3 . 

Nhan xct rang: 

AB + BC 2 = 2a-’ + a 2 = 3a 2 = AC 2 

<=> AABC vnOng tai B => I la tftm dircmg iron ngoai ticp AABC. 
Vay vdi SA = SB = SC, ta ducrc: 

SI 1 (ABC) va d(S, (ABC)) = SI. 
b. Trong ASAI vu6ng tai I. ta co: 

SI = SA.sinSAI = SA.sin SAC = a.sin30° = — . 

2 

Vav, khoang each tir S den mat phAng (ABC) bang — . 


KUUuIj Clio hirih chop S.ABC co SA = SB = SC = a, ASB = 1 20°. BSC = 60°, 
CSA = 90”, 

a. Chung lo rang AABC Id lam gibe vnbng. 

b. Tilth khoang each tir S den mat phdttg (ABC). 


Ciai 

a. NhSn xet rang: 

■ Trong ASAB, ta co: 

AB 2 = SA 2 + SB 2 - 2SA.SB.cos ASB 



■ Trong ASAC d£u. ta co AC = a. 

■ Trong ASBC vuong can tai S, ta co BC = aV2 . 
Tir do, nhan thay: 

AB 2 = AC 2 + BC 2 => AABC vuong tai C. 
b. Goi H la trung di6m AB, ta co: 

SH 1 AB, 

SH = - SA = -, CH = - AB = -, 

2 2 2 2 



( 1 ) 


Suy ra: 

SH 2 + CH 2 =^£j + |^j = = sc2 => AHCS vufing tai H 

=> SIf _L HC. (2) 
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Tir (1) va (2), suy ra: 


SH 1 (ABC) => d(S, (ABC)) = SH = ^ . 

Vi dy 5; Clio hinh chop S.ABCD co day ABCD Id hinh vuong turn () canh 
bang a, SA = a%/3 vd vnong goc vdi mat phang (ABCD). 

a. Hay dung dttdng thdng qua tiling diem cua cqnh SC vd vnong 
goc vdi mat phang (ABCD). 

b. Hay dung dudng thdng qua A vd vnong goc vdi mat phang 
(SBC). Tinli khoang each tit A den mat phang (SBC). 

c. Tinh khoang each tit O den (SBC). 

d. Tinh khoang each tit trong tdm cua ASAB den (SAC). 

Gidi 

a. Goi M la trung diem cua SC. 

Trong ASAC, ta co: 

OM la dudng trung binh 
=> OM // SA OM ± (ABCD). 

VAy OM la dudng thAng cAn dung. 

b. NhAn xet rAng: 

=> BC1 (SAB) => (SAB) 1 (SBC). 

Ha AH vuong goc voi SB. ta co ngay AH _L (SBC). 

VAy AH IA dudng thAng cAn dung. 

Trong ASAB vuong tai A, ta co: 

J_ = J_ + J_ _ I ( 1 = 4 _ a>/3 

AH : SA ! + AB 2 (aV3) J+ a 2 3a 2 ” 2 


JBC1 AB 
[BC ISA 



c. 


Vi AO n (SBC) = C ndn: 
d(Q.(SBC)) PC 1 
d(A,(SBC)) ~ AC _ 2 


> d(0, (SBC)) = — d(A, (SBC)) = I AH = — 
2 2 4 


d. Goi E IA trung di£m AB, ha EF _L AC, ta duerc: 

' { ef1ac ^ef±(saq 

[EF ISA 

Do do EF chfnh la khoang each tu E tdi (SAC). 
Trong AOAB, ta co: 

EF IA dudng trung btnh => EF = ^ OB = 
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(joi Ci la trong tAm AABC, vi EG n (SAC) = S n4n: 

d,(USAO) „ 2 . 2EF = 

d(E,(SAC)) ES 3 3 3 6 


Van de 3: KHOANG CACH GlOA DUONG ThAnG VA MAT PHANG 
SONG SONG. 

KHOANG CACH GIUA HAI MAT PhAnG SONG SONG. 

Phuffng plidp tip dung 

1 Cho dirdng thSng d song song vdi mat phSng (a), de tinh khoang 
each giufa d va (a) ta there hien theo cac btfcfc: 

Birate 1: Chon mdt diem A tren d, sao cho khoang each tir A den ct 
co the di/dc xac djnh de nhat. 

Bade 2: Ket lu$n d(d, (P)) = d(A, (P)). 

2. Cho hai mat ph3ng song song (P) va (Q), d£ tfnh khoang each giufa 
(P) va (Q) ta thirc hien theo cac bvr6c: 

Bade 1: Chon m6t diem A tren (P), sao cho khoang each tir A den 
(Q) co th6 diTdc xac dinh de nhat. 

Bade2: Ket luSn d((P), (Q)) = d(A, (Q)). 


v< Jy It (Bai 33/tr 118 — Sgk): Clio hinli lu)p thoi ABCD.A'B'C'D' co cac 
canh deii bang a va BAD= BAA = DAA'= 60°. Tinh khoang each 
gii'fa hai null phang day (ABCD) va (A'B'C'D'). 


j&X Gidi 

Ha A H i. AC, ta co nhftn x6t: 
jBDl AC 
[BD1 AO 
=> BD 1 AH => A H 1 (ABCD), 

Va vi (ABCD) // (A'B'C’D') nen A'H chinh la khoang 
each giiia hai mat phang day. 


o BD 1 (OAA ) 



NhAn xet rAng hinh chop A'.ABD la hinh chop deu, nen ta I5n luot c6: 
aV3 _ aS 
2 ~ 3 

2a 2 .... i\>f6 


2 2 

AH = — AO = —. 
3 3 


•» 2 2a 2 

A'H 2 = A'A 2 - AH 2 = a 2 - — = —=> A'H = 
3 3 


261 




V'i dy 2 i Cho hinh chop S.ABCD co SA = a\/6 va vudng goc vdi nun phang 
(ABCD), day ABCD Id tufa Inc gidc den noi tiep trong during iron 
dudng kinh AD = 2a. 

a. Tinh cac khoang each lie A vd B den mat pliang (SCD). 

b. Tinh khoang each n't dudng lining AD den mat pining (SBC'). 

c. Tinh dien lich ciia thief dien cua hinh chop S.ABCD vc'ri mat 

pining (a) song song vrii mat phang (SAD) vd each mot kliodng 

, 4 aV3 
hang—. 

JS*> Giai s 

a. Nhan xet rang: IK 

• CD 1 AC ^ CD ± (SAC) ^ (SCD ± (SAC) I \\\ 

CD1SA _ \ \ \ 

u A i\ \d 

Ha AH vudng goc v6i SC, ta co ngay AH 1 (SCD). / \ \ 7 

Vay AH la khoang each tir difi’m A tofi (SCD). ^f‘_My \y 

Trong ASAB vudng tai A, la c6: 

1 1 I 1 1 I ... n: 

- - = -- +- 7 =-7=-r +- r~T = —~ => AH = av/2 . 

AH SA* AC 2 (a>/6) 2 (a^) 2 2a 2 

Goi I la irung diem cua AD, suy ra: 

BI // CD => B1 // (SCD) => d(B, (SCD)) = d(I, (SCD)). 

Mat khde, ta lai co AI n (SCD) = D ndn: 

d(l,(SCD)) ID 1 

d(A,(SCD)) ~ AD 2 

=> d(I, (SCD)) = i d(A, (SCD)) = 1 AH = ^. 

b. NhAn xdt rang: 

AD // CD => AD // (SBC) => d(AD, (SBC)) = d(A, (SBC)). 

Ha AK vudng goc vdi BC, ta dirge: 

|BC 1 AK BC ± AK) ^ ± (SAK) ^ (SRC) n (SAK) = AK 

|bcisa 

Ha AG vudng goc voi SK, ta co ngay AG J. (SBC). 

VSy AG la khoang each tu did’m A tori (SBC). 

Trong ASAK vudng tai A, ta co: 


AG 2 SA 2 


(aV6) 2 (a>/3/2) 2 2a : 
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c. Nhflu xet ring: 
|AK 1 AD 
I AK 1SA 


=> AK l(SAD) 


GiA sir mat phang (ex) song song vdi mat phAng (SAD) c;il AK tai E. khi do: 

d(u. (SAD)) = AE = = — AK => E la trunc diem cua AK 

4 2 


Ta di xac dinh thiet dien tao bcri hinh chop vdi mat phAng (a) qua E va song 
song 'di (SAD), nhir sau: 

|(tt)//(SAD) 

• (a) n (ABCD) = Ex Ex // AD 

[(SAD)o(ABCD) = AD 


Va E> c;it AB, CD thco thu lu tai M. N la trung diSm cua mdi doan. 

■ Trong mat phang (SAB) dung My // SA va cAt SB tai Q la trung diem cua SB. 

■ Trong mat phAng (SCD) dung Nz // SD va cAt SC tai P la trung diem cua SC. 
Vfiy. thiet dien tao bdi hlnh chdp vdi mat phAng (a) la MNPQ, ngoai ra vi: 

MN // CD // PQ => MNPQ la hinh thang 

MQ // SA => MQ i. (ABCD) => MQ1 MN MNPQ la hinh thang vuong 


Tir do, ta duoc = — (MN + PQ).MQ 
Trong do: 

MN = ^ (AD + BC) = ~, vi MN la dudng trung binh cua ABCD, 
I a 

PQ = — BC = — , vi PQ la duerng trung binh cua ASBC, 

MQ = i SA = , vi MQ la duemg trung binh cua ASAB, 


SuV ra: 


I ( 3a a ^ a\/6 a : \/6 


2 l 2 + 2 


Van de 4: DOAN VUONG GOC CHUN(i CUA HAI Dl/()NG THANG 
CHEO NHAU. 

KHOANG CACH GIUA HAI DUtJNG THANG CHEO NHAU. 

Plu fang phdp dp dung 

I. DO dung doan vuong goc chung cua hai difdng thang cheo nhau a 
va b, ta lira chon mot trong cac each sau: 
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_ i 


\ 

1 a 




f 


rV 7 


Cach I: Ta thuc hidn theo cac bude: 

Btidc 1: Dung mat ph3ng (P) chua b 
song song vdi a. 

Btide 2: Chon M trdn a, dung MH 
vu6ng goc vdi (a) tai H. 

Btide 3: Tir H, dung dudng thing a, 
song song vdi a, va cat b tai B. 

Btide 4: Tir B, dung dudng thing song song vdi MH, cit 
(a) tai A. Doan AB la doan th3ng vudng goc 
chung cua a va b. 

Cach 2: Ta thuc hidn theo cac bude: 

Btidc 1: Dung mat phang (P) vudng goc vdi a va tai O. 


Btidc2: Dung hinh chieu vudng goc b, 
cua b trdn (P). Dung hinh chieu 
vudng goc H cua O tren b,. 
Btidc 3: Tir H, dung dudng thang 
song song vdi a, cit b tai B. 




B 


Btidc 4: Tir B, dung dudng tiling song song vdi OH, cit a tai 
A. Doan AB la doan vudng goc chung cua a va b. 
Cach 3: (ap dung cho trtidng hdp a _L b ): Ta 
thuc hidn theo cac bude: 

Btidc 1: Dung mat phing (P) chua b, 
vudng goc vdi a tai A. 

Btidc2: Dung AB 1 b tai B. Doan AB 
la doan vudng goc chung 
cua a va b. 

2. Dd tinh khoang each giua hai dudng thing cheo nhau, ta lua chon 
mdt trong cac each sau: 

Cach I: Tinh dd dai doan vudng goc chung (nd’u co). 

Cach 2: Tinh d(a, (a)) vdi (a) la mat phing chua b song song vdi a. 

V i dy Ii (Bai 32/tr 117 - Sgk): Cho hinh hop chi? nhat ABCD.A'B'C'D' co 

AB = AA' = a, AC = 2a. 

a. Tinh khoang each lit diem D den mat phdng (ACD'). 

b. Tim dtidng vudng goc chung cua cac dudng thang AC' va CD'. 

. Tinh khoang each giifa hai dudng thang ay. 



Giai 

a. Tu dien DACD' co DA, DC. DD' doi mol vuong goc 

vdri nhau, do do goi h = d(D, ((ACD'))) thi: py A' 

I 1 ( 1 | 1 h _ aVlO ^/K'\ v/ 

h 2 DA 2 DC 2 DD' 2 5 C Ui*\\ 

b. Goi 1 la giao diem cua C'D va CD', ha IK vuong goc f/Cf ‘A 

vdi AC. Ta di chung minh IK chfnh la doan vuong goc j >|j _ -y A 

chung cua AC’ va CD’, thftl vSy: ^ -'''' / 

fCD’iC’D B 

c* CD' 1 (ADCB) => CD' 1 IK. 

] CD' L B'C' 

Vi hai lam giac C'lK va CAD d6ng dang, ncn: 

IK C'l ___ ADC'I a 

-=-- => IK =- = -. 

AD C A C'A 2 

VXi(i 2i (Bai 30/ir 117 - Sgk): Cho hhih Ling tru ABC.A'B’C co teit cd car 
canh deu being a. Goc too bin canh ben va mat phdng day being 
30°. Hinh chie'u H cua diem A Iren melt phdng (A'B’C) thueic 
diking theing B'C'. 

a. Tinh khodng each giifa hai mat phdng day. 

b. Chimg minh rang hai diking theing AA' va B'C vuong goc, tinli 
khodng e ach giifei cluing. 

JgS Gieii A C 

a. Khoang each gifra hai mat phftng day chinh biing AH. /tT ~sj 
Trong AHAA', la co: / \ 

N = 30°, f\ \f / 

AH = AA'.sinA' = a.sin30° = ^. A / l\ Jc 

b Ta cd: 

JBCIAH B - c x (HAA 1 ) => B'C 1AA'. B 
[B'CIA’H 

Trong AHAA' ke HK X A A' thi HK chfnh l& doan vudng goc chung cua A A' 
va B'C. 

Trong AIIKA', ta co: 

.... . *, a>/3 I aV3 

HK = A H.stnA = --. — =-. 


• B'C' 1 (HAA') => B'C 1 AA'. 
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\ i dy 3: Clio tudien deu ABCD co earth bang a. Tinh khoeing each giita AB 
vet CD. 


Gidi 

Goi M, N thco thu tir la irung diem cua AB va CD. ta 
thay ngay: 

JMNI AB 
[MN1CD 

nen MN la doan vudng goc chung cua AB va CD. 

Do do: 




Tong quat (Bai 29/tr 117 - Sgk): Cho tudien ABCD co AC = BC = AD = fcD = a, 
AB = c, CD = c'. Tinh khoang each giiia hai difdng thdng AB va CD. 


£$ Gidi 

Goi I, J theo thu tu la (rung difi’m cua AB va CD thi: 

■ AABC = ,\ABD => IC = rD => IJ 1 CD. (1) 

■ AACD = ABCD => JA = JB => IJ ± AB. (2) 

Tir (1) va (2) suy ra IJ chinh la doan vuong goc 

chung cua AB va CD. 

Ta co: 

IJ 2 = IC 2 - JC 2 = (AC 2 - AI 2 ) - f ^ j = 1 (4a 2 




2 


Vi dy 4i (Bai 35/tr 118 - Sgk): Cho tudien ABCD. Chifng minh rdrg nen 
AC = BD, AD = BC thi difdng vuong goc chung cua AB va CD la 
difdng thdng noi hai trung diem cua AB va CD. Dieu nguaclai to 
dung khdng ? 

£$ Gidi 

Goi I, J theo thtf tu la trung di£m cua AB va CD. 

Tir gia thiet AC = BD, AD = BC, suy ra: 

■ AABC = ABAD => IC = ID => IJ 1 CD. (1) 

• AACD = ABDC => JA = JB => IJ 1 AB. (2) 

Tir (1) va (2) suy ra IJ chinh la doan vuong goc 
chung cua AB va CD. 

Dieu nguoc lai v5n dung - Ban doc tu chifng minh dua 
tren cong ihitc ve difdng trung tuyen. 
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V* dy 5; Tic (lien OABC co OA = OB = OC = a vd AOB = AOC= 60°, 
BOC = 90". 

a. Cluing id tang AABC Id lam gidc wiring vd OA _L BC. 

b. Tim dtdnig wiring got cluing IJ nut OA vd BC, rinh khoang 
each gifta Inn dining thdng OA vd BC. 

c. Cluing minh rang liat mat pining (ABC) vd (OBC) vuring goc 
wii nhau. 

Jg5 Gidt 

a. NhAn xet rSng: 

AB = AC = a, vi AOAB va AOAC deu. 

Trong \OBC vuong tai O (a to: 

BC : = OB' + OC-’ = a ! + a* = AB : + A C' 
tuc la AABC vuong c&n tai A. 

Goi I, J thco thu tu la (rune diem cua BC va OA. ta to: 



BC L JO ^ BC ± (QAJ) BC1 oa. 
1 BC 1 JA 


b. Vdi ket qua trong a), ta eo ngay: 

BC 1 IJ. (0 

OJ = AJ = — BC => IJ _L OA. (2) 

2 


Tit (1) va (2) suy ra IJ chinh la doan vu6ng goc chung 
Trong AJBI vuong tai J ta co: 


IJ : = BI : - BJ’ = 


f aS 


faV2 

2 


cua OA va BC. 


a 

2 


c. Nhan tliay OJA la mot trong bon goc tao boi hai mat phing (ABC) va (OBC). 
Khi do. trong AOJA ta thi\y trung tuyen JI thoa man: 

IJ = — = - OA => OJA = 90° => (ABC) 1 (OBC). 

2 2 


Yidyfis (Bai 34/tr 118 - Sgk): Cho hinh chop S.ABCD Id hinh chit nlidt vd 
AB = 2a, BC = a. Car canh ben cua hinh chop bang nhau vd bang a -Jl. 

a. Tinh khoang each lit S den mat phdng day (A BCD) 

b. Goi E vd F Ian hart Id trung diem cua cac canh AB vd CD; K Id 
diem bat ki thiioc duemg thdng AD. Chifng minh rang khoang 
each giica hai diCcmg thdng EF vd SK khring phu thuoc vdo K. 
Hay tinli khoang each do theo a. 
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J&5 Giiii 

a. Goi O la tarn cua h'inh chfl nhat ABCD. vl cac canh 
ben cua hinh chop bang nhau ncn: 

SO 1 (ABCD) => SO = d(S, (ABCD)). 



2 


b. Ta nhan tha’y: 

EF // AD c (SAD) => EF // (SAD) chua duemg thang SK 
Do do, khoang each giua hai duemg thang EF va SK khong phu thuoc vao K. 
Ttr nhan xet tren, suy ra d(EF, SK) = d(EF, (SAD)) = d(0, (SAD)). 

Goi M la trung diem cua AD, ha 011 SM thi: 

OI1 (SAD) => OI = d(0, (SAD)). 


Trong AOSM, ta c6: 

1 _ 1 t 1 _ QI = aVIT 

OI 2 SO 2 OM 2 7 

Vi dy 7: Clio tiltdien S.ABC co SA vuong gdc vai mat pining (ABC). Goi 11, K 
lan hart la true tarn cua cac tarn giac ABC va SBC. 

a. Cluing minh ba duemg tluing AH. SK, BC dong quy. 

b. Cluing minli rang SC vuong gdc vai mat phang (BHK) v« HK 
vuong gdc vai mat pining (SBC). 

c. Xdc dinh duemg vuong gdc cluing cua BC va SA. 


Gidi - Ban doe tu ve hinh 

a. Goi {E) = AH n BC, ta co: 

{BC 1 AE => BC 1 (SAE) => BC JL SE 
[BC 1 SA 

=> SE la duemg cao cua A SBC => K e SE. 
Vay, ba duemg thang AH, SK, BC d6ng quy ini E. 

b. Ta c6: 


(BH 1 AC ^ BH ± AC ^ RH 1SC (I) 

[BH ISA 

Mat khac, ta cd BK 1 SC. (— i 

Tir (1) vh (2), suy ra: 

SC _L (BHK) => SC _L HK. (3 , 

Mat khac, tir a), suy ra BC 1 HK. (4 
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Tu (3) va (4), suy ra HK 1 (SBC), 
c Ta co ngay. dudng vuong goc chung cua BC va SA la AE. 

\i du 8s Tu (lien ABCD co Imi mat ABC va ADC ndm iron# hai mat pitting 
voting goc vffi nhait. Tam giac ABC vuong tai A co AB = a, AC = b. 
Tam giac ADC voting tai D co CD = a. 

a. Chifttg minh car tarn giac BAD va BDC Id car lam giac voting. 

b. Goi I va K Ian hurt Id trung diem cua AD va BC. Chung minh 
IK Id dudng voting goc chung cua hai dudng lilting AD va BC. 

Gidi B 

a Taco: 

[(ABC) 1 (ADC) 

| (ABC) n (ADC) = AC => AB 1 (ACD) 

[aCI ABc(ABC) 

=s> AB 1 AD => A ABD vuong tai A. 

Ta co: 

CD 1 AD o CD 1 (ABD) => CD 1 BC => ACBD vu6ng tai D. 

CD 1 AB 

b Ta liin luot co: 

AK = - BC = DK => AKAD can tai K => IK ± AD. 

2 

A ABD = ADCA (c.g.c) => BI = Cl => AIBC cAn tai I => IK 1 BC. 

TCr do, suy ra IK la dudng vu6ng goc chung cua hai dudng thAng AD. 

Vi da 9 j Cho hinh chop S.ABC co SA = 2a i d voting goc vcfi mat phdng 
(ABC), day ABC Id tarn giac voting can tai B vdi AB = a. Goi M Id 
trung diem cua AC. 

a. Hay dung doan voting goc chung cua SM vd BC. 

b. Ttnh do dai doan voting goc chung cua SM vd BC. 



Gidi 

a. Be dung doan vuong goc chung cua SM vh BC ta co the lua chon mot trong 
hai each trinh bay sau: 

Cdch l : Goi N la trung diem cua AB, suy ra: 

BC // MN ^ BC // (SMN). 

Ta co: 

fMN 1 AB 
[MN ISA 

=> (SMN) 1 (SAB) va (SMN) n (SAB) = SN. 

Fa BH 1 SN suy ra BH 1 (SMN). 

7ir H dung Hx song song vdi BC va c;it SM tai E. 


• MN 1 (SAB) 
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Tir E dung Ey song song vdi BH va cat BC tai F. 
Doan I£F la doan vuong goc chung cua SM va BC. 
Cdch 2: Nhftn xet rang: 


f BC 1 AB 
[BC1SA 


BC 1 (SAB). 


Do do (SAB) chmh la mat phdng qua B thudc BC va vu6ng goc vdi BC. 

Goi N la trung dicim cua AB, suy ra: 

MN//BC => MN ± (SAB) 

Suy ra SN la hinh chiS'u vuong goc cua SM trSn (SAB). 

Ha BH 1 SN suy ra BH 1 (SMN). 

Tir H dung Hx song song vdi BC va cat SM tai E. 

Tir E dung Ey song song vdi BH va cat BC tai F. 

Doan EF la doan vuong goc chung cua SM va BC. 
b. Nhan xet rang ASAN va ABHN la hai tarn giac vuong co hai goc rthon dd'i 
dinh ncn chung dong dang, suy ra: 

BH BN SA.BN 

-=- BH = - 

SA SN SN 

Trong do: 

BN = - AB = - 
2 2 

SN J = SA 2 + AN 2 = (2a) 2 + 

c DU 2aVT7 

Suy ra BH =-. 

17 

Vay, khoang cdch giua SM va BC bang 


17a 2 

4 


> SN = 


/T7 




V( dy l<h Cho hinh chop S.ABCD co day la ABCD Id hinh thoi tam O, canli 
a, goc A = 60° va co dieting cao SO = a. 

a. Tbilt khoang cdch (if O den (SBC). 

b. Tinh khoang cdch giila hai dieting thdng AD va SB. 


Giai 

a. Ha OI vuong goc vdi BC va keo ddi OI cat AD tai J. 
Ta co: 


> BC 1 (SOI) 


JBCIOI 
[BC ISO 

=> (SBC) 1 (SOI) va (SBC) n (SOI) = SI 
Ha OH viidng goc vdi SI, ta co ngay OH 1 (SBC). 
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Vfty OH la khoang each tir didm O tdi (SBC). 

Vc'fi hinh thoi ABCD, ta c6: 

BD = a. vi AABD ddu => OB = - 
2 

AC = 2AO = 2.— = a^3 . 

2 

Trong AOBC vuong tai O. ta co: 

J_ = _2_ + _l_ _I _J _ \ 3 _ 

OI‘ OB ; OC (a/2) 7 (aV3) : 3a' 

Trong ASAE vu6ng tai A. ta co: 

I I I I I 16 


> OI = 


VSy, khoang each tir O den (SBC) bang 


av3 


7) 



aV39 
13 

-— = — T + — = _ + —_- = —- OH = — 

OH- SO or a (a n/39 /13) 2 3a 7 4 


Nh&n xet Wing: 

AD // BC => AD // (SBC) => d(AD. SB) = d(AD, (SBC)) = d(J. (SBC)). 
Mat khac, ta lui co JO n (SBC) = I nen: 

d — (S — V) = — = 2 => d(J. (SBC)) = 2d(0, (SBC)) = 20H = — . 
d(0,(SBC)) OI 2 

V&y, khoang each giua SB va AD bang —- . 


VI dy 1 li (Bai 8/tr 126 - Sgk): Hinh chop lie giac den S.ABCD co canh day 
bang a va canh ben bang a -Jl. 

a. Tink khoang each nr S den mp(ABCD). 

b. Tinli khoang each giCra dieting lining AB va mp(SCD). 

c. Tinh khoang each gala hai dieting dicing AB va SC. 

d. Goi (P) la mat pitting di c/ua A va vuong goc vtii SC. Hay xac 
doth thief diin cua hinh chop khi cal beri (P). Tinh diin lich 
thiit dien. 

e. Tinh goc giCra dieting lining AB va null phang (P). 

£% Gidi 


a. Goi O la tarn cua ABCD, ta co ngay: 

SO 1 (ABCD) => SO = d(S, (ABCD)). 
Ta cd: 


SO' = SA 2 - OA 2 = (aV2 ) 2 - 

I- 



— =.so = 

2 2 
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> CD 1 (SIJ) => CD ± IH => IH ± (SCD). 


b. Goi I, J Iheo thu tu la trung diem cua AB va CD. 
Ha IH vu6ng goc vai SJ. 

Ta c6: 

jCDUJ 
[CD 1 SO 
Nh;)n xet rang: 

AB // CD => AB // (SCD) 

=> d(AB, (SCD)) = d(I, (SCD)) = IH. 

Hai tam giac SOJ va IHJ d6ng dang, ndn: 

SOU 



IH IJ SOU 

— = — IH =- 

SO SJ SJ 


V42 


Vsc 2 - 


c. Ta co ngay: 

d(AB, SC) = d(AB. (SCD)) = IH = 


CJ 2 

aV42 


d. Thifit di£n dirge xac dinh bang each: 

• Trong (SAC) ha AE vn6ng goc vdi SC. 

■ Trong (SAB) ke EP vu6ng goc vai SC. 

■ Trong (SAD) ke EQ vu6ng goc vai SC. 

Khi do, tur giac APEQ la thiet dien can dung. 

TCr each dung thifit dien, suy ra: 

— = — =>PQ//BD=>PQ1(SAQ=>PQ1AE, 
SB SD 
Tir do, ta dugc: 

I 



^apeo = _ AE.PQ. 


Vi ASAC d£u nen: 
a >/6 
~2~ 


AE = 


SE = 


a>/2 

~2~ 


BD SO 3 3 3 


Nhu v&y, ta dugc: 

_ 1 aV6 2a>/2 

^APEQ ~ 2 ' ~ ' 


2 S 


3 3 

e. Ke OM // SC, lay diem N sao cho BOMN lit hmh binh hiinh. khi do: 
BN ±(P) => BAN = (AB, (P)) 

— 4i 

ta co ngay sin BAN = — . 
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BAiTAPTircrAi 

Bai lap 1: Cac dieu khang dinh sau day, didu nao la dung ? 

a. Khoang each cua hai duemg thing cheo nhau la doan ngin nhA’t trong cac 
doan thfing ndi hai dic’ni bat ki nim Iren hai diremg thing ay va nguoc lai. 
b Qua m6t diem co duy nhat mpt mat phing vu6ng gdc vdi mot mat phing khac. 
c Qua nipt duemg thang co duy nhS't mot mat phAng vuong goc vdi mot mat 
phAng khac. 

cl Diremg thang nao vuong goc vdi ca hai duemg thing cheo nhau cho trade 
la duemg vuong goc chung cua hai duemg thing do, 

Bai tap 2: Trong cac nienh dd sau dfty menh dd nao la dung ? 

a. Duemg thing A la duemg vuong geic chung cua hai duemg thing a va b 
neu A vuong goc vdi a va A vu6ng goc voi b. 

b. Goi (P) la mat phing song song vdi ca hai due'mg thing a, b cheo nhau. Khi 
do, due'mg vuong goc chung A cua a va b lueni Iu6n vudng goc voi (P). 

c. Goi A la duemg vudng goc chung cua hai diremg thing cheo nhau a va b 
thi A la giao tuyen cua hai mat phing (a, A) va (b, A). 

d. Cho hai duemg thing cheo nhau a va b. Duong thing nao di qua m6t die'ni 
M tren a dcing thdi cit b lai N va vudng geic vdi b thi do la duemg vudng 
goc chung cua a va b. 

e. Duemg vudng goc chung A ciia hai duemg thing cheo nhau a va b nim 
trong mat phing chda duemg nay va vudng goc vdi duemg kia. 

Bai lap 3: Cho hinh lAp phuong ABCD.A'B'CD' co canh bAng a. Tmh khoang 
each giua hai duemg thing BC' va CD'. 

Bai tap 4: Cho hinh chop S.ABCD co day ABCD la hinh chtir nhat, SA vuong goc 
vdi mat phing (ABCD). Canh SC co dp d;\i hAng a, hop vdi day gdc a va lie^i vdi 
mAt ben SAB gdc p. 
a. Tinh SA. 

b Chung minh ring AB = a^/costa + P).cos(a - [)). 

Bai tap 5: Cho hinh chop S.ABC co day ABC la tarn giac ddu canh bing a, mat 
ben (SBC) vudng goc vdi day. Goi M, N, P thco thu tu la trung diem AB, SA, AC. 
a. Chirng minh ring (MNP) // (SBC), 
h. Tinh khoang each giua hai mat phing (MNP) va (SBC). 

Bai tap 6: Cho hinh chop S.ABCD co day la ABCD la hinh vudng tAm O canh 
bing a, SA = a vi vudng gdc vdi (ABCD). Tinh khoang each gida hai duemg 
thing: 

a. SB va AD. d. SC va AD. 

b. SC va BD. e. SB va AC. 

e. SB vi CD. 
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Bai tap 7: Cho duemg iron duong kfnh AB = 2R dura trong mat phing a. SA 
vu6ng goc vdi mat phAng (a) va SA = h, vdi 0 < h < 2R. Goi M la mot diem di 
dong tren duemg tron. Xac dinh vi tn cua M d<3 doan noi trung diem hai Joan AM 
vA SB la doan thing vu6ng goc chung cua chung, khi do tinh dp dai cut doan 
vu6ng goc chung nAy. 

Bai tap 8: Cho hinh chop S.ABC day ABC la lam giac vuong tai A. B^ = a. 


SA = SB = SC = 


aV3 

~ 2 ~ 


a. Tinh khoang each iCr S tdi mat phAng (ABC). 

b. Tinh goc gitfa dircmg thing SA va mat phing (ABC). 
Bai tap 9: Cho hinh lap phircmg ABCD.A'B'C'D’ canh a. 

a. Chung minh BC’ vudng goc vdi mat phing (A’B’CD). 


b. Xac dinh va tinh do dAi doan vudng goc chung cua AB' va BC’. 

Bai tap 10: Cho td didn OABC, trong dd OA, OB, OC doi mot vudng goc vA 
OA = OB = OC = a. Goi I la trung diem cua BC. Hay dung vA tinh do din doan 
vu6ng goc chung cua cAc cap duemg thing: 

a. OA vA BC. b. AI va OC. 

Bai tap 11: Cho hinh vudng ABCD canh bing a, I IA trung diem cua AB Drng IS 

vu6ng g6c vdi mAt phing (ABCD) vA IS = . Goi M, N, P Pin luoi li trung 


diem cua cac canh BC, SD, SB. Hay dung vA tinh d6 dai doan vudng goc chung 
cua cac cap duemg thing: 

a. AB va SD. b. SA va BD. 

c. NP va AC. d. MN va AP. 

Bai tap 12: Cho hinh hdpehurnhAt ABCD.A’B’C’D' co AB = a, BC = b, CC =c. 

a. Tinh khoang edeh tir B dftn mAt phing (ACC’A’). 

b. Tmh khoang each gifra hai duemg thing BB' vA AC’. 

Bai tap 13: Cho hinh lip phuemg ABCD.A’B’C’D’. 

a. Chimg minh ring B'D vuOng goc vdi mit phing (BA’C’). 

b. Tmh khoang each giua hai mat phing (BA'C’) vA (ACD’V 

c. Tinh khoang each gifra hai dudng thing BC’ vA CD’. 

Bai tap 14: Cho hinh lang tru dung ABC.A^C, co day IA tarn giac ddu vA A\, = h. 
Bifit khoang each giua A,B, vA BC, IA d. Tinh canh day cua ling tru thco d 'A h. 
Bai tap 15: Cho ling tru ABC. A,B,C, co cac mat ben d6u la hinh vudng eanh a. 
Goi D, E, F lin lucft la trung dic’m cac canh BC. A,C,, C,D,. Hay dung va tinh do 
dai doan vu6ng gdc chung cua cAc cip duemg thing: 

a. A,BvAB,C. b. DEvaAB,. 

c. A^vABjC,. b. DEvAA,F. 
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Bai lap 16: Cho hinh lang tru dime ABC.A,B,C, co day la tam giac deu canh a va 

a72 

AAt = — . Goi O, O, thco thu tit la trung diem cua AB va A,B,. 


a. Oii'rng minh rAng AB _L (COO,), 
b Tfnh khoang each giita hai dirong thang AB va B,C. 

Bai tap 17: Chung minh rang ntj’u duong thAng noi trung diem hai canh AB va 
CD cua tit dien ABCD la dtrcfng vudng goc chung cua AB va CD thi AC = BD va 
AD-BC. 


Bai lap 18: Cho hinh chop tam giac deu S.ABC co canh day bAng 3a, canh ben 
bang 2a. Tilth khoang each tit S tdi mat day (ABC). 

Bui lap 19: Cho Ur dien deu ABCD canh a. Tinh khoang each gifra hai canh doi 
cua td dien deu do. 


Bai lap 20: Cho hmh chop S.ABCD co SA = 2a va vuong goc vdi mat phAng 
(ABCD), day ABCD la hinh thang vuong tai A va B, AB = BC = a, AD = 2a. 

a. Tmh cac khoang each tit A va B den mat phAng (SCD). 

b. Tinh khoang each tit ditcmg thAng AD den mat phAng (SBC). 

c. Tmh didn tich cita thiet didn cua hinh chop S.ABCD vdi mat phAng (a) 

song song vdi mat pitting (SAD) va each mot khoang bang ^ . 


Bai tap 21: Cho hinh chop S.ABC co day ABC la tam giac vuong tai A vdi BC = 2a, 
ABC = 60°. Goi M la trung dient cua canh BC. Biet SA = SC = SM = a Vs . 

a. Tinh khoang cAch lit S den m(it phAng (ABC). 

b. Tinh khoang each tit S d6'n AB. 

Bai lap 22: Clio hinh chop S.ABC co day ABC la tam giac vudng cAn tai B va 
AC = 2a, SA = a va vudng goc vdi mat phAng (ABC). 

a. Chiing minh rAng (SAB) X (SBC) 

b. Tinh khoang each tit A den mat phAng (SBC). 

c. Goi O la trung diem cua AC. Tinh khoang each tir O deit (SBC). 

Bai tap 23: Cho hinh chop S.ABCD co day ABCD la hinh vuong canh bAng a, 
SA = a va vudng goc vdi mAt phAng (ABCD). 

a. Goi 11A trung diem cua SD. Chung minh rAng AI X (SCD). 

b. Tinh khoang each tir trong tAm ASBC den mat phAng (ABCD). 

Bai lap 24: Cho tu didn ABCD co hai mat ABC va ACD nAm trong hai mat phAng 
vudng goc vdi nhau, AABC vudng tai A, AACD vudng tai D. 

a. Chi'mg ntinh rAng cac tam giac ABD va BCD deu vudng. 

b. Goi 1, J theo thTr tu la trung diem cua AD va BC. Tim dieu kidn de IJ la 
doan vudng goc chung cua hai dudng thAng AD v;i BC. 

Bai tap 25: Cho tu dien ABCD co bd'n mat la bon tam giac co dien tich bAng 
nhau. Chung minh rAng doan ndi tning diem hai canh doi dien cua td dien cung 
lit doan vuong goc chunc cua hai canh dd. 

4 *" 
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